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Abstract

In this paper we consider two processes driven by Brownian motions plus drift and jumps with
infinite activity. Given discrete observations on a finite time horizon, we study the truncated (thresh-
old) realized covariance IC to estimate the integrated covariation IC' between the two Brownian
parts and we establish how fast [ C converges when the small jumps of the processes are Lévy. We
find that the speed is heavily influenced by the small jumps dependence structure other than by
their jump activity indices. This work follows Mancini and Gobbi (2011) and Jacod (2008), where
the asymptotic normality of [ C was obtained when the jump components have finite activity or fi-
nite variation. Separating the sources of covariation (IC and co-jumps) of two financial assets has
important applications in portfolio risk management.

Keywords: Brownian correlation coefficient, integrated covariance, co-jumps, stable Lévy jumps,
threshold estimator.

JEL classification: C1, C3

1 Introduction
We consider two state variables evolving as follows

dxM = aMat + o Maw M + az",
dx{® = aPdt + oPaw® + az?, o
for t € [0,7), T fixed, where W* = pW " + /1— 2w, wO = W)y and WO =
(Wt(g))tE[O,T] are independent Wiener processes. Z(1) and Z(?) are correlated pure jump processes. Given
discrete equally spaced observations Xt(il),Xg), i = l..n, in the interval [0,7], with t; = ih,h = %,
we are interested in the identification of the dependence amount between the two Brownian parts,
namely the integrated covariation IC' = fOT pta,gl)at@)dt. It is well known that as the observation
step h tends to 0 the Realized Covariance > 1, A XMA; XP | where A; X (M) = Xt(:n) — Xt(vf)l, con-
verges to the global quadratic covariation [X (1), X ()] = fOT proNoPdt + 3o, AZVAZE | where
AZt(m) = Zt(m) — Zt(T)7 containing also the co-jumps AZt(l)AZt@), i.e. the simultaneous jumps of X ()
and X Tt is also well known that the Threshold Realized Covariance

10 = Z AiX(l)IHAiX(l)\grh}AiX@)IﬂAiX(?) |<rn}s
i=1
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with e.g. 7, = h*, and u € (0,1/2), is consistent to IC ([16], [9]). ' Further, a CLT for IC has been
established when the jumps processes have finite jump activity (FA), i.e. only a finite number of jumps
can occur, along each path, in each finite time interval, (see [15]) or when the jumps processes have
infinite activity (IA) but finite variation, i.e. Y 1 |AX§m)| < oo, m=1,2, (see [8], Thm 7.4), meaning
that the jumps activity of the processes is moderate. Namely, the estimator is asymptotically mixed
Gaussian and converges with speed v/h. It is the unique estimator of IC' proposed in the literature in
the presence of TA jumps, and it has been shown ([16]) that it is the most efficient in simple cases when
the jumps have FA. Here we investigate the speed in the case of infinite activity jumps where at least
one component has infinite variation, and we find that the rate crucially depends on the small co-jumps
and is determined not only by the jump activity of each one of the two components, but also on the
dependence degree of their small jumps. Further, differently on what we had in the univariate case ([14]),
in some cases a mixed term containing the Brownian increments and the jumps of the most active Z(™)
comes in. In the univariate case such a speed reduces to the one found in [14].

Estimation of IC is of strong interest in financial econometrics (see e.g. [3]) and in the framework of
portfolio risk and hedge funds management ([6]).

An outline of the paper is as follows. In section 2 we illustrate the framework; in section 3 we review
the known results on IC when the jumps of the vector X have finite activity. In section 4 we establish the
exact convergence rate when both the Z(™ have IA and at least one has infinite variation. More precisely,
we assume that the bivariate small jumps are the small jumps of a Lévy process with stable marginal
laws and joint law characterized by a Lévy copula ranging in the class of the convex combinations of C'|

independence copula) and C) (complete dependence copula).
I

2 The framework

Given a filtered probability space (Q,F, (F¢)efo,77, P), let XM = (Xt(l))te[QT] and X2 = (Xt(z))te[O,T]

be two real processes defined by (1) and Xy = (0,0), where

A1. we take two independent Wiener processes W) and W) and construct

Wt(Q) = ptWt(l) +/1-pf Wt(S)a (2)

A2. the coefficients o(™) = (O’;m))te[o,T], am = (aim))te[ojb m = 1,2, and p = (p¢)iejo,m

are adapted cadlag processes,

It turns out that J("™) are finite activity jump processes accounting for the jumps with size bigger in

absolute value than 1. They can also be represented as

(m)
t Ny
i) :/ A g m) = Z 7&'}2)7 m=1,2,
0 k=1

where N(™) = (Nt(m))te[oj] are counting processes with E[N;m)] < o0; {T,im), k=1, ...,N}m)} denote
(m) )

(m)
Tk

tation we intend that V¢ € [0,T], P{AN™ # O,fy](\,’:l) =0} =0, ie. if on (w,t) we have 7" (w) = 0,

the instants of jump of J™) and ~ denote the sizes of the jumps occurred at Tkm . In this represen-

1For the literature on non parametric inference for the IC' of stochastic processes driven by Brownian motions plus
jumps, see [16].



A3. form=1,2
zm) — jm) 4 pp(m)

are jump processes, with

Jm) = / / M) (s, w, @) "™ (w, da, ds), M™M= / / A (5, w0, 2) ™ (w, dz, ds),
{|vm)( swx)|>1} {0 (s,w,z ‘<1}

where, for each m = 1,2, u(™ is the Poisson random measure counting the jumps of Z(™)
") (dx, ds) = p"™ (dz, ds) — v™ (dx)ds is its compensated measure (see [8]).

then time ¢ has not to be considered a jump time for path w. On the contrary M ™ are generally infinite
activity pure jump processes. The property v("™ (w,R — {0}) = oo characterizes the fact that the path w
of M) jumps infinitely many times on any finite time intervals. M (™) are compensated sums of jumps
which have size bounded in absolute value by 1. Substantially J("™) accounts for the (usually big) rare

jumps of X (™) while M (™) accounts for the very frequent and small jumps.

Remark 2.1. If Z("™) is a pure jump Lévy process, assumption A3 is satisfied, since Z(™) has the

same representation as above with z in place of ¥(™ (s, w, x) (see [6]) and J™) are compound Poisson

processes. O

We observe X(l) X® discretely and synchronously. Let, for each n, 7r[0 T _ ={0=ton <ti1pn<---<
tnn = T} be a partition of [0,7]. We assume equally spaced subdivisions, i.e. hy, :=t;, —ti—1, = %
for every n =1,2,..... Hence h,, — 0 iff n — oo. To simplify the notation we write h in place of h,,, t; in

place of ¢; , and A; X (™) in place of A; , X ™) = Xt(im) — Xt(l"fi

A4. We choose a deterministic function 7y of h, called threshold, satisfying

hlog%

limr, =0, lim =0.

h—0 h—0 T}

Denote, for each m = 1,2, by

t t
D™ = /O a{™ds + /O oM aw ™),

the Brownian semimartingale part (abbreviated with BSM) of X (™) and by
(m) D(m) + Jt(m)

the BSM part of X (™ plus the finite jump activity component.

3 Preliminary results

The truncated realized covariation is able to separately capture IC because it excludes from > | A; X @)
A; X @ those increments where jumps bigger than the threshold occurred, so when h — 0 all the jumps
are excluded. The key point to understand when an increment A; X (™) is likely to contain some jumps is
the Paul Lévy law for the modulus of continuity of the Brownian motion paths (see [12]), telling us that

the increments of each D(™) tend to zero at speed /hln % In fact we have (see [13])



Remark 3.1. Under A2 we have a.s.
|A; D]
sup ———= <

Knw)<oo, m=1,2,
1<j<n ,/2hlog%

where Ky, = supgepo ) |als + SuPsepo 1y lo]s + 1 are finite random variables.

In fact, if for small i we have (A;X(™)2 >, > \/2hIn+ then either some jumps of J(™) occurred or

some jumps of M (™) larger than 2,/7;, occurred ([13]). O
Define )
AVar = h1=5 Z H (AiX(m))2I{|A,-X<m>|gm}
i=1 m=1
n—1 1 1
1 1 2 .
—h7 Y T A XD gas xoi<ymy [T A XD Iga, xe<ymy ¢
i=1 j=0 7=0

this is a truncated version of an analogous statistic defined and used in [4] when estimating IC for a
continuous bivariate process X. When only finite activity jumps can occur then the speed of convergence
of IC is v'h. More precisely we have

Theorem 3.2. (CLT for IC when jumps have finite activity, [16]) If M(™) = 0, for m = 1,2, then under
the assumptions A1-A4 we have, as h — 0,

_ Ic - fOT ptagl)afmdt st

VhV AVar

where N is a rv with standard Gaussian law N(0,1) and 2% denotes stable convergence in law.

NB}LZ Na

Theorem 3.3. (Asymptotic variance, [7]) Under A1-A4 we have, as h — 0,
~ P T
AVar B / (14 p2) (0D)2 (o) 2at.
0

Remarks. i) In [8] it is shown that the convergence speed to IC of a slightly different version of the
threshold estimator is still v/2 under the restriction that also o is an Ito semimartingale (SM) but under
the more general condition that both the processes Z(™) are semimartingales with, substantially, finite

variation. More precisely, the jump sizes are assumed to be substantially bounded by a deterministic

™ (wit,@)|
v(x)

The condition required to ensure a CLT is that [ (v<1} " (x)dx < oo for some r < 1. Under our framework

strictly positive function y(z) in the following way: sup,cr is locally bounded, for m = 1, 2.
such a condition translates into requiring that both the indices «,, defined below are less than one. We
therefore are interested here in studying the cases where «,, > 1 for at least one index.

ii) Note that [8] constructs the estimator of IC' imposing a threshold condition of type (A;X™1)2 +
(A X2 < 21?7 with ¢ € R and w = u, u € (0,1/2), while we separately ask for each (A;X(™))2
being dominated by the same 7. Since the norms ||.||; and ||.||2 in IR? are equivalent, asymptotically the
two choices make no difference, meaning that also our I C has convergence speed Vi when both ay, < 1.

However it is possible that in finite samples one of the two choices is better than the other.



4 Main results

We find here the speed of convergence of IC — IC to 0 when both M (™) # 0 and at least one of them
has infinite variation. We specialize our analysis to the case where the small jumps of each X (™) are
of a-stable type, i.e. Mt(m) = Lgm) —2m¢ — De<t ALgm)I{‘ALgmbl},

processes with characteristic triplets (2(™),0,v("™) (dx)), with v(™) given below. Further we assume that

where L™ are a,,-stable Lévy

the occurrence of the joint jumps of L(*) and L) is characterized by a Lévy copula C ranging in a given
class. We have o, €]0,2] for each m = 1,2 and assume (w.l.g.) a1 < as. As said, we are interested in
the case where at least one of the two indices is greater or equal than 1, we thus assume as > 1, and
a1 € (0, ap]. Further, for simplicity, but w.l.g., we develop our proofs for the case where each L™ is one

sided, i.e. has only jumps with positive sizes.

A5 Take ap > 1, and oy € (0, ). The jumps of each L™ have Lévy density
VO () = emant = Iy, <0y dTm,

which has support IR, where ¢, > 0.

We denote, for each m = 1,2, by

— O,

Un () == p(m) ([xm, —|—oo[) = c,,z%, Ty >0 (3)
the tail integral of the marginal Lévy measure v("™) of the jumps of L(™).

Note that a,, is the Blumenthal-Getoor index of L"), of M(™) and of X™ . We now make use of
Lévy copulas, because, due to the stationarity of the Lévy processes increments, the Lévy copulas allow
to separate the time component in the law of a bivariate pure jump Lévy process L from the jump sizes
component and allow to describe the dependence between L(!) and L) through only the dependence of
their jump sizes. Lévy copulas were introduced in [17], further studied in [11] and their properties are

well summarized in [6].

A6 For any t the joint jumps occurrence of (Lgl),L,EQ)) is described by the following tail
integrals
U(z1,2) = vy([x1, +00) X [22,400)) = C; (U1 (1), Uz(w2))

where C,(u,v) is a Lévy copula of the form
Cy(u,v) = 7CL(u,v) + (1 =)Cy(u, v),

where C'| (u,v) = ul{y,—} + VI {y—o0} is the independence copula, C(u,v) = uAv is the total
positive dependence copula and ~ ranges in [0, 1].

A6 means that, at any ¢, (L(l), L(2)) can only have two basically different classes of jumps:

i) the disjoint jumps, when only one of the two components jumps, meaning that L; jumps with size
either (0,z2) or (x1,0). This type of jumps is regulated only by C' ;

i) the joint jumps, when the two components L(™) jump together, meaning that L jumps with size falling
into a point (x1,x2) with both x,, # 0. This type of jumps is regulated only by C|.

C) characterizes a bivariate jump Lévy process L whose marginals L("™ are Lévy and only make joint



jumps which are completely positively monotonic, i.e. there exists a strictly increasing, strictly positive
function f: Vs >0 ,AEgQ) = f(AEgl)). In fact the sizes (x1,22) realized by the jumps of L, turn out to
be supported by the graph of f(x1) = Uy ' (Uy (1)), which in our case of one sided a-stable marginals is

Loy
given by f(xz1) = (;—11 . i‘—j) Sa.

1 -

e
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Figure 1. Graph of f(z1), the support of the jump sizes of Ls, at any s. Case a1 = 0.8;a3 = 1.2;¢1 = 150 = 2.
The 45 degrees line is jointly represented, b = f~1(¢), ep=e.

Thus our assumption that L has Lévy measure v, means that the jumps of L are supported on the set
given by the union of the graph of f and the positive sides of the cartesian axes. Each marginal p(™)
counts the projection on axis x,, of all the jumps of L. Such marginals have «,,-stable law. However
when a jump is realized so that xo = f(x1) then this is interpreted as a jump of the parallel component
L of L. Any other type of jumps of the marginals L™ are interpreted as being associated to a zero
complementary component, i.e. as being the projection of a disjoint jump. By changing v we keep the
same marginals L™ and the same joint or disjoint jumps, but we change the weight given to the different

classes of jumps by the underlying probability measure.

It turns out that L has joint Lévy measure v)|([z1, +00) X [2, 400)) = L4, 20,0201 VP ([21VF 71 (22), +00)),
so v, within A6 is equivalently writable as

vy ([z1, +00) X [22,4+00)) = ’}/I{mzo}y(l)([ﬁh +00)) + 71{11:0}1/(2)([:527 +00))+ (4)

Jr(l - 7)1{317'507952750}1/(1)([1:1 \ fﬁl(IQ)v +OO))

The processes we chose to deal with are quite representative since in fact many commonly used models
in finance (Variance Gamma model, CGMY model, NIG model, etc.) have Lévy measures related to the
ones in assumption A5 in the sense that they are tempered stable processes where the order of magnitude
of the tail integrals as ,,, — 0 is as in (3). Moreover C., allows to range from a framework of independent

components to a framework where the components are completely positively monotonic.

Remark. A6 is in particular satisfied in a factor model for the jump components, where
JO = V(l)7 J2 = v 4Ly @

with VY, V() independent pure jump Lévy processes, and a, b real constants. In such a case f(z) = ax.
The speed of convergence of [ C—ICis strictly related to the speed of convergence to zero of the small
co-increments of the two M (™ (see [14] for the univariate case), and the small increments of each X (™)



substantially behave like the small jumps ([1], Lemma 5). Thus the small co-increments are strictly related
to the small co-jumps ngT AXS(l)ImXé“\gsAX‘EQ)IMXﬁ"’)\gs’

Note that the jumps of the bivariate processes M and L coincide in restriction to the subset of IR? where

whose expectation is f0<7; y<e xydv (2, y).
the jump sizes (z,y) are in (0,¢] x (0,¢], if € < 1, thus for instance [, y<e zky™ v, (dz, dy) is the same
for M and L, for any integers m, k.

Remark 4.1. We need assumption A6 in order to control the speed of convergence to zero of integrals
like fOSw,ySE xkymdl/,y(%y), for ¢ > 0 and integers k,m. Note that for the independence part C1 of
the copula when k,m > 1 the integral above is zero, because the independent components of L have no
common jumps. It follows that under assumption A6, for both k> 1 and m > 1

/ a:kymvw(dx,dy) =(1- ’y)/ xkyde”(U1(x), Us(y)).
0<z,y<e

0<w,y<e

Lemma 4.2. i) Given the expression of C| and (3), for a; < az,0 <c; < ¢, ife < e"a1 then for any

_1 _
Borel function g s.t. g ((a“‘) o (M> 02) is Lebesgue-integrable we have

Cc1 C2

e U\ " ar U\ " ag
/ g(x1, z0)v) (dx1, drs) :/ LY <( ) 1’<7> 2) du
05, rase 2 c1 o

ii) for m, k > 1 note that O% + a% —1>0, and in particular

by (dey, day) = O(k,m)e™ et =
rywy'y)(dry, drg) = C(k,m)e 1 ,
0<z1,z2<¢

with

OégCl)oTkl 1 <0
)

ac m+ %k—ag

Ok, m) = ca
i) for m,k > 2, for any m = 1,2 we have
/ xﬁluj_(dxhdxg) = / xfny(m) (d(Em) — Cm(k)z‘fk_a'”7
0<zm<e 0<@m<e
with Cry (k) = 22— while
/ J}'IfVH (d.]?l7 d$2) = C’(k7 0)€%k—a2’
0<zy,x2<¢
/ ry'v)|(dzy, dre) = C(0,m)e™*2;
ngl,wggif

w) form=1,2

. m —a 1
Afn = / JCml/( )(dilfm) = CA,, [(1 —¢! m)Iam;ﬁl +In *Iozmzl]a
e<z,, <1 e

where ca,, = 17214, #1 + ¢mla,,=1. Note that for e <1, ca,, (1 — gl=am) > 0 for any a., €]0,2[.

Qm, ~Om

Note that C'(0,m) = -2~ = Cz(m). The reason why fogzl,xgge z¥v)(dzy, dzs) depends also on ay

m—o

is that the jump sizes of the parallel component of M are connected by xo = f(z1). If @1 < ag and
0 < ¢1 < ¢y then for sufficiently small £ we have Uy (e) < Us(e), thus e > Uy (Us(e)) = f~1(e). Tt follows



that by binding both 21 < e and x5 = f~(x1) < & we impose that 1 < f~1(e) Ae = f~1(¢), so in fact
we impose to 1 a bound depending on as.
For m = 1,2 define

M = L =20 =N ALY oy = MY =Y D AMIT

(AM™ | >e}
s<t s<t
t
= / / 2™ (dx, ds) — t/ 2™ (da)
0 J{o<z<e} {e<z<1}
then set
& — nE[&]

i =& = AMOIAMP), G = .
§i=§ 3 Var(@)

We know that Y i, fl is always a tight sequence. In the next theorem we computed more explicitly the

leading terms of nFE[¢;] and /nVar(&).

Theorem 4.3. Assume A1-A3, A6-A6, 0 < a1 < as < 2,9 > 1,0 < ¢1 < ¢o. Take e = h*, any

u €]0, 1[. Then as € — 0 the following quotients are tight:

i) if v € (0,1) :

22 _q
Ei & — T(l - 7)0(1’ 1)61+a1 2I{a1>a2u}U{a1:a2u7a2>1} - ThCAchzF’Y(S)
VTel-o2/2 \/h52*01701(2)0(0, 2) {0y <z,1 + 251 (1 - y)C(2, 2oy >z,1)

where .
F’Y(E) = —El_azl{algazu,a2>l} + log gI{algfmu,az:l}a
14+2u— /4209 — Du?2 +4 1
Ty = t2u — /4202 — Dl +dut € (ou, as).
2u
ii) If v = 1:
> & — Thea,ca, Fi(e) (6)
VTV het=o1/2=a2/2, [C1(2)Cy(2)’
where

2—a]—

—a 1 —a 1 1 @
Fl (E) = —El '21{a1<1<a2}+10g gl{a1<1:oz2}_€1 2 1Og gl{a1:1<az}+log2 gl{alzazzl}"i'g ‘21{1<o¢1§a2}~

iii) Ify =0

1422 o -
Zi gi - TC(L 1)5 +a1 2I{a1>a2u}u{a1:a2u,a2>1} - ThcAchz |: - 51 aQI{a1§a2u7a2>1} + IOg %I{algagu,azzl}}

\/Tsla2/2\/hzc?41C(0, 2) (o <azuy + 2201 | C(2,2) {5 anu) + [C(2,2) — 2¢4,C(1,2) + &, C(0,2)] I{m:m}}
(7)
Remarks on the Theorem statement.
e The term —4(2ay — 1)u? + 4u + 1 within z, turns out to be strictly positive for all u € (0, %) and
all ag < 2.

e Recall that m + k%2 —as > 0 for all m,k > 1, so in (5) and (7) 1+ 52 —as > 0.

e The numerator in each quotient is always the difference of ), & with the leading terms of its
(tending to zero) mean. When the sets indicated at the numerator or at the denominator in i) and
iii) intersect then E[)".&] or /nVar(£;) have two asymptotically equivalent leading terms.



e As for the denominator in i), the case a; = ap falls within the region oy > .

e Note again that, at the numerator of each quotient, if ap > 1 then e!=%2 — 400, while c4, < 0 so

that the term —Thcmlcmzal_o‘zl{mgaw’apl} keeps positive (and tends to zero).

Given two (possibly random) sequences U,, and V,,, we say that U,, = Op(V},) if there exists n: for
all n > n we have that for any € > 0, there exists a constant n > 0 such that P (|U,| > n|V,|) < e
When |V,,| are a.s. positive, then U,, = Op(V,,) means that, for sufficiently large n, U,,/V,, is a sequence
bounded in probability (i.e. tight).

Given two sequences U,,V,, of r.v.s, let us denote by U, ~ V,, when as n — oo we have both
Un = Op(Vn> and Vn = Op(Un)

We now show that in all cases but one, if we take u sufficiently close to %, we have

Z §i ~nE[&]

(8)

an .
~T(1—-~)C(1, 1)51+F,1 ZI{a1>a2u}U{C¥1=a2u,Oé2>1} + Thea,ca, Fry(e) ity e€]0,1)
Thea,ca,Fi(e) ifty=1.

Proposition 4.4. Assume 0 < a1 < as < 2 and ay > 1, and take u € (0,%). As h — 0 we have
vnVar(ér)
nE[£1]
1) for v € [0,1): for any choice of ay, s and w as in the assumptions;

i) fory =1:o0n{a < lyag > 1} U{a1 =1 < as} iff u € (m%), on {1l < a1 < as} iff
11

(S (al+a2, 5)

We have 7%21(]&) — +00 in the following case:

iii) fory =1: on {on =g =1}, any u € (07%)'

— 0 in the following cases:

Remarks.

I. Fa<lora=1< athen a1 < as and requiring that v > 1/(2 + as — «1) is possible because
1/(2 + aa — a1) < 1/2. On the contrary, the set {1 < a3 < ao} contains the case a3 = «ay and
u>1/(24as—a1) = 1/2is not admissible. Note that condition u > 1/(24+as—ay) implies u > 1/(a;+as)
when as > oy > 1.

2. When 7”2‘5[2(]&) — 0 then the tightness of Y 7" | g} implies that

22;1 E’L ﬂ) 1
nE[&] -

Otherwise, if 7% — 00, the tightness of of Y i | & only allows us to say that vn > 0 3K, : with

probability larger than 1—n we have | > | &—nE[&]] < Kyy/nVar(&), e | Y & < I?,,«/nVar(fl),
but " & could tend to 0 faster than /nVar(&;). However the following CLT gives us the exact

asymptotic behavior of Y7 | &;.
Theorem 4.5. When v =1= a1 = ay, for any u € (0, 3) we have

Z?:l gi — nE[gl} i N
nVar(&)

Y

d . . . .
where — denotes convergence in distribution.



Further, a CLT holds also in the case of completely dependent small jumps.

Proposition 4.6 (CLT when v = 0, see [7], Thm 4.4). If v = 0 then as ¢ — 0 (7) converges in

distribution to a standard Gaussian r.v. .

Remarks: implications of the Theorems and the Proposition.

i) The rate of convergence of ), §; is determined not only by each one of the jump activity indices
a1, a9 but also on the degree v of dependence of the two small jumps components of Z.

ii) We have that ", & tends to zero much faster when v = 1 than when v € [0,1) (we obtain that
by using Proposition 4.4 and comparing nFE[;] or \/W in (6) with nE[¢&] in (5), while matching
all the sets of (a1, a)), i.e. the speed at which the co-increments &; due to the small jumps tend to zero
is much faster when M), M) are independent, in fact the sum of the co-jumps in the independent case
is zero.

iii) Comparing the rate of Y, & with v/h, we reach that 3. & << v/h substantially when oy is
sufficiently small (and still e > 1). In other words, when «; is sufficiently small, the co-increments
of the small jumps components are negligible wrt the Browinan components. More precisely, using
Proposition 4.4, (8) and (24) below, defined

a2U

L 14 2u(2 — an) 1
aou —u+1/2 N

> — > 1,
2u 2u

*

Q) = € (QU, 1)v O‘JI(*

we reach (see the proof in Appendix) that:

{ ifye0,1): Y,&~nElG] <<vVh iffay <af; o)

ify=1: Y& << Vh iff ap < aj*.
In the light of Theorem 4.7 below, since af < 1 < aj*, the above result means that when the two small
jumps components M (™) are independent, then the impact of their co-increments on the convergence
speed of I C - IC is negligible, wrt the impact v/A of the Browinan components, for a wider range of

values a;. O

We now check the speed of T C — IC. Recall that each a-stable process L™ at time t can be written
m m m t ~
as LE )= 2mp doe<t AL )I{|ALFJ”)\>1} + /5 f\z\gl xi\™ (dx, ds), so that

t t
xm = / al™ds + / omawm 4 g™ 4 pi™
0 0

t t
= / al™ds + / oMW + ™ 4+ LM = e = N TALIL o
0 0 s<t ’

_ B L,
where ng) = Dt(m) — 2m)¢, jt(m) = Jt(m) — De<t ALgm)I|AL<,’")|>1 and we already know from the
literature that the BSM parts D™ and the FA jumps parts J("™) contribute to the speed of IC as Vh.

So, in fact, we could consider the TA jumps part of X (™) as being an a,,-stable process.

Theorem 4.7. If p # 0 and ¢ are s.t. when h — 0,

Vs>t: s—t<h, then E[jo{™ — O't(m)|2] <ec(s—1t), (10)

10



then, as h — 0, with e = \/r;, = h* with

1 1 .
sV s if oy < ag
1/2>u> { Hreames T 8- (11)

370‘72 Zf Oél - O[Q

and Uy, a sequence of r.v.s converging stably in law to a mized Gaussian r.v., we have

(12)

n n t; t;
O _ ~ ) (1) (1) (2) (2)
IC — IC ~ VhU;, + ;51 + ; /tv1 oy dW /ti1 o dW I{Zse]ti,l‘m T am® s ey 210

~Vh4+ (1 - yeltai ez 4o pemen

~ Vh La,en, 0y =1y + Iiye0.1),01<a1}]

1+22 o
+(1 - ’Y)E o1 21{76[0,1)} {I{aze[l,ﬁ), a;>ag} + I{a2>i I{azzal}u{a2>oc1, u<l —2L 1 (13)

=2u agtaq

+he™ 2 I{agzﬁ |:I{'y:1} +I{"/E[O,l)}l{ocl§o¢zu}u{oz2>0q>agu, u>—1 }] :

agtaq

Remarks on (13).

i) We did not include condition u > a;ﬁal among the ones in (11), because such conditions are

required for the convergence of some terms of I (defined within the proof of the Theorem) in I C-1IC ,

while ago_fal is only a separator to establish whether the leading term is 5 or Y ;" | &. There is another

proof for the convergence of some of the cited terms of I, which avoids conditions (11), but it is much
longer than the one given in the appendix.

i) If a1 < g, (11) implies that u > 1/4. Also, u < % implies asu < ;.

iii) As for Z;.I:l &;, also the convergence rate of 1 C — IC not only depends, as in the univariate case,

on the jump activity indices, but, surprisingly, also on the dependence structure of the small jumps.
This implies that T C contains information that we could exploit to estimate the dependence degree among
the small jumps of two processes.

Note that when the dependence degree increases (7 decreases) then the leading term of > 1" | & also
increases (3, E[&;] increases and \/nVar(€;) < 3., E[&]), and the estimation error IC' — IC' increases.
An higher leading term of ), & means that the average weight of the small jumps is higher so that the
disturbing noise when estimating the Brownian feature IC' is higher. That is: the higher the dependence
degree, the higher the disturbing noise.

iv) Basically, when u is very close to 1/2 (u > %1.-), the rate is v'h when a1, o are small (note that

a2
1+a1 (o)

when ap < 1/(2u) then oy < of*); it is € when the jumps are dependent and either the indices
have intermediate values within (a3, 1/(2u)) or they coincide and assume the largest possible values; the
rate is he”*2 when ap is large and the indices are different if v € [0,1), any the indices are if v = 1.

v) When the leading term is i, & the speed \/nVar(£;) = Vhe?~*1/2=22/2 pever appears, because
in the cases where the asymptotic behavior of .1 | & is /nVar(&) (e.g. the case v = a1 = ap = 1;
the case v = 1 and 1 < a1 < as < 1/(2u), where we have u < 1/(2a2) < 1/(a1 + a2)) it holds that
VnVar(&)/vVh — 0,50 31 & is dominated by v/h.

vi) For v = 0 or v € (0,1) we have the same cases: in the presence of the parallel component, the
independent component does not modify the rate of convergence. More precisely, recalling that ¢ = h",

with u < 1/2 but u close to 1/2 (i.e. verifying conditions (11) and v > a3 /(o1 + a2)) and noting that

11



at < 1<1/(2u), we have the following rates when v € [0, 1):

N ifalga‘f<1§a2<i

1+92_ .
ghtay —oz 1fa{<a1§a2<i
gltar—o if g = g > =

1 =02 = 54
he 2 if ay # ag, a0 > i

On the contrary, in the presence of the independent component, the parallel component does worsen the
rate of convergence. In fact, for ¥ = 1 (complete independence of the small jumps) we have the following

rates:
Vh  ifag < ﬁ,
he™®2  if ag > i
vii) The rate is v/h even in some cases with az > 1 (but ay < 1/(2u)): any a; is, if v = 1; for oy
sufficiently small («; < aF) if the parallel component is present.
viii) When o1 = as = a > 1 the jump activity indices o7 and as coincide but the two jump
components are not necessarily completely monotonic and we reach the following speeds of convergence
to zero of IC — IC:

ify€[0,1) rate (1 —~)e2 @

ify=1 rate v'h if @ < 5= (note that o < f < 1 is not in our ossumptions)
ify=1 rate he ™2 ifa > ﬁ

ix) The univariate case is when a; = as and v = 0. In that case the rate is €27% = r,ll_am, for any
a > 1, consistently with [14], for the component of the error I V — IV, in the estimation of the Integrated
Variance, due to the infinite activity infinite variation jump part.

x) The convergence speed is a function s(7y, a1, as,u) of our parameters. Such a function is smooth
most of the times, however it has some singularities. In fact when u > «a;/(a; + o) and v € [0,1) : if
a1 # as but the two indices are close and above 1/(2u), then s = he =92 = h1=22% while at a; = ay the
function s jumps to £27%2 = p2u=*2%_ The jump would disappear if it was u = 1/2.

On the contrary we have smoothness at oy = af if as < 1/(2u): in fact if a1 << ay (case a3 < af <

o2
1 <az < 3)then s = hY/2; for ay at o we have s = Vh = ¢' tar 72

a
1+ﬁ—(12

, and with aq € (o, as] still is
s=¢€
When v = 1 we have smoothness at ap = 1/(2u): in fact when as = 1/(2u) we have vVh = he=°2. O
Remark. When ay < 1/(2u) and either v =1 or v € [0,1), 0y < at, we have a CLT for IC — IC.

Note in fact that v only comes from the BSM parts Y (™) of the processes X(™) : when ag < 1/(2u)
and either v = 1 or v € [0,1),aq < af, V/h is the only leading term of IC — IC and the presence
of M®™ and M® is not influential. Further we know that, even in the presence of M) and M),
AVar 5 fOT(l + p2)(o$™)2(01?)2dt, for all ay, oz € (0,2) (Theorem 3.3), thus by Theorem 3.2 we have

IC - IC

VhV AV ar

Aknowledgements. I thank Peter Tankov and Jean Jacod for their very important consulting.
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5 Appendix

Note that by using a localization procedure similar to the one in [8] (sec. 3.6.3) we can assume wlg that
the coefficients a(™), (™), p expressing the dynamics of X are bounded. In particular in Remark 3.1 we
can take K a constant (in fact, in [13] it is shown that K(w) < sup,e(o 1) |al + sup,epo 7y lof + 1).

In the following denote, for m =1, 2,

Qm

O, = hr), 2 .

7 _

(m) _
Ny = ZI{|AX§M)\>\/TT,}’ t ZI{\AMS‘””DWT,}’
s<t s<t

c and K are mute names for any positive constants: they keep the same name passing from one side to

the other of an inequality /equality even when the constant changes.
Remark 5.1.

1. (Lemma A.8 part (1) in [16]) Under the assumptions A1, A2 and A5 we have, a.s., for small h,

Ita,pem)25r,y = 0, uniformly in j;

2. (Lemma A.4 in [16]) Let us consider the sequence IC(7L), n € IN. As long as M) is a semimartin-
gale, we can find a subsequence ny for which a.s., for any § > 0, for large k, for all j = 1..ny, on
{(A;M™)2 < 47(hy)} we have that

(AMS™)2 < 6+ 4r(hy), Vs €ltiy, ti).

3. (Lemma 2 in [2]) If L is a symmetric stable process with ]ift =D s<t Dl At 5ey and Lévy density
F(de) = pf=da, if 0 = he™®, then:

P ALZ - Z AINJSI{|AES|>5} >e < K§4/3;
S€Jti—1,t:]
P{IAL| > e, AN = 0} < K§Y/%,
P{|AL| < e, AN = 1} < K6*/3.

4. (Lemma 6 in [2]) For any semimartingale X with the same form as one of the components in (1)

we have
P(|A;X]| > ce) < KB,,.

5. ([6], ch.3, Prop. 3.7) For any Lévy process V with Lévy measure v, then Y _, Ifjav,|>e} i85 a
Poisson process with parameter tv{|z| > e} = tU(e), where U(x) gives the tail of the jumps sizes

measure;
it follows that if v(dx) = al|z| "% Ipcq + bz~ 1750 with a,b > 0, then with p € (0,1),

P{ Z Ijjav,|>ep = 1} ~ K0,

SEJti_1,t4]
P{ Z Ifav, ey = 2} ~ K0,
sEJti—1,t:]
P{ Y Ijaviea-pep =1} < KO(1—p)~ —1).

Se]tq,_l,tj]

13



Only last point needs to be commented: we have

P{ Z I{\AVsle(s(l—p),E]} = 1} = P(:u‘{]ti—l’ti] X (6(1 7p)v€)} = 1) = eiAh)‘ha

SE€]ti—1,ti]

where A = v{(e(1 — p),e)} = U(e(1 — p)) — U(e), thus the above display
~ Kh(U(e(l —p)) —U(e)) < Khe™*((1—p)~* = 1).

Since for small p we have (1 — p)~* ~ (1 4 ap), the thesis follows. O
Let us recall that in our framework the small jumps parts M (™ are the small jumps of one-sided

stable processes L(™).
Lemma 5.2.

1. For each m = 1,2 for any i = 1..n, we have

h2
P{AN £0,(AM™)2 > 1y} < K.

2. If L is a one-sided a-stable process with characteristic triplet (z,0,c - I{x>0}x1’adm), if we take an
e =¢(h) s.t. e(h)/h — 0 then, for any constant p € (0,1) s.t. p > |z|le/h then ¥ ¢ € (0,1 — p) we
have

P{ALI >, Y IjaL,sey =0} < K6Y° + Kb~ —1).
SEJti—1,ti]

3. For any p,q as above we have

P{AMT™ | > /rp(1 —p), A, V™ =0} < KO + K6, (¢ — 1).

4. Let Hy = (Ly — zt)¢, and take p as above, then

P{AH <e(l+p), Y Igam. sey =1} < K0,/ + KO(1 — (1+2p)~®)

s€Jti—1,t:]

5. We have
P{ALI <&, Y Iapgsey =1} < KOY® + K6(1— (142p) ™)

sEJti—1,t4]

6. For any fized p € (0,1) s.t. p > |z|\/rn/h we have

P{AM™| < /r(1+p), AV > 1} < KO3/* 4+ K6, (1 — (14 2p)™%).

7. P(|AM™] > ¢\ /frp) < KOy,

Proof As for point 1, since N and M are independent, using also the Markov inequality we trivially
m)y\2
have P{AN(™ # 0,(AM™)2 > 1} = P{ANT > DP{(AMM™)? > p} < KREAMTY

Khh f01 22, (M) (dw) _ K}ﬁ

Th Th

Point 2: the idea here is to look at H; = (Lt — zt) as half of a symmetric stable process. More
t ~
precisely, take an independent and identically distributed copy Hs of Hy, then L = Hy — H» is a symmetric

a-stable process because its Lévy measure is ¢ - [#|~1~%dz, so Remark 5.1, point 3, holds true for L. Let
us now fix any p € (0,1) s.t. |z|h/e < p and call I/, and H} the processes L, H, deprived of their

14



jumps bigger than ¢, e.g. H), = Hy — ngt AHysIfam,, |} Note that if [A;L| > ¢ then we have
|AHq| = |A;L — zh| > |A;L| — |z|h > & — |z|h > (1 — p), and also that the jumps of L and H; are the
same and are positive, thus

POIALI>e, Y Iapsep=0p <PSIAH|>e(l—p), > Lam.sey =0

SEJti—1,t4) sE]ti_1,t4]

[i salti di L ed H; sono gli stessi]

=PLINH][ >e(l=p), Y Ham.sep =0p < P{IAH]] > <(1-p)} (14)

SEJt—1,ti]
= P{|AH|| > e(1 —p), AjHy <e(1 —p—q)} + P{|AH]| > e(1—p),AjHy > (1 —p—q)}.

Now within the first set of the last display we have |AL'| = |AH, — AHY| > |AH|| — |AHY| >
e(1—p)—e(l—p—q) = eq, while the probability of the second set, by the independence of the processes
H)j, is P{|AH}| > (1 —p)}P{|A;HS| > (1 — p — q)} which is dominated by K#? by Lemma 5.1, point
4, taking a =0 = J =0, and M; = f(f Jy xi(dz) — tfsl zv(dz). Hy # M, ma Hj sarebbe M’ del teo 4.3
It follows that (14) is dominated by

P{|AL| > eq} + K62 : (15)

note that . -
P{AL| > eqt =P {|Ai£’| > eq, AN = o} +P {|Aii’| > eq, AN > 1} :

by the independence of A;L’ on Alv]if and using Remark 5.1, point 3, we have
P {IAiE’I > eq, AN > 1} = P{|AL| > eq}P {Ai]\:f > 1} < K434,
Therefore (15) is dominated by
K@73 + P{AL| > eq, A;N = 0} + K62

[ci sono solo salti < & < — > isalti < ep + i salti con sizes € (ep, ]| noting that §7/3 << 62, the last
display is dominated by

POIAL | >eq, Y Tipfsegy =00 +PS D> IaLceqay =1+ K60 (16)

SEJti—1,ti] SEJt—1,ti]

using Remark 5.1 point 5, we have

P Z I{Aise(sq,s}} >1pn~ é(q_a - 1)7 (17)
sEJti—1,t:]
using also Remark 5.1, point 3, with e¢ in place of ¢, and the fact that §2 << §4/3, (16) is dominated by
K0*° + Kb(g~* — 1),

which is our thesis.
Point 3 is a consequence of point 2. Let us denote L™ with L. We are going to compare {Ese]ti,l,ti] Iiam, >y =
0} and {A; V™ = 0}. Note that since M; = L, — 2zt — >, ALsI{ar,>1y, the jumps of M are the
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ones less than 1 of L. The set {Aif/(m) = 0} is where, among the jumps less than 1 of L, only those
less than /7y, arrived; however some jumps of L bigger than 1 could be happened. On the contrary on

{Zse}tifl,ti] Iiam,, > ymy = 0} = {Zse]tiﬂ,ti} IiaL,>ymy = 0} no jumps of L bigger than ,/rj, arrived,
thus not even the jumps bigger than 1. It follows that, with € = /73,

P{AM™| > /i (1= p), AV™ =0} = P{IAM™| > \/rp(1—p), AV =0, Y Iiaz, 51y =0}

SEJti—1,t4]

+P{IAM™| > /r (1 - p), A V™ =0, Z Iiap,>1y > 1}

S€Jti—1,t:]
< P{|A;H| > /ri(1 = p), Z Iiam, >y = 03 + P{ Z Iiap,>1y > 1}
sE€Jti—1,t4] SEJti—1,t4]
the first term is the one in (14) while the second one involves the Poisson process, counting the jumps of
L bigger than 1 within |¢;_1,¢;], which has parameter hU(1), thus the display above is dominated by

KO0*? 4+ KO(q~™ — 1) + Kh < K0*3 + K6(q~* — 1).
Point 4. With the same notations as at Point 2, we have

P{AH| <e(14p), > Iyam. sep =1} = P{IAH | <e(4p), Y Iam, ey = 1, |AHy| > ep}

SEJti—1,t4) SE]ti_1,t4)

+P{|AiH | < e(1+p), Z I{am,>ey = 1, |AiHa| < ep}: (18)
SEJti—1,t;]

the first term of the rhs is dominated by P{Zse]ti,l,ti] Ifiam, >y = 1,]AiHs| > ep}, which by the
independence between the processes Hy coincides with P{>_ ¢y, | 1 Ijam, >y = 1}P{|A;Hz| > ep}
which is in turn dominated by K62 by Remark 5.1 points 4 and 5. As for the second term, on {|AH,| <
e(1+4p), |AHs| < ep} we have |A;L| = |A;H, — AjHy| < |AHy| + |AiHs| < e(1+p) 4 ep = e(1 + 2p).
Moreover the independence between the processes Hy implies that they have no contemporary jumps,
thus if at time s the process H; makes 1 jump larger than e, then also L does. In particular, if H; makes
only 1 jump larger than ¢ within the time interval |¢;,_1,¢;], then: if Hy doesn’t do then L only has 1
jump larger than e within ]¢;_1,¢;], while if Hy does then L has more than 1 jump larger than ¢ within
Jti—1,t;i]. That means that > .o, Iam. >y =1 = D 14 Ljai.|>ey = 1. However we know
that P{3 ;. | fat. > = 2} < K02, it follows that (18) is dominated by

K6* + P{|AL| < e(1+2p), Z Iai,sey = 1}

SEJti—1,t4]

< KO+ P{ALI <e(1+2), 30 Tyaiseasem = B HPL D0 Tjanjecearzm =1

SEJti—1,t4] SEJti_1,t4]

by Remark 5.1 point 5, the last term is dominated by Kh[U () — U(e(1 + 2p))] = HO(1 — (1 + 2p)~);
using also point 3, with (1 4 2p) in place of €, and the fact that 62 << 6*3 the thesis follows.

Point 5 follows from point 4. In fact if |A;L| < e then |A;Hy| = |A;L — zh| < |A;L| + |z|h < (1 +p),
further the jumps of L are exactly the ones of Hy, thus

P{|A1L| <e, Z I{|L5|>s} = 1} < P{|A¢H1| < 6(1 +p), Z I{|H1s|>6} = 1}.

SE]tifl,ti] se]ti,l,ti]
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Point 6 also follows from point 4. Let us denote L™ with L. We have

P{AM™| < /(1 +p), A V™ > 1} = (19)
P{AM ™| < (1 +p), AV > 1, 3" Ijap,s1y = 03+
SEJti—1,t;]
P{AM ™| < \/r(14p), AV™ =1, 3" Ijap, 1y > 1}
SEJt—1,t]

the second term of the rhs is bounded by Kh, as at Point 3, thus (19) is dominated by
P{AM™| < /(1 4p), AV =1, 3" Ijap,s1y =0} + Kh.
SE€Jti—1,t4]

Now, if L does not make jumps bigger than 1, then the jumps of M coincide with the jumps of L, which
in turn are the same as for Hy; further the very M coincides with H;. Thus the probability of the last
display coincides with

P{|A;H:| < /rr(1+p), Z Ijam, >ey = 1, Z Ifjar,>13 =0} + Kh <

S€]ti_1,t4) sEJti—1,t4]

P{AH | < r(l+p), Y Igam.se =13+P{ > Ijan. e =2} +Kh
SEJti—1,ti] SEJti_1,t4]

< KO + KO,,(1 — (14 2p)~%) + K02, < KO° + K6,,(1 — (1+2p)~2).

Finally, point 7 is a trivial consequence of Remark 5.1, point 4, as M ™) is a semimartingale following

the same mode as component X (") in 1 with a = 0 = J™ = 0. O

Proof of Theorem 4.3. Define
h
Xe, = / / 2™ (dx, dt)
0 |z|<e

and recall that A5, = fel xv™(dz) = ca, {(1 —etm*m)I, 21 +n %Iam:l}, so that each &, i = 1..n,
has the same law as (X§ — hAJ)(X5 — hAj). For simplicity we write A,, in place of Aj. We are going to
compute E[Y." | &] and Var[} ! | &] so that we are sure that the centered and normalized &; given by

& — Bl

§T Ve

are such that 327" | & keeps tight. We thus need to compute the moments E[(X{)*(X5)™], with k =
2,1,0,m = 2,1,0. The bivariate process X¢ = (X§, X5) is Lévy with Lévy measure v.(dzi,dxs) =

Ito<a, wo<eyV~y(dr1, d22), and note that, for small €, if 0 < 21,25 < ¢ then also is 2?2 + 2% < 1, so we reach

the desired moments by differentiating the characteristic function
o(uy, up) = Bl XitmuaXs) — exp{h/(ei“ﬂﬂri“”"’ — 1 —duyzy —iugws) ve(day, dxs)},
then evaluating at (0,0), recalling the expression of v, and using lemma 4.2. In particular we have:
E{Xf} - E[Xg} =0
E[(Xfﬂ = h/}R2 23v.(day, dzs) = 7C1(2)he” ™ + (1 — 7)C(2,0)he* ™1 70,
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Note that if v € (0,1) then as € — 0 we have
E[(Xf)Q] — 2 CL(2)he2™ 4 (1 — 7)C(2,0)he>™1 2 ~ e~ 4,
where A = 7C1(2)I{q,<a,y + (1 =7)C(2,0)I{4,—a,}- In fact, with ¢ = e [1,400), the quotient
52%_”/52*0‘1 — g20—a1¢—2+a1 _ (2—a1)(¢—1)
has an exponent which is non-negative for all aq, s € (0,2), and zero for a; = as.
E[(Xzﬂ - h/IR 22v.(dxy, das) = hC(0,2)e2 02
E[XfXQE} = h/}R2 129V (dry, drs) = th_Z%_%C(l, (1 —7)

E{(Xf)%(;} = h/ rizave(dry, drs) = h51+2%70‘20(2, 11 —7)

R2

E[Xf(X;)ﬂ = h/m w1220 (day, das) = he® 51 22 0(1,2)(1 — )

E[(Xf)Q(ng] — 2R? [XfXS} +h | 222dv(doy, des) + B2 az‘{ua(dxl,d@)/
R? R? R

r2v. (dxy, dy)
2
o 2
~ (1= )he? 22 0(2,2) + hO(0, 2)52‘Q2E[<X1€) ]
Let us first concentrate on E[), &;]. From the above we reach that

E[¢)] = E[X{X5]) 4+ h%A Ay

= (1=7)C(1L,1)he" 517 4+ e e0,h? {(1 —e T M) (1 =T o, apr1t
I (1= 170) [y, 2oy + (1= £179) 108 L, <ty + 107 Loy magm |-

Note that since e = h*, as h — 0 we have

El&] — 0.
i) and iii). If v € [0, 1), then the following terms in the expression of E[;] are negligible when i — 0:
when both «,,, = 1, for sufficiently small h we have helTai—oz S p2 IHQ% so the leading term is

h51+%7°‘2, coming from E[X{XS5];

when a3 = 1 < ag, then the leading term is still hEH‘Tf*a?;

“2
when a; < as = 1, the leading term is he'Ta1 ~*2

when u < ay, while is h?(1 —e'=*1)log 1 ~ h?log 1,
coming from h2A; As, otherwise;

when both «,,, # 1 then under our framework we necessarily have as > 1. Note that asu < 1. If a3 > 1
then the leading term turns out to be he'TAr T If g < 1: he'TE T2 s the only leading term only if
agu < ag; when asu = ay (and still ay > 1) then heltar—o2 h2(1 — gt (1 — gl=o2) ~ —p2gl-a2;

when asu > a; then the leading term is —h2e! =2, Thus
ag _
E[gz] ~ (1 - 7)0(17 1)h€1+a1 azI{a1:azzl}u{a1:1<az}u{u<a1<a2:1}U{a1¢1,a2>1,a2u§a1}

1
2 2 1—
+ca,ca,h” log gI{a1§u<a2:1} —cacah®e T o <asuci<as)
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However {1 = ag = 1}U{a; = 1 < a}U{u < a1 < ag = 1}U{ag # L,ae > 1, 0u < aq } = {1 > asu}
and here is where the only leading term is the factor helTa T2 within E [XfX;};
{op <u<l=as}U{ag <agu <1< as}={a; < au} and here the only leading term is

h2el—a2  if as > 1

h?A1 Ay ~
e { hQIOg% if ag = 1;

{a1 =u,a0 =1} U{ag = agu < 1 < as} = {an = agu} and here: if ay > 1 then E[XfXS} and h2A; As

have the same speed h81+%_a2; if ay = 1 then only h2A; Ay ~ h? log% is leading. Thus

Zfz (1 1) zl{a1>a2u}u{a1 =aou, a2>1}+ (21)

—a 1
Thcm1 CA, |: - El 2I{a1§o¢2u,o¢2>1} + log gl{a1§a2u,o¢2:1} .

ii) If v = 1, then nE[¢1] = nh?A; Ay, and again the leading term is different for different choices of

a1, as. We have
1—aq 1 1 2 1
E[&1] = Them,ca, | — ¢ Iia, <1<asy +1og gI{a1<l:a2} + log gf{a1:1<a2} + log gl{m:%:l}—i— (22)
627&17&2]{1<a1§a2} .
As for Var(§;), let us come back to the general case v € [0,1]. Writing X, for XZ,, we have
Var(&) = E[X{X3] — 2hA2 B[ X7 Xo] — 2h Ay E[X, X3

+h?AZE[X]]) + h2ATE[X3] + 2h* A1 Ay B[ X1 Xo] — E?[ X1 X3)

=h2 fogxhngg 2dy fogxl,nge r3dv + E*[ X1 Xo] + thle,a:2<e r2x3dv+

—2hA2E[X12X2] — 2hA1E[X1X22} + hQAgE[X%] + hQA%E[XQQ] + 2h2A1A2E[X1X2] = Z?:l Ve.
where

Vi= D2 [oca moce T1AV focn oo wddvs Vo = B2 (X0 Xols Vo =h fo o afaddy;
Vi = —2hAE[X2Xo); Vs = —2h Ay E[X1 X2); Ve = R2A2E[X2]; Vi = h2AZE[X2); Vs = 212 A1 Ay E[X1 Xa).

As ¢ — 0 all these terms tend to zero: we now establish which terms are leading ones and we only keep
them.
i) If v € (0,1), we have the following properties. Firstly,

Vi = h2/ xfdu/ rady ~ h2et™172 AC(0,2),
0<z1,z2<e 0<z1,z2<e

1
Vo = WPASE[XT] ~ W32, [(1 — &' 7°2)2 I, 41 + In? - Toy—1)Ac?™

However, the displayed leading part of Vi is negligible wrt the displayed leading part of V;.
Secondly,
Vo = B2X1Xo] = (1 - 7)*CR(1, 25170,

19



and
1 a2 g
Vi = —2hAE[X?X5] = —2(1 — 7)h%ca,[(1 — €72) 4y 1 + In ~ La,=]C(2, 1)eaitizoe
are negligible wrt

Vs = h/ 2223dy = (1 — )0(2,2)heai H2702,
0<z,z2<e

Thirdly, recalling that we chose a; < as and we only are interested in the case where at least ay > 1,
then we have that

Vs = 2h%2 A1 A B[ X1 X5] = 2(1 — 4)CO(1, 1)CA10A2h36%+1_a2

—a —a —a 1 —a 1 1
(1= el (1= el 2)1041,02#1 +(1— el ?)In gla1:1<a2 +(1- el ‘) In gla1<1:a2 +1n” e Toy=ar=1

is negligible wrt
1 2249 @
Vs = —2hA1 E[X1X3] = —2h%ca, [(1 — ' ")y 1 +1n - I, —1](1 = 4)C(1,2)ea1 T2702,

Note that since the terms V5 and Vg are both negligible, contrarily to what we did for the mean E[¢;], here
we do not need to distinguish which is the leading term within Vo + Vg = E[X; X5] (E[X1X2] +2h2A1A2).
Finally

Vo = hPATE[XS] = K3 [(1 — ' )2, 41 + In? é I,21]C(0,2)e*™*

is negligible wrt Vi, so we are left with
Var(&)) = Vi + Vi + Vs ~ h2AC(0,2)e* =179 4+ (1 — 4)C(2, 2)he i t2702

1 a2 4o
—2h%cy, [(1— ) o, 21 +1In = I, _1](1 — 7)C(1,2)eor 2702,
13
Now, as h — 0, we have:
0 if Qg = (X1 = 1

Vi/Vs =< ¢ ifas=a1 >1
oo on{a <l<atU{ag=1<a}U{l <a; <as}

0 if a1 < agu
V3/Vs — < ¢ if a; = asu

oo if a1 > asu

0 ifog € (24,2)
i/Vs =< ¢ if ap =z,
oo ifag € (0,2,)

By considering the different regions o < as; a1 = agu;aq € (aau, x4); a1 = 5s; a1 € (24, 2); we find that
Vs is never the leading term in Vj 4+ V3 + V5, V4 is the only leading term for oy € (0,x,); Vi ~ V3 are
leading for oy = z,; and V3 is the only leading term for oy € (x4, 2). Thus

Var(&) ~ Viljay <o,y + Valgaysa.y = B2AC(0,2)* 172 1y + h(1 = 7)C(2,2)e* 250 220 oy
however if @ < x, then necessarily a1 < ay so A becomes vC1(2) and

VCL’I”(&) ~ h2701(2)0(07 2)5470[170(2[{0415;5*} + h(l - 7)0(27 2)624_2%_&2[{&1 >x.}
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= he? 2 [he> 17 Cy (2)C(0,2) oy <any + €250 (1= )C(2,2) [0y 523 ]
so that, recalling (21), the sum of the centered and normalized terms éz has the same asymptotic behavior
as given in (5), in fact since Y, E[§;] = 0 and 3, Var(§) = 1, then >, & is tight ([10]), i.e. the
convergence speed of Y. & — >, E[&] to zero is \/ny/Var(&) — 0.

ii) If v = 1, then it turns out that

Var(&) =Vi+ Vs + Vo ~ Vi = B[X1X3] = h2/ :c%u(dxl)/ 22y (dry)

0<z1<e 0<z1<e
= Rt T2 01 (2)Co(2), (24)
and thus, recalling (22), (6) is verified.
iii) If v = 0 then Var(&;) ~ Vs + Vs 4+ V7 and it turns out that

Vs if a1 > asu

Var(&) ~< Va~n Vs~V if ap = agu

1% if g < U,
and, recalling (21), (7) follows. O

Proof of Proposition 4.4 i) Case v € (0,1). We compute 7%'[%&)

of nE[&] and of \/nVar(&;)) summarized in (5) in the four different cases 1) ay € (0, aqul, s > 1;

2) aq € (0, agu], a2 = 15 3) aq € (au, x4]; 4)aq € (x4, az]. In the cases 1), 2), 3) we have ag < x, < ag,

thus a1 # g, and we reach that a sufficient condition for VrVerte) g sy € (52—, 1). However
1 25 nE[&] 24+ag—ay? 2/°

Ty < 24 o — 1/u, thus if oy < z,, then ay < 2+ as — 1/u, which is equivalent to u > % On the

Trax—a
% — 0 for any u € (0,1/2).

by using the information (rate

other hand, in the case 4) we reach
Case v = 0. We now look at (7). Here we separately study the regions {a; > agu}; {a1 = asu};
{an < agu,an > 1}; {an < asu, ag = 1} and conclude.

ii) and iii). For v =1 we look at (6) and we separately study the regions {aq < 1 < as}; {a1 <1 = as};
{1 =1 < as}; {an = az =1}; and {1 < ag < as} and reach the results. O
Proof of Theorem 4.5. Under v = 1 = a; = ay we have that M) and M® are independent, and
nVar(&) = he?. By the Lindeberg-Feller Theorem, recalling that

£ = & — El&]
\/nVar(&),

it is sufficient to show that for all 6 > 0 we have nE[gfI{‘glbé}] — 0. We begin evaluating P{|¢;| > 6} :
by using that when v = 1 = a3 = as we have _rEla) 0, hA; = hAy and X; = X7 has the same

law as Xy = X5, we obtain
. 5 5
P{lei] > 8} < P&l > 5v/nVar(€)} = PUM MG | > S V/nVar(en)}
§
S P{‘X1HX2| + hA2|X1| + hAl‘X2| + h2A1A2 > 5 TLVG’I"(€1>} S

P{|X1||X2| > g\/nVar(ﬁl)} + 2P{hAs|X1| > g\/nVar(ﬁl)} + P{h?A Ay > g\/nVar(fl)}. (25)

Now, for sufficiently small h last term is 0, because

Ay PPlog L e 01
g

nVar(&) Vhe

21




We now evaluate the other 2 probabilities in (25) to establish their magnitude orders:

Y E[1X1]|X Xyl 1X
P{X 1] > Sv/aVar(@)} < (X 1Xol] _ (1] [21 Xl

Kvhe ~ Kvhe
t;
B (O el B
= K/he CKvhe

and
5 hRAE[|X1|]  hAyVher—o P |
P{hA3| X | > =v/nVar < < =h"2]og-.
{hAz| X1 | gV (51)}_K VarE) - Kvhe 8-

1-4 1
h™ 2 log <

Noting that NG

— 0, it follows that
P{l&| > o} < KVh.
Now, for any conjugate exponents p, g,
nE[E ¢, 5] < nEVIEPIPT{|E)] > 6} < nEv [EP)h7,
We now evaluate
pie = el )] <enf( )" (8"
1 nVar(&) nVar(&) nVar(&)

Recall that we are under the conditions for which \/% — 0, thus at least \/% < Kh. On the

other hand

{ 2 7}< (E[(X1X2)2p] E[(hA2)* X{7) E[(h2A1A2)2”]).
(nVar(&))pd = \(nVar(&))P (nVar(&1))P (nVar(&))p /-

2p
the last term contributes with <h3/ 2-u]og? é) ; the second term, by the Burkholder-Davis-Gundi in-
equality, is dominated by

2 ti €
Y T N
he? e/’
(he)?P
(he?)p

and the first term is
EIX{PX3")  E?[X77]

(he2)p — —  (he?)? = K

<K

Thus Lo X
E[&P) < K<h2p + (hm’“log2 g) g (h*“log2 g)p + hp) ~ hP.

It follows that

1
nEF[ET I < Kn ()" % = Kh¥ — 0,

as we announced. O
Proof of (9). In the case v € [0,1) we have ) .- | £ ~ nE[&;]. Using (8) we have that on {a < asu, ap =
1YU{og < agu,ap > 1Y U {ag = agu, az > 1} both oy < of and nE[¢]/vVh — 0. On {a; > agu} then
nE[&]/Vh — 0iff a; < of.

In the case v = 1 then on {ay < 1,as > 1} U{ay = 1, a0 > 1} we have a; < af* and Y |, & ~ nE[&]
iff u>1/(2+ay —ay). fu > 1/(2+ as — a1) then nE[¢]/Vh — 0, if u < 1/(2 + as — 1) then
St &i/Vh ~ /nVar(&)/Vh — 0; if u = 1/(2 4+ a2 — a;) then nE[&] ~ /nVar(€;) << vh and the
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tightness result implies that still Z? 1 &/Vh — 0.

On{l <oy < 0[2}' if u> 4 +a2 then 7 & ~ nE[&] and nE[6]/Vh — 0 iff a1 < af*. On the
other hand u < o +a is equivalent to an < 1/u — aw, which is less than a7*, and if u < m then
S &~ /nVar(€) and \/nVar(&)/Vh — 0. O
Lemma 5.3. Let, for i=1..n, A; C Q be independent on W and W and s.t. P(A;) < 0. If o™
satisfy (10), then
i) e i eMawi [ oPaw Py ~ A o) AWDeP AW,
i) Any P(A;) be, B[| X0, ot AWM AW, || < cP(A,).
Proof i) Denote o;, = 0. We have 0, = ;1 + (05 — 05_1), thus
‘ 1 2
7 . Z / 1)dW(1)/t oD dw —at(ileiW“)agileiW(?)]IAi = (26)
i—1

1 n t; 1
a2 [otaw® / (0 —oZ)aw!? + / (o0 — o )aw oD A4

2 i=1 ti—1 ti—1

t; ti
[ o= [ o],
ti—1

ti—1

[(ft (o) —o!! )l)dW(l)) } [ft oM —o) 2ds} f E[(0" —5'M))2]ds, and by assumption
(10) this is dominated by ch?, while by the boundedness of o("™) we have E [(afﬂ) AiW(m))z} < ch. Now

write each term of the rhs of (26) as
1 n
o HYHP 1, -

using the independence assumption, its 1-norm is dominated by

1 n
5z 2 HD el b P(A) < enh? — 0.
=1

ii) Similarly, B[| 20, ot? AW We® AW, | <0 B Y0 o) AWM AW(P(4;)

Lemma 5.4. We have

1 n ti ti we
9—2/ o—gl)dWs(”/t VAW pmsyy = IC.
m i i—1

i=1

Proof By the independence of each W) on N using Lemma 5.3 and Lemma 5.1 we have

i Z

Ll ST

ti—1 ti—1

1 ¢~ « 2 RN
TZ )1AiW(l)U?qu—)lAiW(Q)I{Aiv(m)21} = Z"i'

i=1
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Further we have

> Eialn] = Zat @ B [AWOAWIPATM > 1),

i=1

Now E; _1[A;WDA, W] = Ei_l[ﬁ_il psds], and P{A; V™) > 1} = 1—e " with Ay, = v, (y/75, +00)

Qm

=Un({/Th) = cmraT thus

n

t;
SOF ] = Zg(l) @ g 1[/ pads] (1 — e=>h).
ti—1

i=1 i

However, by the fact that |1 —e~*=" — X\, h| < Kh?, the last display has the same limit in probability as

1< b
H—Zo—ﬁ)lo—fi)lEl,l[ / psds| Amh. (27)

i=1 tiz1

ti
[/ psds] Pty
ti—1

i—

Further,

® ;@
Z| Ot; 194, 1

t; 2
: Knh am
—E[D Do B[ o puldslanh] < P < KnE o,

m tio1 m

)\mh] <

and this implies that (27) has the same limit in probability as

1 ¢ ¢m, P Cm
07 Z ti 1pt1 lhae — o IC.
However by separating O'Z( )10'z pi-1 = (o f )10'1( )1P Dt =« z( )101( )1,07, 1)~ and applying the reasoning
indicated in [8], just before (3.5), we reach that such a convergence is also ucp. Further
ZEz il =g Z (01,01 P Ea[ (AW O P AW ) PAV O > 1) -

by using (2) we find that F;_[(A;WM)2(A;W2))?] < Kh?, thus

ZE; 1nf] < h9 Z O'tz ) t1 )Ph~ 197/ (e W o®)2ds ~ @ — 0.
=1 m JO
Thus, by Lemma 4.2 in [8], the thesis follows. 0

For two random sequences U,, and V,, with V,, # 0,V¥n, and a a constant, let us denote U,, = aV,,

when as n — oo we have U, /V,, — a in probability.

Lemma 5.5. We have

1 " 1 2 C1
o, Zdt(i_)lﬁiw Yo ( ) A W )[{A V) >1,A; v(2>>1} (1 - )71[0']{76[0,1)}'
i=1

Proof Let us start by proving that

PAVD >1 AV > 1}~ (1 - )9 1{76[0 ny + 9192 I{«, 1}- (28)
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In fact, with e = \/ry,,
(AVD > 1AV > 1) = {u(]ti_l,ti] % (64 00) X [0, 400)) > 1, u(Jtim1, t:] X [0, +-00) X (€ +00)) > 1},

this is the set where during the time interval |¢;_1,t;] the bivariate jump sizes fall within the disjoint
union Dy U Dy U D3, with

Dy = (g,4) x [0,¢], Dy = (g,400) X (g,400), D3 = [0,¢] x (g, +0),
and it coincides with the disjoint union

{,U(]ti_l,ti} X Dg) > 1} @] {ﬂ(]ti—lati] X Dg) = O7H(]ti—1ati] X Dl) > 1,#(]t1_1,tL] X Dg) > 1}

Thus
PIATVD > 1A T® > 1) =1 — e oahy

P{u(]tifl,ti} X DQ) = O}P{ﬂ(]tlfl,tz] X Dl) > 1}{#(]%,1,151] X Dg) > 1}
=1—e o2l e An (] 7Dy (1 — e A23M) o A b+ Ap, Ap, b,

where Ap, = vy(D;). In view of (4) and of the shape of f(z) (see figure 1) due to our choice of the

parameters, we have
g

Ap, = ’Y/ v (dzy) = Ui (e) = ver ,
(e400) =

Ap, = (1— 'y)/ Ly (dxy, dao) :
(esFo0[x (&, 400]
v only weights the points (z1,x2) with 25 = f(z1), and f(21) > ¢ means that 2y > f~!(¢), and recall
that f~'(¢) < e, thus
e

Ap, = (1= e, F00) = (1= )U1(E) = (L= 7)er =

AD; = 7/ v® (dag) + (1 — 7)/ v(dzy) :
(e,400) 21 €(0,e],m2=f(x1)>e

recall that f = Uy Lo U1, so we have

€

Aow =AUs(e) + (=) [ i) =900) + (1= DS E) = Vi)

— Q2 — Q]

= YU2(E) + (L= NUa(E) = (L= NU(E) = e~ = (1= 7)ex

aq
However if v # 1 then Ap,h = (1 — 7)61;—11 is the leading term within P{Ai‘?(l) > 1,AV® > 1},
because

/\Dl)\Dghz - Yy

Ap,h 1—x
which either tends to 0 or is 0.
If v =1 then A\p, =0 and P{Aif/(l) >1,A,V® > 1} = Ap, Ap,h? = 91922—11(%. Thus (28) is verified.
Let us now define

5‘“%(2 —(1- 7)6—15‘12_0‘1)
(65)] a1

> Eo—t(izlAiW(l)Uﬁ(izlAiW(2)I{qu\7(UZl,Ai,V(Q)Zl} =D X
i=1 =1
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by the independence of each W™ on each V) we have
- ~ @ (" c a c P c

Eiilyv] = D 42 / sd[l— “ag 0,22 } 11— o1 ,
; 1[x:] ;Uti,lati,l . psds |( ’Y)al {~el0,1)} T 2y oy =1} = ( 7)a1 {vel0,1)}

as in the previous Lemma, we reach that such a convergence is also ucp. Further

= ho
Y B < Ke—; < Ke® — 0,

i=1 1
so, by Lemma 4.2 in [8], the thesis follows. O
Proof of Theorem 4.7.
We can write .
IC—1C=> I, (29)

k=1
where

n
L= [ZAiy(l)AiY@)I{miym\szﬁ}f{mmm|s2¢m - 1C7,

i=1

IQ - ZAzY(l)AzY(Q) (I{|Aix(l)\S\/ﬁ}l{\AiX(ZHS\/ﬁ} - I{IA'iY(l)‘SQﬁ}I{lAiy(2>‘S2\/ﬁ}>’

i=1
n

I =Y (AYDAM® + AYOAMD)N A x < m {ax @ <y
=1

I4 = ZAlM(l)AlM@)I{lAzX(I)\SW}I{\AlX(z)lg\/ﬁ}
i=1

We know that I; /v/h L, U, with U mixed Gaussian r.v. ([16]). We are now going to show that:

n t; ti _ag
I ~ Z/ a§1>dW§1)/ o DAWP I p vy ~ 02 =hr, 7, I3 << Vh
i=1 J

ti—1 ti—1

and I, is the sum of Z?zl & with some other terms which however are negligible wrt one of the terms
Vh, 0 or 327 €. That will prove (12). It then turns out that none of the terms appearing in (12) is
always negligible, while depending on the combination of the parameters v, ay, as the leading term is
different, and we show (13).

Let us start dealing with I, : we have

n

L= AYWAyY® (I{lAiXW\Sﬁ,mistwﬁ}m{mmw\szﬁ,miwnszﬁ}c

i=1
~lyaxm i<y ax@ < ey O] <a Ay @ \gz\ﬁrh})

We first show that the first rhs term above

Ly =Y AYWAYOI A xo < m ax o< ymin( Ay 0|y A,y @) <2 /e
i=1

is negligible wrt 6. In fact, on {|A; XM | < /1, |AX | < 0 {|AY D] < 2/, A Y| <2, /7 )¢
we have |A;Y(™)| > 2,/r, for at least one m € {1,2}, and, using Remark 3.1, [A;J™| + K/hln+ >
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|A; D) + A T = |A;Y ™) > 2, /7, implies that, for any p € (0,1), for sufficiently small &, |A;J™)| >
2/Th(1 — p), thus |A;J™| #£ 0. However |A,X™| < \/ry,, and so |AJ™ + A,M™)| — |A, D™ <
|A; X ™| < |/, implies on one hand that [A;J(™) +A; M™)| < f(l +p), and on the other hand that,
considering a sufficiently small i, 1—|A; M ™| < |A; T |—|A;M™)| < |A; T+ AM™)| < /7y (14p),
and thus, for sufficiently small h, |A;M™)| > 1 — /7, (14 p) > /7. It follows that Vi = 1..n there is an
index m; s.t. {|AX D] </, [AXP] < i 0 {IAY D] <2/, |AY P <2/} € {ANMD £
0, Ay Mmi) > V/Tr}, thus, using Lemma 5.2 point 1,

{I“ # 0} <Y P{ANTD £ 0, AM) >y} < crﬁ -0,
h

i=1

which implies that I"’—; £, 0, as we stated.

We now deal with the second term of I : on {|A;Y (™| < 2,/7,} we have |A;J™)| — |A;D™)| <
|A;Y(™)| < 2,/r, and thus, with p as above, a.s., for sufficiently small h, |A;J™)| < 2,/r,(1 +p) < 1,
which implies that A, J™ =0, i.e. A;Y(™) = AzD(’”). Thus, calling

Bi = {|AX W] < Vi, [AX D] < i} 0 {|AY W] < 2y, [AY P < 2/m ),

we have A
S AYVAYOI I = "Iy,
=1 =

where

t; t;
Iy o = Z/ a(1 ds/ agz)ds I3,,

ti—1 ti—1

ti t; ti
I3 = Z / (Q)ds/ cWaw® +/ agl)ds/ ng)dWs@)IB
ti—1 ti—1 ti_1
Iy 4 = Z/ Jaw D / c@dw?
ti—1

i—

We show that I 4 is the leading term and it asymptotically behaves as 5.

122|]<£4>0.

As for I 2, by the boundedness of each a™) we have E|| <z
As for I 3, note that on {|A; X (™| > \/r,, |A;J(™)| = 0} we have [A; M ™|+ K, /hIn+ > |A;M ™|+

|A; D] > |A; D™ + A;M™| = |AX ™| > /ry, thus |[A;M™] > /5, — Ky/hint > \/r,(1—p) (p
as above, h sufficiently small). Using also Lemma 5.2 point 7 and noting that 6; < 6, it follows that

”23‘ <o zn: Jhn f(P{|AM > ey} + P{AM®)| > ey <

,/hln% 1
7 (01 +062) <c hlnﬁ—>0.

2

Cc

As for I 4, firstly we show that

i—1

I 1 & ti b
927;4 ~ % Z/ Ugl)dWs(l)/ oPdw? <I{\A,;X(1)|>\/ﬁ} +I{|A,-X(2)\>\/ﬁ}> : (30)
i=17ti-1 t
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in fact, let us begin showing that

I 1 & ti ti
;7; ~ 0, Z/ agl)dWs(l)/ G£Q)dW§2)I{\AiX<”IS\/WAiX@)ls\/mc :
t; ti—1

=1 i=

(Z)dWS(Q)lI{IAiX(m)‘S\/ﬁ’m:172}cﬂ{|AiY(7n)|§2\/ﬁ’m:1’2}c:| <

ZE[S [ oaw)
i=1 Jti-1

ti—1
1 - " 1 S 2
*E{Z|/t Ugl)dWs( )H/t Ug )dVVs( )|(I{A,iN(1)7$O} +I{AiN(2)7é0})}a (31)
i=1 i—1 i—1
and
n t; 1) rti 2 2 n 1 2
) E[ [ oaw® [t o aw >’ I{Aimm;ﬁo}} > Ellot” AWWDe? AW yomw 20y]
92 - 02
1 - (2 m Tlh2 @
< g N2 AW Ollof2, AW PLANT > 1) ~ = =~ .

Now we are left with

0> Z/ oi AWy / LSS INEV SN BV
’L 1
where we see indicators of type Iianpye = Iac + Ipe — Lacnpe. If we show that

n t; t;
g2 A [ oL — 0

02 i=1Yti—1 ti—1

then (30) is proved.
So we deal with

6y Z/ de(l)/ oD AW P (|, x 015 i |8, x5 i) -
7 1

this is asymptotically equivalent to

1 n ts t;
02 Z/t U‘gl)dWS(l)/t oP AW 5 70151 18,70 1)) (32)
=1 i—1 i—1
because
1 n ti t;
F 02 Z[ 1 Ugl)dwg(l)/t 1 0’£2)dW§(2) (I{|A1X(1)\>\/ﬁ,|A¢X(2)\>\/T7h} — I{Aiv(l)217Ai‘7(2)21}) ‘| §
i=1 Jti- i

ts ti
/ wmw/cwm@
ti—1 ti—1

1 n
5 2 Z

i=1

(I{|AiX(m)|>\/7rh,m:1,2, but A, 7®=0 for at least one index ¢;}

(33)

+I{Ai\~/(m)21,m:1,2, but |a;x®|</m for at least one index Ei})}
and on {|A; X )| > \/r,, A;VED) = 0} either A;J¢) 20 or A;J%) = 0. In this last case we have no
jumps of X () bigger than /7, and |A;M@)| + |[A;DE)| > |A,X )| = |A;DE) + A;ME)| >/,
implies that, for any fixed small p > 0, for sufficiently small h, |A;M ‘) 7h(1 — p); further also
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on {Aif/(m > 1, |AiX(4i) < T}, either A JE) £ 0 or A;J%) = 0, and in this last case we have
IAMED | = A X — A, DE| < |AXE) |+ |A; D) | < /7 (1 + p). Thus (33) is dominated by

ts t;
/ o g () / @) g @

ti—1 ti—1

1 n
72

i=1

E (I{\AiM““\>\/ﬁ(1fp)7ﬁi‘7('zi):0}+

Iia 7oz sz masmy Tl )]

Now, using the independence, the Holder inequality, Lemma 5.2, points 3 and 6, and recalling that

01 < 05, then Vg € (0,1 — p) the previous display is dominated by

ch & )
N (P{\Az'M(m

0 > (1= p), AV =0} + P{A VY > 1, |A, M)
=1

< Vru(1+p)}

+P{AT4) £ 0})

(63 +62(a7 = 1) + (1= (1+2p)"°) + h)
02
However that holds for any ¢ € (0,1 —p) and any p € (0,1): we take p — 0 and ¢ — 1 and we reach that
the limit in probability of (33) is 0 and (32) is true.
Now, by Lemma 5.3 and Lemma 5.4, (32) has the same rate as

<K - K({(¢“-1)+1—-(1+2p)~°).

1
02

n
1 1 2 2 91
> ot AW Do AW s gz avezn] ~ 0y’
i=1
and thus is negligible if oy < a9, otherwise, if oy = a9, it contributes to I 4 by adding some constants
in the limit.

Secondly, by reasoning exactly as for (32) we have

1 n ti t; 1 n t; ti
@Z/t 0£1)dWS(1)/t UEQ)dWs@)I{\AiX(m)b\/ﬁ} ~ ?22/ O.gl)dWs(l)/ ng)dWS@)I{AiV('n)zua
i=1ti-1 i-1

i=1 Y ti—1 ti—1

which, by Lemma 5.4, has rate 6,,. However 6; < 5, thus

ti—1

n ts ti
Iy~ Tpa ~ Z/t O_gl)dws(l)/ eDAWDT,y grany ~ O
i=17ti-1

We now show that I3 in (29) is negligible wrt V'h. Here we adjust to the bivariate case the proof given

in [5] for the univariate case. Is/v/h is the sum of two terms of type

1 n .
7h D AYMAMOI A xo i< {8 x®) <) (34)

i=1

with (m,¢) € {(1,2),(2,1)}, and we can treat both the terms at the same time. The expression in (34)

equals

- . 1 & .
ﬁZAiD( )Az‘M(l)I{\Aixm|Sﬁ,mix<2>|s¢m+ﬁZAiJ( "AMOTya x0)1< g 8, x @) < iy
i=1 i=1
(35)
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As for the second term, as already commented just after the definition of I5 1, on {|AiX(m)| < VTh, A, J™) #*
0} we have {|A;M (™| > \/r;}, thus, by Lemma 5.2 point 1,

1 ¢ m . m m
P{ﬁZA“}( )AzM(Z)I{\AlX(l)|§\/ﬁ,\A1X(2)|§\/ﬁ} 750} SZ{A“]( ) 7&0’|A1M( )| > /rh}—)O7
=1 =1

thus the second term of (35) tends to 0 in probability.
As for the first term, on {|A;X)| </} we have |[A; X)| > |A,Z0] — |A;D®)] then |A;Z0)] <
1A X O +|A;DO| < \fr, +y/hIn + < 2,/r, thus
1 n
N Y ADMAMO L n x01< gy jax )< i) <

i=1

1 — .
ﬁZAiD( AMOT( A, x| < i | A X @< | A, 20 | <27 -
=1

the terms where A;J) #£ 0 are negligible, in fact as above we have

1< .
P{ﬁ ZAz‘D( )AiM(Z)I{miX(é)|§\/ﬁ,\AiZ<@)|§2\/E,AiJ(é)¢o} # 0} — 0.
i=1
We are left with

1 - m
7 D ADIAMO I A x 1< 8 X O | < i 80 200 | <27 A T O 0} =
=1

- .
EZA'&D( PAMOT YA x0)1< |8, X )< 5 |3, M O | <2757, 8,0 =03
=1

however again

RS m
P{ﬁ D ADMAM O A x01< 8,010 | <2y A0 20} 7 0F = 0,
i=1

because on {|A; X < \/ry, |AMO| <2, /r, A JO 5 0} we still have |A; M| > /r, and we remain
with
1 n
Vh D ADMAMO L n x01< g 18, x0) 1< i 2O <2477 (36)
i=1

Now, by Lemma 3.1 in [5] we know that on |A; M| < 2,/r;, we have

1
AMO = A MO h/ 29 (dz),

2vp,

/4

where A; MOh = b f0<:c<2v; zfi’(dz,ds), and vy, is a given sequence satisfying 0 < vy, < r,ll , and

ti—1
recall that A, D™ = j‘tt'i,l agm)ds + ftil agm)dWs(m). As a consequence, exactly as in (43) of [5], the

component
L& [
\/EZ/ al )dSAiM(Z)I{IAiXm|g\/mAix(2>\s\/mAiM(mgz\/m
i=17ti-1

of (36) tends to zero in probability. Now we show the negligibility of

1 b m m
EZ/ g™ AW ™ AMOM (A x001< 1A X @ (< | A O | <277)

ti—1

30



in fact, by the independence of W™ on ¥, the squared L? (P, 2)-norm of the last display is dominated

by
;E[(é/f agm)dwgm)AiM(Z)h)ﬁ _ iéE[(/f agm>dW§m>)2(AiM“>h)Z]

ti—1 ti—1

1/4
2—«a

K " 2z
< ﬁnh . h/ 229 (dx) < Kr, * —0.
0

Finally we show the negligibility also of

1 . . m m !
WZ/ o{MaW ™ | e\ (de) I, x o)< g 16, x O < g A O <2 )
i=17ti-1

2vp,

in fact recall that hf;vh o (dz) = cA, [(1 —elm ), 21 +1n %szl} is positive for all the values of
ay € (0,2), so the L' (P,Q)-norm of the last display is dominated by

1 nopt
Vhiea, [(1- =) Lo +1n 1L ] B Z/ o] (37)
i=1"ti—1
and noting that if i # j then B[f,* o{™ W™ [ o{™awi™] = E[[ (™ Ly, _, 1go{™ Ly, 1,)d5]
=0, we have
nooat noot n t;
B[ [ omaw || <y [T otmawimia = By ([ ot aw = oq),
i=1 7 ti—1 =1 Jti—1 i—1 Jtica

It follows that (37) is dominated by Kﬂ“l —elm Iy, 21 +In %Ia£:1] — 0.

We now deal with I of (29). We have

I4 = ZAlM(l)AZM(Q)IﬂALX(l)‘S\/HJALX(Q)‘S\/H} =

i=1

n

OA [ ) ) )
D AMOYAME I\ 5008, 80=0,8,x0 <y ax®) 1< iy AT O =08, K@ =0)en{|AXD|< V77 A X O <y}
i=1

1 2
=> AMOAM )[I{Aimnzo,&mmzo} — LA, R =0,0, K@ =0} {| A, XD |< i | A X O < rye T

=1
Ten, N 0,0, F =0 en{| A XD |< /| A X @) |< Ui} |-

However where both A;N® =0, A;N® =0, we have A, MDA M@ = ¢, thus

4
Li=> Ly
k=1
where

n n n
Iy, = E &, lip=-— E Silin, N —0,a, N —0}er L2383 = — E §idyn, NO=0,0, N =0} {] A XD |< /7, | s X )| < e

=1 =1 =1

La=)Y_ AMOAMPI 5 500,80, 8@ —0pen{|ax D<A X < )
=1
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We are going to show that all the terms Iy, with k = 1,2, 3 are negligible wrt to 0s.

As for 14 o, using again that [aup = Ia+Ip—1anB, it is sufficient to show that both Z?Zl fiI{AiZ\?(DZl} <<
0y, for £ =1,2and Y, Cilin, v >1,0, 8@ 513 << 0. Using the independence of & on A; N | we reach
that

Ei A&l a, mos1y) ~ Eica[&]0e
Ei a6 a, 50 51y) < EIE]00.

Thus, if, for any ¢, we call

Z&I{A IN®O>1} ZX“

i=1
we have that YVt > 0, 3, , Bi1lv] < ¥,.c Bialé] = [ﬂE[&] < nEl¢), which, by looking at
Theorem 4.3, tends to zero in all the cases v € [0,1]. Further, Ztin 1[x:] is positive for all ¢ and

increasing in ¢, thus the convergence is also ucp. Moreover Vt > 0, 37, , Ei1[x;] < nE[£7]/0s : recalling
that, with the notations in (23), we have

Var(&) ~ i ify=1
Vs+ Vs + V7 if v=20,

and E2[¢;] = Vo + Vg + h*A3A3%, and noting that Vo << V3, Vg << V;, h*A2A3 << V4, it follows
that E2[¢;] << Var(§) in all the cases, and thus E?[¢;] << E[£?], so E[¢]] ~ Var(&) and we can
directly use the expressions at the denominators of (5), (6), (7) to verify that under our assumptions
nVar(&)/02 — 0 in all the cases v € [0,1]. We remark that for the case v € (0,1) and oy > z, >
condition u > 1/[2(1 + az/a1)] is needed, however it is implied by our assumption (??). It follows that
D Xi =40, that is i fiI{A,vN(e)y} << .

If we now call P{AiN(l) >1,AN® > 1} =012 <0y, and

n n
. giI{AiNU)Zl,AiN(?)Zl}
E Xi = E )
=1

0
i—1 2

we have 7, Ei1[xi] = [%}E[ﬁl]%’z < [%}E[&] 0, and o<t Bicalxi] < KnVar(&)/62 — 0, so

again Z?:l Xi ¥ 0 and Z?:l giI{AiKNUZl,AiN(?)Zl} << by

We now show that also I3 is negligible wrt 6. Each term of the sum is counted only if both
ANG) =0, =1,2but |A1X(4)| > /Ty, for at least one index £. Note that if A;NO =0 then A;JO = 0.
However, as commented for I5 3, we have {|A;X)| > /r, A, JO =0} € {|A,MO] > /75 (1 —p)}, and
we know that P{A;N®) =0, |AMO| > /rn(1 —p)} < K62/ < K63/ 1t follows that

p[leal] < S 6]/ PLAN® = 0, [AMO] > /(1 —p)}

< Kby i /nVar(&).  (38)
02 92

Using again the expressions of \/nVar(£;) at the denominators of (5), (6), (7) for the different choices
of 7, we have that last expression in (38) tends to zero under the following conditions:

for v € (0,1) and a7 <z, iff
1

- .
(@) u> G a2

for v € (0,1) and oy > ., iff
5

6—60(2/0[1 —Oég;

) u>
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for v = 1 under (a);
for v = 0 and a; < agu, under (a), because h < v/he!=*1/2;
for v =0 and oy > agu, under (b).
However, under our assumption (??) both the conditions (a), (b) are ensured.
Finally we show that I, 4 is negligible wrt to 6. We have what follows:
if A;,N® =0 and A,NO > 1, then the terms with A;JM) # 0 do not contribute to Iy 4/62, since
|A; XM | < \/ry, then for any p € (0,1) and sufficiently small & we have |A; M| > /7 (1 — p) and then

1
P{@ Z AMOAMP I 500 20,8005 yrm(1—p)} # 0} — 0.
i=1

We then remain with the terms where A;J®) = 0, but on {|A,XY| < \/r, A;J® = 0} we have
|IA;M®| < \/r(1 + p). On the other hand on {A;N®) = 0} we have A;J® = 0, and thus also
|A;M®)| < /75 (1 + p). Tt follows that

1
E{@Z|AiM(1)AiM(2)|I{A,-N(2)=O,Ai1\7(1>21}0{\A1;X<1)IS /| A X ()| < /r}“}}
i=1

9

<Ky ZP{A FO > 1AM < i+ < K < Kyl o,

2
since assumption (??) implies u > 1/(3 — aa/2).
If A;N®@ >1 and A; N = 0, we reason similarly as above and obtain that

E{@Z|AiM(1)AiM(2)|I{AiN(2):O,AiN(1)Zl}m{‘AiX(l)|S\/ﬁ7‘Aix(2)|S\/ﬁ7}:|
=1

6i/?
ZP{ANQ) >1,|AMP| < Jrr(l+p)}t < K202 he 0.
2
If both A;,N® > 1, A;,N® > 1, then the terms with one A;J® #£ 0, are negligible and we remain
with the terms where both A;J() = 0, thus we reach that both [A; M| < \/7;(1 + p) and

1
E LTQ D IAMOAMPI A 51 4,805 1)0(18, X0y A X O <)
=1

< K%ZP{AN?) > 1L|AM®| < (1 +p)} =0,
2

as above.
We thus obtained that IC' — IC ~ v/h + I | & + 6. Now we are going to make this more explicit.
In (9) we compared VA with 1" | &. As for 05 versus VA we have that:

by << Vh ifas<

92 ~ \/E lf g = ﬁ

Oy >> \/E if ag > ﬁ
Comparing now 6, with >_7" ; &, we reach that

wheny =1 6y >>Y" & foras=a;=1: ifu>i
for (a1, a2) # (1,1): Vu € (0, 1)
when v € [0,1) 602 >>>"" & for aq < asu: any u € (0, %)
for ag > a1 > anu: iffu>1+%72
a1
when v € [0,1) 6y << Y1, & for ay = ap: any u € (0, 3).
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It follows that

2

IC 1C ~ >_1 <92 |:I{'y 1} + I{’yE[O 1),a1<asu} + I{'yE[O 1),a2>a1 >a0u, u> a2 }}

+ Z &i |:I{'y€[0 1),a2>a1>asu,u< o——— +a2 } + I{"VG[O 1),02=a1 >D‘2“}}>

i=1

Ton< gy (\/ﬁ{f{v—l,mw;*} + f{we[o,n,alm;}} + & [Iw:l,alza;* +I{ve[0,1),alza;}}> :
i=1

However: 1/(2a3) > 1/4, so if ag > i then u > i so u > 1/4; if a3 = ay then oy > asu, since

ag > au; ap < 1/(2u) = a1 < af*; Thus the above display simplifies as follows:

IC IC ~ o> (9 |:I{'y 1} + I{’YG[O 1),a1 <asu} + I{'ye[O 1),a0>a1>azu, u> az }i|

Z [I{'ye 0,1),2>a1>a2u,u< o 5} + I{’YE[O 1),a0= (m}])

n
Toy< (Vﬁ[f{v—l} + Lpep.n,ai<ary + Z&Iwe[o,m,almf})

i=1

and (13) follows.

6 Notations list

AHt(m) =H,— H,_, N;H™ = Ht(m) — Ht(Tiz, for any process H
X0m) — pim) 4 z(m) — y(m) L pr(m) .
D™ — fot ai™ds + fg o™ awim
Z(m) Jm) 4 ppim)
= f{|’y(swaj)|>1} (s,w, 2)pl™ (w, dx, ds)
M(m) Jo Jirsawmy <1y V(5@ x)u(m)(w dx,ds)
L™ : stable Lévy process with characteristic triplet (™), 0, (™) (dz)) :

(m) _ 7(m) _ _(m (m)
M™ =L, 2 )tfzsgtALs I ALt 51y

(m) _ =
NV=3 {agim oy = ZSSfI{IAXim)Dl}
v(m) _
N7 = ngtl{mxg”’”b\/ﬁ}
o7 (m) _
Vil =2 Tham™ > i)

J~w'<m), H! L': for any process H, Hy = Hy = Yy AHI(am, >}
l: is a symmetric stable process: L = H; — Hs with Hyy = Ly — 2t
Ny = ngt AI{|Af,S|>s}
g =6 = A;MMA;M' ),
s for Z0™) Lévy, m = 1,2, a,, is its Blumenthal Getoor index (see [6]).
AjH, = AiH Iya,m)2<r,), for any processes H (e.g. H = X or M) ete.)
IC = fOT ptotl)a,@dt
IC =30 A XOT A x 0y ariy A X O Iia, x @y <pmy = 011 (XD, X@)p
~(n 7‘+l

) (X, X)) = W15 S0 (A XD Ty ity (A X ) T, oo
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D (XD XY =h YT g A XV Ia, o xy2 <y Tlimo 25 X @Iy, x @2 <}
v (dz,) = cpapt =0 I sorda,

vy Lévy measure of the Lévy process (L(l), L(2))

ve(day,drs) = Ijo<q, zp<eyVqy (day, das),

U (zm) = "™ [z, +00]) = em wa:n Ty > 0
Uz, z9) = vy([w1, +00) X [12,+00)) = C, (U (1), Ua(22))

C’Y(u’ U) = ’}/Cl(ua U) + (1 - 7)0H (ua U) 1O (U, U) = uj{v:oo} + UI{u:oo}v C’|| (u7 U) =uUNv

¢, K are mute names for constants
k

C(k,m) = 02<%)Hm+&+ > 0;

@1C2 o k—as
Cm(k> = kigm
A= 701(2)I{a1§0t2} + (1 - 7)0(27 O)I{Cn:oéz}
As = fsgzmgl xmy(m)(dxm), ca,, = 1_577;% am#1 + emla,, =1.
.k ~(m
Xo = fo fmgg il )(dx,dt)

e=h"=\rp, ue(0,%)
_ 14+2u—y/—4(2az—DuZ+4u+1

= S0 € (0, a9).
af = #ﬁu/z € (2u, 1)
al* = 71”32(3‘“2) > >,
O = hr), *
0,, = he“m

By = {|A:X D) < /], |AX ) < e n {]AY W] < 27, [AY O] < 2/7)
NUll, = E%[|U|”], for any r.v. U
N is a standard Gaussian rv
0j = Ot
f(h) ~ g(h): for two deterministic functions f, g, f(h) ~ g(h) means that as h — 0 we have both
£(h) = O(g(h)) and g(h) = O(f (k)
f(h) << g(h) : means that f(h) = o(g(h))
Op: given two random sequences U, and V,,, U,, = Op(V},) if there exists n: for all n > 7 we have that
for any € > 0, there exists a constant n > 0 such that P (|U,| > n|V,|) <€
U, ~ V,: for two random sequences U,, and V,,, U,, ~ V,, when as n — oo we have both U, = Op(V},,)
and V,, = Op(U,)
U, =~ aV,: for two random sequences U, and V, with V,, # 0,Vn, and a a constant, let us denote
U, ~ aV,, when as n — oo we have U, /V,, — a in probability.
Y denotes convergence in probability uniformly on [0, 7]
£ denotes convergence in probability
2% denotes stable convergence in law
< denotes convergence in law
SM 0 semimartingale, BSM = Brownian semimartingale
wlg= without loss of generality
rhs= right hand side, lhs= left hand side
wrt = with respect to
iff = if and only if

rv = random variable
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