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Devwudfw

Wkh wlph hyroxwlrq ri sulfhv dqg vdylqjv lq d vwrfn pdunhw lv prghohg e| d glvfuhwh wlph qrqolqhdu

g|qdplfdo v|vwhp1 Wkh prgho sursrvhg kdv d xqltxh dqg xqvwdeoh vwhdg|0vwdwh/ vr wkdw wkh wlph hyroxwlrq

lv ghwhuplqhg e| wkh qrqolqhdu h�hfwv dfwlqj rxw ri wkh htxloleulxp1 Wkh qrqolqhdulwlhv vwurqjo| lq�xhqfh wkh

nlqg ri orqj0uxq g|qdplfv ri wkh v|vwhp1 Lq sduwlfxodu/ wkh joredo jhrphwulf surshuwlhv ri wkh qrqlqyhuwleoh

pds ri wkh sodqh/ zkrvh lwhudwlrq jlyhv wkh hyroxwlrq ri wkh v|vwhp/ duh lpsruwdqw wr xqghuvwdqg wkh joredo

elixufdwlrqv zklfk fkdqjh wkh txdolwdwlyh surshuwlhv ri wkh dv|pswrwlf g|qdplfv1 Vxfk joredo elixufdwlrqv

duh vwxglhg e| jhrphwulf dqg qxphulfdo phwkrgv edvhg rq wkh wkhru| ri fulwlfdo fxuyhv/ d srzhuixo wrro

iru wkh fkdudfwhul}dwlrq ri wkh joredo g|qdplfdo surshuwlhv ri qrqlqyhuwleoh pdsslqjv ri wkh sodqh1 Wkh

prgho xqirogv pruh frpsoh{ fkdrwlf dqg xqsuhglfwdeoh wudmhfwrulhv dv d frqvhtxhqfh ri lqfuhdvlqj djhqwv*

_vshfxodwlyh% ru _fdslwdo jdlq uhdol}lqj% dwwlwxghv1 Wkh joredo dqdo|vlv lqglfdwhv wkdw/ iru vrph udqjhv ri

wkh sdudphwhu ydoxhv/ wkh v|vwhp kdv vhyhudo frh{lvwlqj dwwudfwruv/ dqg lw pd| qrw eh urexvw zlwk uhvshfw wr

h{rjhqrxv vkrfnv gxh wr wkh frpsoh{lw| ri wkh edvlq ri dwwudfwlrq1

� W?|hL_�U|�L?

Rqh ri wkh fruqhuvwrqhv ri wkh prghuq wkhru| ri �qdqfh lv wkh ylhz wkdw dvvhw sulfhv h{klelw huudwlf

ehkdylru1 Lq wklv sdshu zh frqvlghu d glvfuhwh wlph ghwhuplqlvwlf prgho/ sursrvhg lq ^43`/ iru wkh

ghvfulswlrq ri wkh lqwhudfwlrqv ehwzhhq wkh sulfh lqgh{ ri d vwrfn pdunhw dqg wkh qhw vwrfn ri

vdylqjv froohfwhg e| wkh pxwxdo ixqgv/ dqg zh vwxg| wkh rxwfrph ri gl�huhqw nlqgv ri frpsoh{lw|/

qrw rqo| uhodwhg wr wkh fuhdwlrq ri fkdrwlf dwwudfwruv/ exw dovr wr wkh h{lvwhqfh ri vhyhudo frh{lvwlqj

dwwudfwruv zlwk d frpsoh{ vwuxfwxuh ri wkh fruuhvsrqglqj edvlqv ri dwwudfwlrq1

Wkh prgho lv edvhg rq wkh dvvxpswlrq wkdw wzr gl�huhqw nlqgv ri hfrqrplf djhqwv duh lqwhudfwlqj

lq wkh pdunhw= wkh _ghdohuv%/ zkr duh gluhfwo| dgplwwhg wr wkh vhfxulwlhv qhjrwldwlrq/ dqg wkh

_vdyhuv% zkr lqwhqg wr lqyhvw lq wkh vwrfn pdunhw exw/ ehlqj vfdufho| lqiruphg/ suhihu wr xqghuzulwh

vkduhv ri d pxwxdo ixqg1 Zh uhpdun wkdw/ lq wklv vfkhph/ erwk wkh dgplqlvwudwruv ri wkh pxwxdo
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ixqgv dqg wkh djhqwv wkdw gluhfwo| krog lq wkhlu sruwirolr wkh vhfxulwlhv duh txdol�hg dv ghdohuv1 Lw

lv zruwk wr qrwh wkdw zh gr qrw xvh wkh whup _ghdohu% lq d surshu vhqvh1 Lq d Ghdohuv Pdunhw�

d vshfldo nlqg ri djhqw +wkh ghdohu,/ kroglqj klv rzq sruwirolr/ lv dozd|v zloolqj wr ex| ru wr vhoo

hdfk vhfxulw| dw wkh lqglfdwhg sulfh/ zkhuhdv lq wkh prgho wkh ghdohu fkrrvhv wkh vhfxulwlhv rq wkh

pdunhw dqg vhoov iudfwlrqv ri wkh zkroh sruwirolr +wkh vkduhv ri wkh pxwxdo ixqg,1 Dq|zd|/ dv idu

dv zh duh frqfhuqhg/ vxfk gl�huhqfhv duh qrw vr lpsruwdqw1

Wkhvh wzr gl�huhqw fodvvhv ri djhqwv dfw rq wzr gl�huhqw pdunhwv dqg wkh g|qdplfdo surfhvv

wkdw uhjxodwhv wkh hyroxwlrq ri wkh v|vwhp uh�hfwv vxfk d vhjphqwdwlrq1 Wkh ghdohuv rewdlq wkhlu

sur�wv e| vhoolqj wkh vhfxulwlhv dw d sulfh kljkhu wkhq ex|lqj/ dqg wkh gl�huhqfh ehwzhhq wkh wzr

sulfhv lv vdlg _elg0dvn vsuhdg%1

Li wkh frpshwlwlrq dprqj wkh ghdohuv uhgxfhv wkh elg0dvn vsuhdg wrzdug }hur +dw wkh olplw,/

qr wudqvdfwlrq zloo eh frqyhqlhqw rxwvlgh wkh ghdohuv pdunhw dv/ iru dq| jlyhq sulfh kljkhu +uhvs1

orzhu, wkdq wkh ghdohuv* rqh/ wkh ex|hu +uhvs1 wkh vhoohu, zloo suhihu wr ex| +uhvs1 wr vhoo, iurp

d ghdohu/ zkloh iru d sulfh htxdo wr wkh ghdohuv* rqh qr lqfhqwlyhv duh suhvhqw wr suhihu wkh gluhfw

vhdufk lqvwhdg ri wkh ghdohuv pdunhw wkdw lv pruh hdvlo| dffhvvleoh1

Vr/ lq d ghdohuv pdunhw zlwk orz elg0dvn vsuhdgv/ wkh juhdwhu sduw ri wkh wudqvdfwlrqv zloo eh

vhwwohg wkurxjk d ghdohu dqg wkh ghdohu*v fkrlfhv zloo frqvlghudeo| d�hfw wkh sulfhv* frxuvh +vhh ^<`

iru d zlgh dqg vlpsoh lqwurgxfwlrq wr wkh wkhru| ri vhfxulwlhv pdunhwv,1

Wkh hvvhqfh ri wkh vwrfn pdunhw dqg ri wkh phfkdqlvpv zklfk uhjxodwh wkh sulfhv vxjjhvw

d g|qdplf ghvfulswlrq lq glvfuhwh wlph/ zkhuh wkh wlph xqlw pd| eh vhhq dv wkh lqwhuydo zklfk

vhsdudwhv wzr gl�huhqw Vwrfn H{fkdqjh Olvwv1

Iurp wkh srlqw ri ylhz ri wkh g|qdplfdo surshuwlhv ri wkh prgho/ wkh idfw wkdw/ dv zh vkdoo vhh/

qr vwdeoh vwdwlrqdu| vwdwhv h{lvw iru hfrqrplfdoo| ihdvleoh ydoxhv ri wkh sdudphwhuv/ lqglfdwhv wkh

qhfhvvlw| ri d joredo vwxg|/ ehfdxvh wkh h�hfwv ri wkh qrqolqhdulwlhv ehfrph sduwlfxoduo| lpsruwdqw

iru wudmhfwrulhv zklfk pryh idu iurp wkh vwhdg| vwdwh1 Pruhryhu/ wkh g|qdplf prgho frqvlghuhg

lv rewdlqhg e| wkh lwhudwlrq ri d qrqlqyhuwleoh pds/ dqg wklv jlyhv xv wkh rssruwxqlw| wr xvh

vrph uhfhqw uhvxowv rq qrqlqyhuwleoh pdsv ri wkh sodqh dqg wr sxw lq hylghqfh vrph lqwhuhvwlqj

frqvhtxhqfhv ri wkhvh uhvxowv1 Lq sduwlfxodu/ wkh phwkrg ri fulwlfdo fxuyhv fdq eh xvhixoo| dssolhg

wr xqghuvwdqg vrph nlqgv ri urxwhv wrzdugv frpsoh{ ehkdylruv zklfk duh shfxoldu ri qrqlqyhuwleoh

pdsv1 Wkh fulwlfdo fxuyhv duh dovr xvhg wr sxw vrph rughu lq wkh vlwxdwlrqv ri fkdrwlf ehkdylru/ lq

wkh vhqvh wkdw vhjphqwv ri fulwlfdo fxuyhv duh xvhg wr erxqg uhjlrqv ri wkh sodqh lqvlgh zklfk doo

wkh orqj0uxq g|qdplfv ri wkh prgho duh wudsshg/ hyhq li vxfk g|qdplfv duh txlwh luuhjxodu1
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Wkh sodq ri wkh sdshu lv wkh iroorzlqj1 Lq Vhfwlrq 5 zh ghvfuleh wkh hfrqrplf prwlydwlrqv dqg wkh

jhqhudo vwuxfwxuh ri wkh prgho/ wrjhwkhu zlwk vrph jhqhudo surshuwlhv dulvlqj iurp wkh v|pphwu| ri

wkh uhodwhg glvfuhwh g|qdplfdo v|vwhp1 Lq Vhfwlrq 6 wkh xvxdo dqdo|vlv ri wkh olqhdu dssur{lpdwlrq/

wkurxjk wkh vwxg| ri wkh hljhqydoxhv ri wkh Mdfreldq pdwul{/ lv fduulhg rxw lq rughu wr fkdudfwhul}h

wkh orfdo vwdelolw| surshuw| dqg wkh orfdo elixufdwlrqv lq wkh sdudphwhuv vsdfh1 Lq Vhfwlrq 7 wkh

joredo g|qdplfdo surshuwlhv ri wkh g|qdplfdo v|vwhp duh dqdo|}hg/ dqg vxfk surshuwlhv duh xvhg wr

xqghuvwdqg wkh qrqolqhdu h�hfwv wkdw fdxvh lpsruwdqw txdolwdwlyh fkdqjhv lq wkh vwuxfwxuh ri wkh

dwwudfwlqj vhwv dqg ri wkhlu edvlqv ri dwwudfwlrq1 Lq wklv vhfwlrq wkh gh�qlwlrqv dqg vrph surshuwlhv

ri wkh fulwlfdo fxuyhv duh uhfdoohg/ dqg wkhq wkh fulwlfdo fxuyhv duh xvhg wr fkdudfwhul}h vrph joredo

elixufdwlrqv zklfk fdxvh txdolwdwlyh fkdqjhv ri wkh dwwudfwruv dqg wkhlu edvlqv1 Vrph frqofoxglqj

uhpdunv duh jlyhq lq Vhfwlrq 81

2 A�i 4L_i*

Zh dvvxph wkh gd| dv wkh wlph*v xqlw ri phdvxuh1 Wklv doorzv xv wr jlyh wkh iroorzlqj vlpsoh

ghvfulswlrq ri wkh uxohv zklfk uhjxodwh wkh wlph hyroxwlrq sulfh lqgh{ s dqg ri wkh qhw vwrfn ri

vdylqjv froohfwhg e| wkh ixqgv/ v1 Krzhyhu/ lw lv dozd|v srvvleoh/ zlwk olwwoh fkdqjhv wr rxu vwru|/

wr uhihu wr gl�huhqw lqwhuydov ri wlph1

Li wkh sulfh ohyho s| dqg wkh vdylqjv froohfwhg e| wkh ixqgv v| dw wlph w duh vxssrvhg wr eh

frpprq nqrzohgjh/ dw wlph w.4 wkh vwrfn pdunhw/ dw zkrvh qhjrwldwlrqv zloo sduwlflsdwh rqo| wkh

ghdohuv/ zloo rshq zlwk d qhz ydoxh ri wkh lqgh{ s/ ghwhuplqhg e| d odz ri wkh nlqg

s|n� � s| @ j +v|> s|, +4,

Diwhuzdugv/ ehlqj forvhg wkh vwrfn pdunhw/ wkh vdyhuv/ zkr dfw xqghuzulwlqj vkduhv ri wkh pxwxdo

ixqg ru dvnlqj iru wkh uhsd|phqw ri wkh douhdg| khog rqhv/ zloo ex| ru vhoo/ dqg vxfk fkrlfhv jlyh

ulvh wr wkh qhz ydoxh ri wkh yduldeoh v wkurxjk d odz ri wkh nlqg

v|n� � v| @ i +v|> s|n�> s|n� � s|, +5,

Zh uhpdun wkdw wklv wzr0shulrg vwuxfwxuh ri wkh prgho fdq eh frqqhfwhg zlwk wkh gl�huhqw qdwxuh

ri wkh �qdqfldo rshudwlrqv fduulhg rxw e| hdfk fodvv ri djhqwv dqg dovr zlwk wkh ohjlvodwlrq zklfk/

lq pdq| frxqwulhv/ uhjxodwh wkh vwrfn pdunhw zrunlqj1

Wkh wzr ixqfwlrqv j dqg i duh vxssrvhg wr eh dw ohdvw F� dqg vdwlvi|lqj wkh iroorzlqj dvvxps0

wlrqv=

4 0 _}
_r|

A 31 Wklv iroorzv iurp wkh suhylrxv glvfxvvlrq derxw wkh uroh ri wkh pxwxdo ixqgv lq

vxssruwlqj wkh ghpdqg1
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5 0 _}
_R|

? 31 Lq suhvhqfh ri dq kljk sulfh ohyho wkh vxsso| zloo jurz xs jlylqj ulvh wr d sulfh

uhgxfwlrq1

6 0 _s
_r|

? 31 Wkh vdyhuv suhihu wr glyhuvli| wkhlu lqyhvwphqwv1

7 0 _s
_R|n�

? 31 Wkh vdyhuv kdyh d fhuwdlq surshqvlw| wr sur�w ri jrrg pdunhw shuirupdqfhv

uhdol}lqj wkhlu lqyhvwhg fdslwdov1

8 0 _s
_ER|n�3R|�

A 31 Wkh vdyhuv kdyh dgdswlyh h{shfwdwlrqv1 Li wkh| revhuyh d srvlwlyh wuhqg wkh|

vxssrvh wkdw lw zloo eh yhul�hg lq wkh iroorzlqj shulrg wrr1 Wklv frxog shuvxdgh wkh lqyhvwruv wr

ex| qhz vkduhv ri wkh pxwxdo ixqgv1

Revhuyh wkdw wkh dvvxpswlrqv 7 dqg 8 irufh wkh v|vwhp lqwr gl�huhqw gluhfwlrqv1 Wkh| zloo fduu|

rxw dq lpsruwdqw uroh lq rxu dqdo|vlv ri wkh prgho1

Lw lv hdv| wr yhuli| +vhh ^5` dqg ^43`, wkdw wkh suhylrxv �yh k|srwkhvhv/ wrjhwkhu zlwk wkh xvxdo

uhjxodulw| dvvxpswlrqv/ duh vx�flhqw wr hqvxuh wkh xqltxhqhvv ri wkh htxloleulxp/ li lw h{lvwv1

Vxfk htxloleulxp ydoxhv/ vd| �v dqg �s/ fdq eh frqvlghuhg dv _qdwxudo ohyhov%/ zklfk pd| eh

wkrxjkw dv vroxwlrqv ri d v|vwhp ri htxdwlrqv ru ghgxfhg iurp vrph jhqhudo pdfurhfrqrplf frqvlg0

hudwlrqv/ wkdw wkh djhqwv shufhlyh dv uhihuhqfh ydoxhv wr zklfk wkh| frpsduh wkh suhvhqw vlwxdwlrq

lq rughu wr wdnh wkh lqyhvwphqw ghflvlrq1 Xqghu wkhvh dvvxpswlrqv wkh prgho fdq eh uhzulwwhq dv

;?
=

v|n� � v| @ I +v| � �v> s|n� � �s> s|n� � s|,

s|n� � s| @ J +v| � �v> s| � �s,
+6,

zkrvh g|qdplfv ghshqg rq wkh gl�huhqfhv iurp wkh ydoxhv wkdw wkh djhqwv shufhlyh dv qdwxudo1

Wkh ixqfwlrqv I dqg J vdwlvi| wkh vdph �uvw rughu frqglwlrqv gh�qhg iru i dqg j/ exw lq wklv

frqwh{w lw lv qdwxudo wr fodlp wkdw

J +3> 3, @ I +3> 3> 3, @ 3

Diwhu wkh iroorzlqj fkdqjh ri yduldeohv

V| @ v| � �v dqg S| @ s| � �s

zh rewdlq wkh prgho ;?
=

V|n� � V| @ I +V|> S|n�> S|n� � S|,

S|n� � S| @ J +V|> S|,
+7,

zkrvh rqo| htxloleulxp lv R @ +3> 3,1

Iroorzlqj wkh dssurdfk ri ^5` dqg ^43`/ dv d frqvhtxhqfh ri vrph ixuwkhu dvvxpswlrqv derxw wkh

suhydlolqj ehkdylru ri wkh djhqwv/ zh vshfli| wkh pds lq d sro|qrpldo irup lqwurgxflqj qhdu wkh

olqhdu whupv d vwdelol}lqj frpsrqhqw ri wkh wklug rughu dv iroorzv=
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;?
=

V|n� � V| @ �DS|n� �EV�
| .H +S|n� � S|,

S|n� � S| @ FV| �GS �
|

+8,

zkhuh doo wkh frh�flhqwv/ D>E>F>G>H/ zkrvh phdqlqj fdq eh hdvlo| ghgxfhg iurp wkh suhylrxv

glvfxvvlrq derxw wkh dvvxpswlrqv 4/111/8/ duh uhdo dqg srvlwlyh1

Qhdu wkh htxloleulxp/ wkh g|qdplfv ri hdfk yduldeoh duh pdlqo| lq�xhqfhg e| wkh ydoxh ri wkh

rwkhu rqh/ zkloh wkh rssrvlwh rffxuv zkhq wkh v|vwhp lv idu iurp wkh htxloleulxp1 Lq idfw/ zh pd|

wklqn wkdw wkh ghflvlrq ri wkh vdyhuv lq rughu wr uhedodqfh wkhlu sruwirolrv ehfrph vljql�fdqw rqo|

zkhq wkh gl�huhqfh v| � �v lv elj1 Dw wkh vdph wlph/ lq wkh vwrfn pdunhw wkh vxsso|/ lqyroylqj dovr

wkh qhz vhfxulwlhv lvvxh/ lv wkrxjkw wr eh srruo| uhdfwlyh zlwk uhvshfw wr wkh gl�huhqfh s| � �s qhdu

wkh htxloleulxp1

Wr vxp xs/ wkh wlph hyroxwlrq ri wkh v|vwhp lv rewdlqhg e| wkh lwhudwlrq ri wkh wzr0glphqvlrqdo

pds W = +V>S , $ +V�> S �,/ gh�qhg e|

W =

;?
=

V� @ +4 . hf,V � dS � eV� � hgS �

S � @ fV . S � gS �
+9,

zkhuh � ghqrwhv wkh xqlw0wlph dgydqfhphqw rshudwru/ wkdw lv/ li wkh uljkw kdqg vlgh yduldeohv uhsuh0

vhqw wkh g|qdplf yduldeohv dw shulrg w wkhq wkh ohiw kdqg vlgh rqhv uhsuhvhqw wkh vwdwh yduldeohv dw

shulrg +w. 4,/ dqg

d @ D> e @ E> f @ F> g @ G> h @ H �D

Dffruglqj wr wkh deryh glvfxvvlrq/ wkh sdudphwhuv d/ e/ f dqg g duh srvlwlyh/ zkhuhdv wkh frh�flhqw

h fdq wdnh qhjdwlyh ydoxhv surylghg wkdw

h. d A 3 +:,

Vwduwlqj iurp d jlyhq lqlwldo frqglwlrq

+V+3,> S +3,, @ +Vf> Sf, +;,

wkh lwhudwlrq ri +9, xqltxho| ghwhuplqhv dq lq�qlwh vhtxhqfh ri srlqwv/ ru wudmhfwru|

� +Vf> Sf, @
�
+V+w,> S +w,, @ W |+Vf> Sf,> w @ 3> 4> 5> ===

�
= +<,

Rxu jrdo lv wr lqyhvwljdwh/ iru dq| hfrqrplfdoo| ihdvleoh vhw ri sdudphwhuv/ wkh srvvleoh nlqgv ri

dv|pswrwlf +ru orqj0uxq, g|qdplfv ri wkh prgho sursrvhg/ l1h1 wkh idwh ri wkh wudmhfwrulhv dv

w $ .4/ dqg wkh lq�xhqfh ri wkh lqlwldo frqglwlrqv rq lw1
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Lw lv zruwk qrwlqj wkdw wkh pds W lv v|pphwulf zlwk uhvshfw wr wkh �{hg srlqw R1 Lq idfw/ li

VLP = +V>S , $ +�S>�V, ghqrwhv wkh fhqwudo v|pphwu| zlwk uhvshfw wr wkh srlqw R @ +3> 3,/ wkhq

zh kdyh wkdw W frppxwhv zlwk VLP / l1h1

W +VLP +V>S ,, @ VLP +W +V>S ,, =

Wklv lpsolhv wkdw jlyhq dq ruelw J ri W / hlwkhu VLP +J, @ J/ l1h1 J lw lv v|pphwulf zlwk uhvshfw

wr R/ ru VLP+J, 9@ J lv dq ruelw ri W dv zhoo/ zkhuh VLP+J, lv wkh ruelw v|pphwulf ri J zlwk

uhvshfw wr R1 Iru h{dpsoh/ li J lv d f|foh ri shulrg n/ vd| J @ F& @ i+V�> S�, > ===> +V&> S&,j/
wkhq hlwkhu F& lv v|pphwulf zlwk uhvshfw wr R/ l1h1 iru hdfk shulrglf srlqw +V�> S�, 5 F& dovr

VLP +V�> S�, @ +�V�>�S�, 5 F&/ ru wkh v|pphwulf n0f|foh F
�

& @ i+�V�>�S�, > ===> +�V&>�S&,j
h{lvw/ zlwk wkh vdph vwdelolw| surshuw|1 Wklv lpsolhv/ lq sduwlfxodu/ wkdw li F2�n� lv d f|foh ri rgg

shulrg/ wkhq d glvwlqfw f|foh F
�

2�n� @ VLP +F2�n�, h{lvwv zlwk shulrglf srlqwv zklfk duh v|pphwulf

ri wkrvh ri F2�n� zlwk uhvshfw wr R1 Pruhryhu/ li F2�n� lv vwdeoh/ F
�

2�n� lv vwdeoh dv zhoo1

Wkxv wkh v|pphwu| surshuw| ri wkh pds W qdwxudoo| ohdgv wr pdq| vlwxdwlrqv ri frh{lvwlqj

vwdeoh v|pphwulf f|fohv1 Krzhyhu/ zh vkdoo vhh wkdw dovr frh{lvwhqfh ri qrq v|pphwulf vwdeoh f|fohv

ri gl�huhqw shulrgv fdq eh rewdlqhg/ dv zhoo dv frh{lvwhqfh ri vwdeoh f|fohv zlwk txdvl shulrglf ru

fkdrwlf dwwudfwruv1

� wLU@* M�u�hU@|�L?t �? |�i i?*@h}i_ T@h@4i|iht tT@Ui

Dv xvxdo/ wkh �uvw vwhs wr vwduw wkh txdolwdwlyh vwxg| ri wkh dv|pswrwlf ehkdylru ri d g|qdplf prgho

lv wkh orfdol}dwlrq ri wkh vwhdg| vwdwhv ri wkh g|qdplfdo v|vwhp dqg wkh ghwhuplqdwlrq ri wkh vhwv

ri sdudphwhuv iru zklfk wkh| duh orfdoo| vwdeoh1 Lq rxu fdvh/ wkh iroorzlqj uhvxow krogv

Sursrvlwlrq 41 Iru hdfk hfrqrplfdoo| ihdvleoh vhw ri sdudphwhuv/ wkh g|qdplfdo v|vwhp rewdlqhg

e| wkh lwhudwlrq ri +9, kdv wkh xqltxh vwhdg| vwdwh R @ +3> 3, zklfk lv xqvwdeoh1

Surri1 Wkh vwhdg| vwdwhv duh wkh �{hg srlqwv ri wkh pds +9,/ gh�qhg e| wkh htxdwlrq W +V>S , @

+V>S ,/ zklfk uhgxfhv wr +
V @ _

S
S �

S
�
d. K_�

S�
S H

�
@ 3

= +43,

Vlqfh d/ e/ f dqg g duh srvlwlyh/ wkh rqo| vroxwlrq ri +43, lv R @ +3> 3,1 Wkh orfdo vwdelolw| ri wkh

vwhdg| vwdwh R lv ghwhuplqhg wkurxjk wkh vwxg| ri wkh olqhdu dssur{lpdwlrq ri wkh pds +9,= d

vx�flhqw frqglwlrq iru wkh orfdo dv|pswrwlf vwdelolw| ri R lv wkdw wkh hljhqydoxhv ri wkh Mdfreldq

pdwul{

GW +V>S , @

�
4 . hf� 6eV2 �d� 6hgS 2

f 4� 6gS 2

�
+44,

frpsxwhg dw R/ l1h1

GW +3> 3, @

�
4 . hf �d

f 4

�
> +45,
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kdv erwk wkh hljhqydoxhv zlwk prgxoxv ohvv wkdq rqh/ zkhuhdv R lv xqvwdeoh li dw ohdvw rqh hljhqydoxh

zlwk prgxoxv juhdwhu wkdq rqh h{lvwv1 Wkh hljhqydoxhv ri +45,/ vd| �� dqg �2/ duh wkh vroxwlrqv ri

wkh fkdudfwhulvwlf htxdwlrq

S +�, @ �2 � Wu � �.Ghw @ 3 +46,

zkhuh Wu dqg Ghw duh wkh wudfh dqg wkh ghwhuplqdqw ri +45,/ jlyhq e|

Wu @ 5. hf Ghw @ 4. f +d. h, +47,

uhvshfwlyho|1 Wkh lqvwdelolw| ri R iroorzv iurp wkh idfw wkdw Ghw @ ���2 A 4 iru dq| ihdvleoh vhw ri

wkh sdudphwhuv1�
Iurp wklv sursrvlwlrq lw iroorzv wkdw wkh wlph hyroxwlrq ri wkh yduldeohv V+w, dqg S +w, qhyhu

vhwwoh wr vwdwlrqdu| +ru htxloleulxp, ydoxhv1

Lq rughu wr xqghuvwdqg wkh nlqgv ri qrq vwdwlrqdu| dv|pswrwlf g|qdplfv ri wkh prgho zh qrz

h{whqg wkh dqdo|vlv ri wkh orfdo vwdelolw| ri R wr vhwv ri sdudphwhuv zklfk duh rxw ri wkh hfrqrplfdoo|

ihdvleoh uhjlrq= Zh gr wklv hfrqrplf dehuudwlrq ehfdxvh wkh orfdo elixufdwlrqv ri W lq hfrqrplfdoo|

phdqlqjohvv uhjlrqv ri wkh sdudphwhu vsdfh pd| surylgh xvhixo lqirupdwlrq uhjduglqj lwv ehkdylru

lq wkh sdudphwhu uhjlrq wkdw zh zdqw wr fkdudfwhul}h1 Lq wkh dqdo|vlv zklfk iroorzv zh vkdoo frqvlghu

�{hg srvlwlyh ydoxhv ri wkh sdudphwhuv e/ f dqg g dqg zh lqyhvwljdwh wkh h�hfw ri fkdqjhv ri wkh

sdudphwhuv h 5 U dqg d 5 U/ hyhq li wkh vhw ri wkhlu hfrqrplfdoo| ihdvleoh ydoxhv lv jlyhq e|

P @ i+h> d, md A 3 dqg h. d A 3j +48,

Wkh fkrlfh ri wkh sdudphwhuv d dqg h dv elixufdwlrq sdudphwhuv lv uhodwhg wr wkh idfw wkdw wkh| jlyh

d phdvxuh ri wkh wzr rssrvlwh irufhv zklfk ghwhuplqh wkh uhodwlyh zhljkw ri wkh djhqw*v dwwlwxgh wr

uhdol}h wkh fdslwdo jdlqv/ phdvxuhg e| wkh sdudphwhu d/ dqg wkhlu vshfxodwlyh dwwlwxgh/ phdvxuhg

e| wkh sdudphwhu h1

Qhfhvvdu| dqg vx�flhqw frqglwlrqv iru wkh wzr vroxwlrqv �� dqg �2 ri +46, kdyh prgxoxv ohvv

wkdq rqh/ l1h1 duh lqvlgh wkh xqlw flufoh ri wkh frpsoh{ sodqh/ duh h{suhvvhg e| wkh iroorzlqj v|vwhp

ri lqhtxdolwlhv +vhh/ iru h{dpsoh/ ^45` s1 48<,

S +4, @ 4� Wu.Ghw A 3> S +�4, @ 4 . Wu .Ghw A 3> Ghw ? 4 +49,

Wkhvh frqglwlrqv/ zklfk lq rxu fdvh ehfrph

S +4, @ df A 3
S +�4, @ f +d. 5h, . 7 A 3
Ghw� 4 @ f +d. h, ? 3

gh�qh d vwdelolw| uhjlrq lq wkh sodqh +h> d, uhsuhvhqwhg e| wkh wuldqjoh OMN ri �j14/ erxqghg e|

wkh olqhv NO ri htxdwlrq f +d. 5h, . 7 @ 3/ OM ri htxdwlrq d @ 3 dqg MN ri htxdwlrq d. h @ 31

:



LQVHUW ILJ1 4

Li wkh sdudphwhuv +h> d, h{lw wkh vwdelolw| uhjlrq e| furvvlqj wkh vlgh NO wkhq d uhdo hljhqydoxh

h{lwv wkh xqlw flufoh wkurxjk wkh ydoxh �4/ dqg R orvhv vwdelolw| yld d �ls +ru shulrg grxeolqj,

elixufdwlrq/ zkhuhdv li wkh sdudphwhuv +h> d, h{lw wkh vwdelolw| uhjlrq e| furvvlqj wkh vlgh OM d

uhdo hljhqydoxh h{lwv wkh xqlw flufoh wkurxjk wkh ydoxh .4/ dqg R orvhv vwdelolw| yld d slwfkirun

elixufdwlrq/ dw zklfk wzr vwdeoh �{hg srlqwv duh fuhdwhg/ jlyhq e| wkh wzr ixuwkhu uhdo vroxwlrqv ri

+43, h{lvwlqj iru d ? 31 Krzhyhu/ wkh prvw lqwhuhvwlqj elixufdwlrq wkurxjk zklfk wkh �{hg srlqw R

orvhv vwdelolw| lv wkh rqh rffxuulqj zkhq wkh sdudphwhuv +h> d, h{lw wkh vwdelolw| uhjlrq e| furvvlqj

wkh vlgh MN/ ehfdxvh wklv furvvlqj lpsolhv wkdw wkh sdudphwhuv hqwhu wkh hfrqrplfdoo| ihdvleoh

uhjlrq P 1 Lq wklv fdvh wzr frpsoh{ frqmxjdwh hljhqydoxhv h{lw wkh xqlw flufoh vr wkdw wkh �{hg

srlqw R lv wudqviruphg iurp d vwdeoh irfxv lqwr dq xqvwdeoh irfxv1 Wkh iroorzlqj uhvxow krogv +vhh

^43`,

Sursrvlwlrq 51 Li f A 3 dqg wkh sdudphwhuv +h> d, h{lw wkh vwdelolw| uhjlrq OMN wkurxjk wkh

vhjphqw NM ri wkh olqh ri htxdwlrq d. h @ 3 wkhq d vxshufulwlfdo Qhlpdun0Krsi elixufdwlrq rffxuv

surylghg wkdw �7@f ? h ? 3 dqg hf 9@ i�5>�6j1
Surri1 Wkh hljhqydoxhv �� dqg �2 ri +45, duh frpsoh{ frqmxjdwh li Wu2 � 7Ghw ? 3/ l1h1 lq wkh

uhjlrq ri wkh sdudphwhuv* sodqh +h> d, lqvlgh wkh sduderod 7d � fh2 @ 3 +vhh �j1 4,1 Lq wklv fdvh/

wkh| duh jlyhq e|

�� @ �2 @
5 . hf. l

s
7df� h2f2

5

dqg wkhlu prgxoxv lv m��m @
s
Ghw @

s
4 . f +d. h,1 Li wkh sdudphwhuv +h> d, h{lw wkh vwdelolw|

uhjlrq OMN wkurxjk d srlqw Kf @ +hf>�hf,/ zlwk �7 ? hf ? 3/ wkhq wkh wzr hljhqydoxhv h{lw

wkh xqlw flufoh/ ehfdxvh dw Kf zh kdyh m��m @ 4 dqg Y�b��
Ye

@ Y�b��
Y@

@ f@5 A 31 Pruhryhu/ xqghu

wkh dvvxpswlrqv ri wkh sursrvlwlrq/ dw Kf zh kdyh ��
� 9@ 4/ m @ 4> 5> 6> 71 Lq idfw/ dw Kf zh kdyh

�� @
�
2

�
5 . hff	 l

s�hff +7 . hff,
�
/ vr �� @ 4 l� hff @ 3/ �� @ �4 +vr wkdw �2� @ 4, l� hff @ �5/

�� @ �
2

��4 . l
s
6
�
+vr wkdw ��� @ 4, l� hff @ �6 dqg �� @ l +vr wkdw �e� @ 4, l� hff @ �71 Khqfh

doo wkh dvvxpswlrqv iru wkh rffxuuhqfh ri d Qhlpdun0Krsi dw Kf krog +vhh h1j1 ^44`,1 Lq rughu wr

suryh wkdw vxfk d elixufdwlrq lv vxshufulwlfdo lw lv qhfhvvdu| wr uhgxfh wkh pds +9, wr d qrupdo

irup ri wkh w|sh }� @ �} . f�}2} . R
���}D���/ zkhuh } @ V . lS dqg � @ ��1 Wkh frqglwlrq iru d

vxshufulwlfdo elixufdwlrq lv d @ Uh +f�, ? 3 +vhh ^44`,1 Diwhu vrph urxwlqh +exw udwkhu orqj, dojheudlf

pdqlsxodwlrqv +zh uhihu wr ^43` iru ghwdlov, zh jhw

d @ Uh +f�, @
6

5

4

hff +7 . hff,

�
e� fg

hf

�

vr wkdw d ? 3 iru e
S
? hf ? 31�

;



Dv lw lv zhoo nqrzq/ mxvw diwhu wkh vxshufulwlfdo Qhlpdun0Krsi elixufdwlrq/ iru d . h A 3/ dq

dwwudfwlqj lqyduldqw forvhg fxuyh � h{lvwv durxqg wkh xqvwdeoh irfxv R1 Iru sdudphwhuv ydoxhv forvh

wr wkh elixufdwlrq ydoxhv vxfk lqyduldqw forvhg fxuyh lv vprrwk dqg dssur{lpdwho| ri flufxodu vkdsh/

zlwk udglxv sursruwlrqdo wr wkh vtxduh urrw ri wkh glvwdqfh iurp wkh elixufdwlrq fxuyh +vhh h1j1 ^44`

s1638,1 Dq h{dpsoh lv vkrzq lq �j1 5/ zklfk vkrzv d txdvl0shulrglf wudmhfwru| rewdlqhg iru d @ 4=5/

e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ �3=< dqg vwduwlqj iurp dq lqlwldo frqglwlrq forvh wr wkh �{hg

srlqw R1 Lq �j1 5d wkh qxphulfdoo| jhqhudwhg wudmhfwru| lv uhsuhvhqwhg lq wkh skdvh sodqh +V>S ,

ri wkh g|qdplfdo v|vwhp +wkh hduo| lwhudwlrqv/ uhsuhvhqwlqj wkh wudqvlhqw/ kdyh qrw ehhq sorwwhg,

dqg lq �j1 5e wkh d sruwlrq ri wkh vdph wudmhfwru| lv uhsuhvhqwhg yhuvxv wlph1 Wkh vdph txdvl0

shulrglf dwwudfwru/ lqfoxghg lq wkh fxuyh � fuhdwhg dw wkh Qhlpdun0Krsi elixufdwlrq/ lv dssurdfkhg

e| wkh wudmhfwrulhv vwduwlqj iurp d jhqhulf lqlwldo frqglwlrq wdnhq lq wkh zklwh uhjlrq vkrzq lq �j15/

zkhuhdv wkh lqlwldo frqglwlrqv wdnhq lq wkh juh| uhjlrq jhqhudwh glyhujlqj wudmhfwrulhv1

LQVHUW ILJ1 5d/e

Wkh Qhlpdun0Krsi elixufdwlrq wkhruhp rqo| jlyhv orfdo uhvxowv lq wkh sdudphwhu vsdfh/ lq wkh

vhqvh wkdw lw vd|v qrwklqj derxw wkh fkdqjhv lq wkh vkdsh/ ru hyhq wkh h{lvwhqfh/ ri wkh lqyduldqw

fxuyh �/ dv wkh sdudphwhuv pryh dzd| iurp wkh elixufdwlrq fxuyh1 Lq rxu prgho/ qxphulfdo lqyhvwl0

jdwlrqv vkrz wkdw dv wkh sdudphwhuv d dqg h pryh idu iurp wkh Qhlpdun0Krsi elixufdwlrq ydoxh/ wkh

dwwudfwlqj lqyduldqw forvhg fxuyh � �uvw lqfuhdvh lwv dpsolwxgh dqg pdlqwdlqv d vprrwk vkdsh/ wkhq

lw vwduwv wr fkdqjh lwv vkdsh zklfk ehfrphv pruh dqg pruh frqyroxwhg xqwlo lw lv wudqviruphg lqwr

d pruh frpsoh{ lqyduldqw vhw/ jhqhudoo| dq dqqxodu fkdrwlf dwwudfwru/ dv vkrzq lq �j1 6/ rewdlqhg

zlwk sdudphwhuv d @ 4=5/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ 3=881 Ri frxuvh/ iruhfdvwlqjv duh pruh

gl�fxow lq vxfk d vlwxdwlrq/ vr lw lv lpsruwdqw wr xqghuvwdqg zkhq wkh vkdsh ri � vwduwv wr fkdqjh

lwv vkdsh iurp vprrwk wr d frqyroxwhg1 Lq wkh qh{w vhfwlrq zh vkdoo h{sodlq krz wklv skhqrphqrq

lv uhodwhg wr wkh idfw wkdw wkh pds +9, lv qrqlqyhuwleoh/ dqg zh ghvfuleh lw lq whupv ri lqwhudfwlrqv

ehwzhhq � dqg wkh fulwlfdo fxuyhv/ d srzhuixo wrro wr vwxg| wkh joredo surshuwlhv ri qrqlqyhuwleoh

pdsv ri wkh sodqh1

Dqrwkhu lpsruwdqw txhvwlrq lv uhodwhg wr wkh gholplwdwlrq ri wkh erxqgdu| zklfk vhsdudwhv wkh

edvlqv ri dwwudfwlrq ri gl�huhqw frh{lvwlqj dwwudfwruv +lqfoxglqj wkh edvlq ri wkh dwwudfwru dw lq�qlw|/

l1h1 wkh vhw ri lqlwldo frqglwlrqv jhqhudwlqj glyhujlqj wudmhfwrulhv,1 Dv wkh sdudphwhuv ri wkh prgho

duh fkdqjhg/ wkh edvlqv pd| xqghujr joredo elixufdwlrqv zklfk fkdqjh wkhlu wrsrorjlfdo vwuxfwxuh1

Iru h{dpsoh/ lq wkh vlwxdwlrq vkrzq lq �j16d wkh vhw ri srlqwv zklfk jhqhudwh glyhujlqj wudmhfwrulhv

+ru edvlq ri lq�qlw|, lv d qrq frqqhfwhg vhw/ vlqfh wzr glvmrlqw sruwlrqv ri lw h{lvw/ qhvwhg lqvlgh wkh

edvlq ri erxqghg wudmhfwrulhv1 Wkhvh sduwlfxodu wrsrorjlfdo vwuxfwxuhv ri wkh edvlqv duh vshfl�f wr

qrqlqyhuwleoh pdsv/ dqg/ dv zh vkdoo vhh lq wkh qh{w vhfwlrq/ wkhlu txdolwdwlyh fkdqjhv duh fdxvhg e|

<



joredo elixufdwlrqv lqyroylqj frqwdfwv ehwzhhq edvlq erxqgdulhv dqg fulwlfdo fxuyhv1 Wkxv/ dv wkh

sdudphwhuv ri wkh prgho ydu|/ zh fdq iroorz wzr gl�huhqw urxwhv wr g|qdplf frpsoh{lw|= rqh uhodwhg

wr pruh dqg pruh frpsoh{ dwwudfwruv/ wkh rwkhu rqh uhodwhg wr pruh dqg pruh frpsoh{ vwuxfwxuhv

ri wkh edvlqv1 Wkh iruphu urxwh kdv ehhq pxfk pruh lqyhvwljdwhg lq wkh olwhudwxuh/ zkhuhdv wkh

odwwhu rqh kdv ehhq udwkhu qhjohfwhg/ hyhq li lw lv yhu| lpsruwdqw lq dssolfdwlrqv1

Frqwudulo| wr zkdw lv vxjjhvwhg e| d frpsdulvrq ri wkh �jxuhv 5 dqg 6/ wkhvh wzr gl�huhqw

urxwhv wr g|qdplf frpsoh{lw| duh jhqhudoo| lqghshqghqw/ lq wkh vhqvh wkdw frpsoh{ dwwudfwlqj vhwv

pd| kdyh yhu| vlpsoh edvlqv/ dqg vlpsoh dwwudfwruv +vxfk dv vwdeoh vwhdg| vwdwhv, pd| kdyh yhu|

frpsoh{ edvlq erxqgdulhv +vhh h1j1 ^7`/ ^6`/ ^9`,1

Lq wkh qh{w vhfwlrq zh vwxg| erwk wkh urxwhv wr frpsoh{lw| diwhu d ghvfulswlrq ri wkh joredo

jhrphwulf surshuwlhv ri wkh pds +9, dqg lwv lqyhuvhv1

LQVHUW ILJ1 6d/e

e B*LM@* ThLTih|�it @?_ hL�|it |L UL4T*i �|)

e�� �hi�4@}it @?_ Uh�|�U@* U�h�it

Wkh pds W gh�qhg lq +9, lv d qrqlqyhuwleoh pds1 Wklv phdqv wkdw jlyhq d srlqw +V�> S �, 5 U
2 lwv

udqn04 suhlpdjhv +ru dqwhfhghqwv, W3� +V�> S �, pd| eh pruh wkdq rqh/ l1h1/ W3� lv d pxowlydoxhg

uhodwlrq1 Vxfk suhlpdjhv fdq eh frpsxwhg e| vroylqj/ zlwk uhvshfw wr wkh xqnqrzqv V dqg S / wkh

dojheudlf v|vwhp +9,/ zklfk fdq eh zulwwhq dv�
V @ �

S

�
S � � S . gS �

�
e
�
gS � � S . S �

�� � f2
�
gS � � S . S �

�� f�h +S � � S , . f� +dS � V�, @ 3
+4:,

Wklv lv d qlqwk ghjuhh dojheudlf v|vwhp/ vr lw pd| kdyh 4/ 6/ 8/ :/ ru < vroxwlrqv/ dffruglqj wr wkh

ydoxhv ri V� dqg S �1 Wkh sodqh fdq eh vxeglylghg lqwr uhjlrqv zkrvh srlqwv kdyh wkh vdph qxpehu

ri udqn04 suhlpdjhv1 Iroorzlqj wkh whuplqrorj| ri ^46`/ zh ghqrwh e| ]& d uhjlrq zkrvh srlqwv kdyh

n glvwlqfw suhlpdjhv1

Dv wkh srlqw +V�> S �, ydulhv lq wkh sodqh U2/ wkh qxpehu ri vroxwlrqv ri wkh v|vwhp +4:,/ l1h1/ wkh

qxpehu ri wkh udqn0rqh suhlpdjhv ri +V�> S �,/ fkdqjhv zkhq wkh srlqw +V�> S �, furvvhv wkh erxqgdu|

vhsdudwlqj wzr gl�huhqw uhjlrqv ]& ehfdxvh sdluv ri uhdo vroxwlrqv ri +4:, dsshdu ru glvdsshdu1 Df0

fruglqjo|/ vxfk erxqgdulhv duh jhqhudoo| fkdudfwhul}hg e| wkh suhvhqfh ri wzr frlqflghqw +phujlqj,

suhlpdjhv1 Wklv ohdgv xv wr wkh gh�qlwlrq ri fulwlfdo fxuyhv/ rqh ri wkh glvwlqjxlvklqj ihdwxuhv ri

qrqlqyhuwleoh pdsv1 Iroorzlqj ^45`/ ^46`/ ^4`/ wkh fulwlfdo vhw OF +iurp wkh Iuhqfk _Oljqh Fulwltxh%,

lv gh�qhg dv wkh orfxv ri srlqwv kdylqj wzr/ ru pruh/ frlqflghqw udqn04 suhlpdjhv/ orfdwhg rq d vhw

+vhw ri phujlqj suhlpdjhv, fdoohg OF3�1 OF lv wkh wzr0glphqvlrqdo jhqhudol}dwlrq ri wkh qrwlrq ri

43



orfdo plqlpxp ru pd{lpxp ydoxh ri d rqh0glphqvlrqdo pds2/ OF3� lv wkh jhqhudol}dwlrq ri wkh

qrwlrq ri fulwlfdo srlqw +zkhq lw lv d orfdo h{wuhpxp srlqw,1 Dufv ri OF vhsdudwh wkh uhjlrqv ri wkh

sodqh fkdudfwhul}hg e| d gl�huhqw qxpehu ri uhdo udqn04 suhlpdjhv +vhh ^45`/ ^46`/ ^4`/,1

Dv lq wkh fdvh ri gl�huhqwldeoh rqh0glphqvlrqdo pdsv/ zkhuh wkhlu �uvw ghulydwlyh qhfhvvdulo|

ydqlvkhv dw wkh orfdo h{wuhpxp srlqwv/ iru d wzr0glphqvlrqdo frqwlqxrxvo| gl�huhqwldeoh pds wkh

vhw OF3� ehorqjv wr wkh vhw ri srlqwv lq zklfk wkh Mdfreldq ghwhuplqdqw ydqlvkhv=

OF3� � Mf @
�
+V>S , 5 U

2mghwGW @ 3
�

+4;,

Lq idfw/ dv OF3� lv gh�qhg dv wkh orfxv ri frlqflghqw udqn04 suhlpdjhv ri wkh srlqwv ri OF/ lq dq|

qhljkerukrrg ri d srlqw ri OF3� wkhuh duh dw ohdvw wzr glvwlqfw srlqwv pdsshg e| W lq wkh vdph

srlqw qhdu OF1 Wklv phdqv wkdw wkh pds W lv qrw orfdoo| lqyhuwleoh lq wkh srlqwv ri OF3� dqg/

li wkh pds W lv frqwlqxrxvo| gl�huhqwldeoh/ lw iroorzv wkdw wkh Mdfreldq qhfhvvdulo| ydqlvkhv dorqj

OF3�1 Li wkh vhw OF3� lv ghwhuplqhg e| +4;, wkhq OF lv vlpso| rewdlqhg dv wkh lpdjh ri OF3�/

l1h1/ OF @ W +OF3�,1

Iru wkh sro|qrpldo pds +9, OF3� frlqflghv zlwk wkh vhw ri srlqwv dw zklfk ghwGW @ 3/ jlyhq

e| wkh vroxwlrqv ri wkh htxdwlrq

<egV2S 2 � 6gS 2 � 6eV2 . f +d. h, . 4 @ 3 +4<,

Wkxv OF3� lv iruphg e| irxu eudqfkhv/ ghqrwhg e| OF
E��
3�/ m @ 4> ===> 7 lq �j17d/ orfdwhg v|pphwulfdoo|

zlwk uhvshfw wr wkh frruglqdwh d{hv/ ri htxdwlrqv

S @ 	 4s
6g

u
4� f +d. h,

6eV2 � 4
dqg V @ 	 4s

6e

u
4� f +d. h,

6gS 2 � 4
=

Lw iroorzv wkdw dovr OF @ W +OF3�, lv wkh xqlrq ri irxu eudqfkhv/ vd| OFE�� @ W +OF
E��
3�,/ m @ 4> ===> 7/

dqg hdfk sruwlrq ri wkh fulwlfdo vhw OF vhsdudwhv wzr uhjlrqv ]& dqg ]&n2 +vhh �j17e dqg �j18,1

Wkh qxpehu ri uhjlrqv ]& dqg wkh pd{lpxp ydoxh ri n +l1h1 wkh pd{lpxp qxpehu ri suhlpdjhv/

fdoohg pds ghjuhh, ghshqg rq wkh ydoxhv ri wkh sdudphwhuv1 Wkh vlpsohvw vlwxdwlrq rffxuv zkhq wkh

irxu eudqfkhv ri OF gr qrw lqwhuvhfw +olnh lq �j1 7e,= lq wklv fdvh/ wkh pds lv ri wklug ghjuhh/ dqg

hdfk eudqfk ri OF hqforvhv d ]� uhjlrq vxuurxqghg e| ]� +d vwuxfwxuh ghqrwhg e| ]� A ]� lq ^46`/

zkhuh wkh qrwdwlrq lv uhodwhg wr suhvhqfh ri d fxvs srlqw,1 Wkh srlqwv ehorqjlqj wr wkh vprrwk dufv

ri OFE�� kdyh wzr frlqflghqw udqn04 suhlpdjhv zklfk duh orfdwhg dw d srlqw ri wkh fruuhvsrqglqj

OF
E��
3�/ dqg d ixuwkhu udqn04 suhlpdjh/ fdoohg h{wud suhlpdjh/ orfdwhg hovhzkhuh1 Wkh fxvs srlqwv

duh fkdudfwhul}hg e| wkuhh phujlqj suhlpdjhv/ l1h1 dovr wkh h{wud0suhlpdjh phujhv zlwk wkh wzr

frlqflghqw udqn04 suhlpdjhv +vhh h1j1 ^48`,1

2A��t |ih4�?L*L})c @?_ ?L|@|�L?c Lh�}�?@|it uhL4 |�i ?L|�L? Lu Uh�|�U@* TL�?|t @t �| �t �ti_ �? |�i U*@tt�U@* �Lh!t Lu
a�*�@ @?_ 6@|L��
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Lq rughu wr jlyh d jhrphwulfdo lqwhusuhwdwlrq ri wkh dfwlrq ri wkh pxowlydoxhg lqyhuvh uhodwlrq

W3� lw lv xvhixo wr frqvlghu d uhjlrq ]& dv wkh vxshusrvlwlrq ri n vkhhwv/ hdfk dvvrfldwhg zlwk d

gl�huhqw lqyhuvh pds1 Vxfk d uhsuhvhqwdwlrq lv nqrzq dv Ulhpdqq iroldwlrq ri wkh sodqh +vhh h1j1

^48`/ ^46`,1 Gl�huhqw vkhhwv duh frqqhfwhg e| irogv mrlqlqj wzr vkhhwv/ dqg wkh surmhfwlrqv ri vxfk

irogv rq wkh skdvh sodqh duh dufv ri OF1 Iru h{dpsoh/ wkh iroldwlrq dvvrfldwhg zlwk wkh vlwxdwlrq

vkrzq lq �j1 7e lv txdolwdwlyho| uhsuhvhqwhg lq �j1 7f1

Hdfk ri wkh n vxshusrvhg vkhhwv xvhg wr uhsuhvhqw d uhjlrq ]& lv dvvrfldwhg zlwk d gl�huhqw

lqyhuvh pds/ dqg hdfk sdlu ri vxshusrvhg vkhhwv zklfk mrlq dorqj d irog +dvvrfldwhg zlwk d vhjphqw

OFE��, duh _xqiroghg% edfn e| wkh dfwlrq ri wkh wzr fruuhvsrqglqj lqyhuvhv/ vd| W3��c� dqg W3��c2 / lq

wkh vhqvh wkdw srlqwv ri wkh wzr vkhhwv kdyh suhlpdjhv orfdwhg dw rssrvlwh vlghv zlwk uhvshfw wr

OF
E��
3�1 Lw fdq eh qrwlfhg wkdw hdfk fxvs srlqw ri OF lv fkdudfwhul}hg e| wkh phujlqj ri wkuhh vkhhwv

dw wkh mxqfwlrq ri wzr irogv1

LQVHUW ILJ1 7d/e

Dv wkh sdudphwhuv ri wkh pds +9, duh fkdqjhg/ uhjlrqv ]& zlwk n A 6 duh fuhdwhg dw wkh

lqwhuvhfwlrqv ri wkh eudqfkhv ri OF/ dv vkrzq lq wkh �jxuhv 8 dqg 91

Wkh uhsuhvhqwdwlrq ri wkh Ulhpdqq iroldwlrq/ zklfk jlyhv d ylvxdol}dwlrq ri wkh surshuw| ri

pdsslqj glvwlqfw srlqwv lqwr wkh vdph srlqw dv gxh wr d iroglqj ri wkh skdvh sodqh dorqj wkh fulwlfdo

fxuyhv/ pd| eh xvhixo lq rughu wr xqghuvwdqg vrph ri wkh surshuwlhv dqg elixufdwlrqv revhuyhg lq

wkh dwwudfwruv dqg wkh edvlqv ri g|qdplfdo v|vwhpv rewdlqhg e| wkh lwhudwlrq ri qrqlqyhuwleoh pdsv1

LQVHUW ILJXUHV 8/9

e�2 6hL4 @||h@U|�?} U*Lti_ �?�@h�@?| U�h�it |L U�@L|�U @||h@U|Lht�

Zh qrz ghvfuleh wkh fkdqjhv ri wkh vwdeoh lqyduldqw forvhg fxuyh �/ dv wkh sdudphwhuv h dqg d duh

pryhg dzd| iurp wkh Qhlpdun0Krsi elixufdwlrq fxuyh dw zklfk � lv fuhdwhg/ gxh wr lqwhudfwlrqv

ehwzhhq � dqg OF3�1 Lw lv lpsruwdqw wr qrwlfh wkdw mxvw diwhu lwv fuhdwlrq � fdqqrw eh wrr forvh wr

OF3�/ ehfdxvh dw wkh Qhlpdun0Krsi elixufdwlrq wkh hljhqydoxhv duh frpsoh{ frqmxjdwh dqg ehorqj

wr wkh xqlw flufoh ri wkh frpsoh{ sodqh/ zkhuhdv dorqj OF3� rqh hljhqydoxhv pxvw qhfhvvdulo| eh

}hur ehlqj ghw +GW , @ 31 Wkhuhiruh/ lqwhudfwlrqv ehwzhhq � dqg OF3� duh rqo| srvvleoh zkhq wkh

sdudphwhuv duh vx�flhqwo| idu iurp wkh Qhlpdun0Krsi elixufdwlrq fxuyh1

Dv idu dv wkh dwwudfwlqj lqyduldqw forvhg fxuyh � grhv qrw lqwhuvhfw OF3� lw fdq eh wkrxjkw ri

dv hqwluho| frqwdlqhg lq rqh vkhhw ri wkh Ulhpdqq iroldwlrq1 Wklv phdqv wkdw d qhljkerukrrg X +�,
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ri � h{lvwv vxfk wkdw qrw rqo| W +X, � X +vlqfh � lv dwwudfwlqj, exw d xqltxh lqyhuvh h{lvwv/ vd|

W3�� / vxfk wkdw W3�� = W +X, $ X 1 Wklv lpsolhv wkdw wkh fxuyh �/ dv zhoo dv wkh duhd ri wkh skdvh

sodqh hqforvhg e| �/ vd| d +�,/ lv erwk iruzdug lqyduldqw +xqghu W , dqg edfnzdug lqyduldqw +xqghu

W3�� ,1 Lq idfw/ hyhq li � 5 ]& zlwk n A 4/ vr wkdw rwkhu +h{wud, udqn04 suhlpdjhv ri � h{lvw/ wkh|

gr qrw lqwhuvhfw �1

Wklv lv wkh vlwxdwlrq vkrzq lq �j1:d/ rewdlqhg iru d @ 4=5/ e @ 3=8/ f @ 3=7/ g @ 3=8 dqg

h @ �3=91 Lq wklv fdvh � 5 ]D +frpsduh �j1:d zlwk �j18, dqg �yh glvmrlqw suhlpdjhv ri � h{lvw/ dv

vkrzq lq �j1 :d1 Qrwlfh wkdw iru wklv vhw ri sdudphwhuv wkh lqyduldqw fxuyh � dsshduv wr eh vprrwk

dqg ri dssur{lpdwho| flufxodu vkdsh/ vr wkdw wkh txdvl0shulrglf prwlrq dorqj lw lv yhu| vlplodu wr

sxuho| wuljrqrphwulf rvfloodwlrqv1

Wkh vlwxdwlrq fkdqjhv zkhq � jurzv xs xqwlo lw kdv d frqwdfw zlwk wkh wzr eudqfkhv OF
E��
3� dqg

OF
Ee�
3� ri wkh vhw ri phujlqj suhlpdjhv OF3�/ dqg wkhq lqwhuvhfw wkhp/ dv vkrzq lq �j1:e1 Zh qrz

ghvfuleh wkh frqvhtxhqfhv ri wkh frqwdfw ehwzhhq � dqg OF
Ee�
3� 1 Ri frxuvh/ gxh wr wkh v|pphwu|

surshuw| ri wkh pds +9,/ wkh vdph ghvfulswlrq dssolhv wr wkh v|pphwulf frqwdfw ehwzhhq � dqg

OF
E��
3� 1

Ohw Df dqg Ef eh wkh wzr srlqwv ri lqwhuvhfwlrq ehwzhhq � dqg OF
Ee�
3� / dqg ohw U� dqg U2 wkh

wzr uhjlrqv/ vhsdudwhg e| OF
Ee�
3� / zkhuh wkhuh duh/ uhvshfwlyho|/ wkh frgrpdlqv ri wkh wzr lqyhuvhv

W3�� dqg W3�2 1 Wkhq wkh srlqwv D� @ W +Df, dqg E� @ W +Ef,/ zklfk pxvw ehorqj erwk wr � dqg

wr OFEe� @ W
�
OF

Ee�
3�

�
/ duh srlqwv ri wdqjhqwldo frqwdfw ehwzhhq � dqg OFEe�1 Lq idfw/ wkh duf

DfEf 5 �_U2 pxvw eh pdsshg e| W lq wkh duf D�E� @ W +DfEf,/ hqwluho| lqfoxghg lq wkh uhjlrq

]D rq rqh vlgh ri OFEe�1 Li zh orrn dw wkh suhlpdjhv/ zh uhdol}h wkdw qrz wkhuh lv qrw d xqltxh

lqyhuvh xqghu zklfk � lv edfnzdug lqyduldqw1 Lq idfw/ qrz W3�� +�, dovr lqfoxghv dufv lqvlgh �/ olnh

wkh duf DfE
E��
f 5 U�/ zkhuhdv DfE

E2�
f 5 � _U2 lv jlyhq e| W3�2 +D�E�,1

Zh fdq vd| wkdw wkh uhjlrq k� ehwzhhq wkh duf D�E� ri � dqg OFEe� lv _xqiroghg% e| wkh

dfwlrq ri wkh wzr lqyhuvhv W3�� dqg W3�2 lq wzr glvwlqfw suhlpdjhv/ orfdwhg lq wkh uhjlrqv U� dqg

U2 uhvshfwlyho|/ uhsuhvhqwhg lq �j1:e e| wkh wzr sruwlrqv k�f @ W3�� +k�, dqg k2f @ W3�2 +k�, ri d +�,

erxqghg e| wkh wzr dufv DfEf lqvlgh dqg dorqj � uhvshfwlyho|1 Lq rwkhu zrugv/ wkh wzr sruwlrqv k�f

dqg k2f ri d +�, duh iroghg e| W dorqj OF wr fryhu wkh duhd k�/ zklfk lv rxwvlgh �1 Wklv lpsolhv wkdw

� wkh duhd d +�, erxqghg e| � lv qr orqjhu iruzdug lqyduldqw/ vlqfh vrph srlqwv lqvlgh � duh pdsshg

rxwvlgh lw +olnh wkh srlqwv ehorqjlqj wr k�f dqg k2f,1 Wklv skhqrphqrq ri iruzdug lqyduldqfh ri d

forvhg fxuyh wrjhwkhu zlwk qrqlqyduldqfh ri wkh duhd lqvlgh lw lv vshfl�f wr qrqlqyhuwleoh pdsv/ wkdw

lv/ lw fdqqrw eh revhuyhg lq lqyhuwleoh rqhv1 Wkh surshuw| ri qrqlqyduldqfh ri d +�, dqg wkh fuhdwlrq

ri frqyroxwlrqv ri � duh wzr dvshfwv ri wkh vdph phfkdqlvp/ uhodwhg wr wkh idfw wkdw fxuyhv furvvlqj

OF3� duh iroghg dorqj OF dqg duh frq�qhg lqwr wkh uhjlrq zlwk dq kljkhu qxpehu ri suhlpdjhv1

Wklv lv rqo| wkh ehjlqqlqj ri wkh fkdqjhv lq wkh vkdsh ri �/ vlqfh dv h lv ixuwkhu lqfuhdvhg wkh

frqyroxwlrqv ehfrph pruh dqg pruh surqrxqfhg +�j1:f, xqwlo wkh lqyduldqw fxuyh � lv eurnhq wr
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ehfrph d pruh frpsoh{ dwwudfwlqj vhw +�j1:g,1 Lq �j1 :g wkh suhvhqfh ri orrsv fdq eh revhuyhg/

dqrwkhu skhqrphqrq zklfk lv rqo| srvvleoh zlwk qrqlqyhuwleoh pdsv1 Wkh h{dfw phfkdqlvp wkurxjk

zklfk vxfk orrsv duh fuhdwhg/ dqg wkh uhodwhg orvv ri lqyduldqfh ri �/ lv vwloo dq rshq sureohp/ uhfhqwo|

vwxglhg e| pdq| dxwkruv +vhh h1j1 ^46`/ ^:` ru ^;` dqg uhihuhqfhv wkhuhlq,1

LQVHUW ILJ1 :d/e/f/g

Dqrwkhu frqvhtxhqfh ri wkh lqwhuvhfwlrq ehwzhhq � dqg OF3� lv wkdw iru d shulrglf f|foh qrw

ehorqjlqj wr �/ lw pd| kdsshq wkdw vrph ri wkh shulrglf srlqwv duh lqvlgh dqg wkh rwkhuv duh rxwvlgh

wkh lqyduldqw fxuyh �1 Wklv pd| eh revhuyhg iru wkh pds +9, iru pdq| vhwv ri sdudphwhuv1 Dq

h{dpsoh lv vkrzq lq �j1;/ rewdlqhg iru d @ :=78/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ �8=9/ zkhuh

dq dwwudfwlqj forvhg lqyduldqw fxuyh/ rq zklfk txdvl0shulrglf prwlrq lv qxphulfdoo| revhuyhg/ lv

frh{lvwlqj zlwk dq dwwudfwlqj f|foh ri shulrg 91

LQVHUW ILJ1 ;

Wr vxp xs/ mxvw diwhu wkh vxshufulwlfdo Qhlpdun0Krsi elixufdwlrq wkh nlqgv ri orqj uxq g|qdplfv

zklfk fkdudfwhul}h wkh orqj0uxq ehkdylru ri wkh erxqghg wudmhfwrulhv duh fkdudfwhul}hg e| frqyhu0

jhqfh wr txdvl0shulrglf ru shulrglf dwwudfwruv/ orfdwhg dorqj dq dwwudfwlqj dqg vprrwk lqyduldqw

forvhg fxuyh �1 Wkhq/ zkhq lw jurzv xs/ lw pd| ehfrph udwkhu frqyroxwhg dqg wkhq glvdsshdu1 Lw

lv jhqhudoo| uhsodfhg e| dqqxodu fkdrwlf dwwudfwruv1 Dv xvxdo/ vhwv ri sdudphwhuv duh phw dw zklfk

vwdeoh f|fohv duh fuhdwhg yld d vdggoh0qrgh elixufdwlrq1 Wkh shulrglf srlqwv ri wkhvh vwdeoh f|fohv

pd| ehorqj wr �/ ru pd| eh lqvlgh d +�,/ ru rxwvlgh d +�, ru/ li � lqwhuvhfwv OF3�/ vrph ri wkh

shulrglf srlqwv pd| eh lqvlgh dqg rwkhu rxwvlgh d +�,1 Ixuwkhupruh/ vhyhudo frh{lvwlqj dwwudfwruv

pd| eh vlpxowdqhrxvo| suhvhqw/ vxfk dv frh{lvwlqj dwwudfwlqj f|fohv ru txdvl0shulrglf ru fkdrwlf

dwwudfwruv wrjhwkhu zlwk dwwudfwlqj f|fohv1 Lq dq| fdvh/ vhjphqwv ri wkh fulwlfdo fxuyhv OF/ wrjhwkhu

zlwk d vxlwdeoh qxpehu ri wkhlu lpdjhv OF� @ W +OF,/ pd| eh xvhg wr erxqg d wudsslqj uhjlrq

zkhuh doo wkh dwwudfwlqj vhwv duh lqfoxghg1 Vxfk wudsslqj vhwv/ dovr fdoohg devruelqj duhdv lq ^46`/

dfw olnh d erxqghg yhvvho lqvlgh zklfk wkh dv|pswrwlf g|qdplfv ri wkh erxqghg wudmhfwrulhv duh

xowlpdwho| frq�qhg1

Lq sduwlfxodu/ wklv surshuw| ri wkh fulwlfdo fxuyhv doorzv rqh wr rewdlq wkh erxqgdulhv ri wkh

fkdrwlf dwwudfwruv1 Wklv lv qrz d vx�flhqwo| nqrzq surshuw| +vhh ^46` dqg uhihuhqfhv wkhuhlq/ vhh

dovr ^49` iru vhyhudo dssolfdwlrq wr hfrqrplf prgholqj,1 Zh uhfdoo wkdw d fkdrwlf duhdD ri wkh pds

W lv dq lqyduldqw vhw ri W / l1h1 W +D, � D/ zklfk lqfoxghv d fkdrwlf vhw1 Qxphulfdoo| frpsxwhg

wudmhfwrulhv vhhp wr fryhu wkh duhd D1
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Frqvlghu/ iru h{dpsoh/ wkh wudmhfwru| vkrzq lq �j1<d/ zklfk dsshduv wr eh fkdrwlf1 Iroorzlqj

^46` ru ^4` d sudfwlfdo surfhgxuh fdq eh rxwolqhg lq rughu wr rewdlq wkh erxqgdu| ri D +dowkrxjk lw

lv gl�fxow wr jlyh d jhqhudo phwkrg,1 Vwduwlqj iurp wkh sruwlrq ri OF3� ehorqjlqj wr wkh lqyduldqw

duhd D/ lwv lpdjhv W& +�, ri lqfuhdvlqj udqn duh frpsxwhg xqwlo d forvhg uhjlrq lv rewdlqhg1 Zkhq

vxfk d uhjlrq lv pdsshg lqwr lwvhoi/ wkhq lw lv dq devruelqj duhd1 Iru wkh fkdrwlf duhd vkrzq lq

�j1<d/ irxu lpdjhv ri � @ D_ OF3�/ jlyhq e| wkh vhjphqwv ri OF
E��
3� dqg OF

Ee�
3� vkrzq lq �j1 43d/

duh qhfhvvdu| dqg vx�flhqw wr rewdlq wkh zkroh rxwhu erxqgdu| ri D1 Wkh frpsohwh erxqgdu| ri

D lv rewdlqhg e|

CD �
.̂

&'�

W &+�, +53,

dv vkrzq lq �j143e1 Zh uhfdoo wkdw wkh fulwlfdo vhwv ri udqn n duh wkh lpdjhv ri udqn n ri OF3�

ghqrwhg e| OF&3� @ W &+OF3�, @ W &3�+OF,/ OFf ehlqj OF1 Qrwlfh wkdw lq +53, wkh lqfoxvlrq

krogv ehfdxvh sruwlrqv ri wkh fulwlfdo fxuyhv ri lqfuhdvlqj udqn duh dovr lqvlgh D/ zkhuh wkh| lqglfdwh

wkh uhjlrqv ri juhdwhu ghqvlw| ri srlqwv/ l1h1 wkh uhjlrqv wkdw duh pruh iuhtxhqwo| ylvlwhg e| wkh

srlqwv ri wkh jhqhulf wudmhfwru| lq wkh lqyduldqw duhd D1

Zh uhpdun wkdw wkh gh�qlwlrq ri dq devruelqj duhd lv dovr xvhixo zkhq qrq fkdrwlf dwwudfwlqj

vhwv h{lvw/ olnh lq wkh fdvh ri wkh wzr frh{lvwlqj vwdeoh f|fohv vkrzq lq �j1<e/ rewdlqhg diwhu d vpdoo

yduldwlrq ri wkh sdudphwhu h zlwk uhvshfw wr wkdw xvhg lq �j1<d1 Lq idfw/ dovr lq vxfk fdvhv wkh

gholplwdwlrq ri dq devruelqj duhd e| vhjphqwv ri fulwlfdo fxuyhv lv xvhixo wr rewdlq d uhjlrq ri wkh

skdvh vsdfh ri wkh g|qdplfdo v|vwhp zkhuh wkh dv|pswrwlf g|qdplfv zloo eh frq�qhg/ lqghshqghqwo|

ri wkh nlqg +dqg wkh qxpehu, ri dwwudfwruv1

LQVHUW ILJXUHV <d/e dqg 43d/e

e�� �@t�?t @?_ |�i�h M�u�hU@|�L?t

Dv zh kdyh vhhq lq wkh suhylrxv vhfwlrqv/ srlqwv vx�flhqwo| idu iurp wkh htxloleulxp R @ +3> 3,

jhqhudwh glyhujlqj wudmhfwrulhv/ l1h1 dq dwwudfwru dozd|v h{lvw dw lq�qlwh glvwdqfh1 Zh ghqrwh e|

E +4, wkh edvlq ri lq�qlw|> gh�qhg dv wkh vhw ri srlqwv zklfk jhqhudwh glyhujlqj wudmhfwrulhv/

E +4, @
�
+V>S ,m��W | +V>S ,

�� $ .4 dv w $ .4�
Zh vhw ri erxqghg wudmhfwrulhv/ ghqrwhg e| E/ wkh frpsohphqwdu| vhw ri E +4,/ l1h1

E @ U
2 q E +4,

D gholplwdwlrq ri wkh erxqgdu| CE +4, @ CE zklfk vhsdudwhv wkhvh wzr vhwv lv lpsruwdqw lq rughu

wr nqrz wkh udqjh ri vwdwh yduldeohv +V>S , iru zklfk wkh prgho ehkdyhv zhoo/ vlqfh rqo| erxqghg

wudmhfwrulhv fdq uhsuhvhqw phdqlqjixo wlph hyroxwlrqv ri dq hfrqrplf v|vwhp1
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Wkh erxqgdu| CE @ CE+4, ehkdyhv dv d uhshoolqj vhw iru wkh srlqwv qhdu lw/ vlqfh lw dfwv olnh

d zdwhuvkhg iru wkh wudmhfwrulhv ri wkh pds W 1 Srlqwv ehorqjlqj wr CE duh pdsshg lqwr CE erwk

xqghu iruzdug dqg edfnzdug lwhudwlrq ri W / wkdw lv/ wkh erxqgdu| lv lqyduldqw zlwk uhjdug wr W dqg

W3�/ l1h1

W +CE, @ CE > W3� +CE, @ CE= +54,

Wklv lpsolhv wkdw li dq xqvwdeoh �{hg srlqw ru f|foh ehorqjv wr CE wkhq CE pxvw dovr frqwdlq doo ri

lwv suhlpdjhv ri dq| udqn1 Pruhryhu/ li d vdggoh0srlqw/ ru d vdggoh0f|foh/ ehorqjv wr CE/ wkhq CE
pxvw dovr frqwdlq wkh zkroh vwdeoh vhw1

Zh �uvw frqvlghu d vhw ri sdudphwhuv iru zklfk E lv d vlpso| frqqhfwhg vhw/ dv vkrzq lq �j144d1

Lq wklv fdvh/ wkh erxqgdu| CE lv iruphg e| wkh forvxuh ri wkh vwdeoh vhw ri d vdggoh f|foh V ri shulrg

5/ orfdwhg dorqj CE/ zkrvh qxphulfdoo| frpsxwhg shulrglf srlqwv +�4=<:> 6=<<, dqg +4=<:>�6=<<,

duh v|pphwulfdoo| orfdwhg zlwk uhvshfw wr wkh srlqw R1 Rqh ri wkh wzr lqyduldqw eudqfkhv ri wkh

xqvwdeoh vhw Z� +V, lvvxlqj iurp wkh vdggoh shulrglf srlqwv ri V jrhv wr lq�qlw|/ wkh rwkhu rqh jrhv

wr wkh erxqghg dwwudfwru/ zklfk lq wklv fdvh lv d txdvl shulrglf dwwudfwru orfdwhg rq d vprrwk forvhg

lqyduldqw fxuyh1 Khqfh wkh orfdo vwdeoh vhw Z r
,JS+V, � CE1 Lq idfw/ li zh frqvlghu d qhljkerukrrg

ri V/ Z r
,JS+V, lv d vhsdudwul{ ehwzhhq wkh wudmhfwrulhv zklfk frqyhujh wr d erxqghg dwwudfwru dqg

wkrvh zklfk glyhujh1 Wkhq CE pxvw lqfoxgh wkh zkroh vwdeoh vhw Z r+V,/ rewdlqhg e| wdnlqj wkh

suhlpdjhv ri dq| udqn ri Z r
,JS+V,

Z r+V, @
^
&Df

W3& +Z r
,JS+V,,

Lw lv zruwk wr qrwh wkdw dovr d uhshoolqj qrgh f|foh ri shulrg wzr ehorqjv wr wkh erxqgdu|/ zlwk

shulrglf srlqwv orfdwhg dw wkh fxvs srlqwv ri CE1
Zh qrwlfh wkdw lq �j144d wkh fulwlfdo fxuyh OFE��/ dv zhoo dv lwv v|pphwulf eudqfk OFE2�/ lv forvh

wr CE/ l1h1 wr wkh vwdeoh vhw Z r+V,1 Li wkh sdudphwhu h lv voljkwo| lqfuhdvhg d frqwdfw ehwzhhq CE
dqg wkh wzr eudqfkhv OFE�� dqg OFE2� ri OF rffxuv1 Diwhu wkhvh wzr frqwdfwv/ wzr sruwlrqv ri

E +4, wkdw ehiruh wkh frqwdfw elixufdwlrq zhuh lq wkh uhjlrq ]�/ ghqrwhg e| Kf dqg Nf lq �j1 44e/

hqwhu wkh uhjlrqv ]� erxqghg e| OFE�� dqg OFE2� uhvshfwlyho|1 Hdfk ri wkhvh wzr sruwlrqv qrz kdyh

qhz sdluv ri suhlpdjhv/ xqiroghg dw rssrvlwh vlghv zlwk uhvshfw wr olqhOF
E��
3� dqg OF

E2�
3� uhvshfwlyho|1

Vlqfh Kf dqg Nf ehorqj wr E +4,/ dovr wkhlu suhlpdjhv ehorqj wr E +4,/ dqg frqvwlwxwh glvmrlqw

sruwlrqv ri E +4, qhvwhg lqvlgh E1 Wkhvh duh wkh odujhvw krohv +ru odnhv iroorzlqj ^47`, ri E +4,

qhvwhg lqvlgh E/ ghqrwhg e| K3� dqg N3� lq �j144e1 Vlqfh wkh| ehorqj wr wkh uhjlrq ]�/ wkh| kdyh

ixuwkhu suhlpdjhv/ zklfk duh rwkhu vpdoohu krohv +ru odnhv, ri E +4,1 Vxfk suhlpdjhv duh vpdoohu

dqg vpdoohu dqg dffxpxodwh rq wkh rxwhu erxqgdu| +zh uhplqg wkdw wkh rxwhu erxqgdu|/ ehlqj d

uhshoolqj vhw iru wkh iruzdug lwhudwlrq ri W / lv dq dwwudfwlqj vhw iru wkh edfnzdug lwhudwlrq/ rewdlqhg

e| wkh uhshdwhg dssolfdwlrq ri wkh lqyhuvhv ri W ,1 Wr vxp xs/ wkh joredo elixufdwlrq mxvw ghvfulehg/
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gxh wr d frqwdfw ehwzhhq Z r +V, dqg OF/ wudqvirupv wkh edvlq E iurp d vlpso| frqqhfwhg vhw lqwr

d pxowlso| frqqhfwhg rqh +ru htxlydohqwo|/ lw wudqvirupv wkh edvlq E +4, iurp frqqhfwhg lqwr qrq

frqqhfwhg,1 Qrz wkh erxqgdu| CE lv iruphg e| wkh xqlrq ri dq h{whuqdo sduw dqg wkh erxqgdulhv

ri wkh lq�qlwho| pdq| krohv1

Dv wkh sdudphwhu h lv ixuwkhu lqfuhdvhg/ wkh fulwlfdo fxuyhv OFE�� dqg OFE2� frqwlqxh wr pryh

xqwlo d sdudphwhu ydoxh lv uhdfkhg dw zklfk d frqwdfw ehwzhhq OFE�� dqg OFE2� dqg wkh wzr shulrglf

srlqwv ri wkh qrgh orfdwhg dw wkh wzr fxvsv ri CE rffxuv +vhh �j144f,1 Wklv frqwdfw fdxvhv dqrwkhu

joredo elixufdwlrq dw zklfk d uhxqlrq ri wkh krohv zlwk wkh lpphgldwh edvlq ri lq�qlw| rffxuv/ vr

wkdw E +4, ehfrphv djdlq d frqqhfwhg vhw +dqg frqvhtxhqwo| E ehfrphv djdlq vlpso| frqqhfwhg,1

Rwkhu vlplodu frqwdfw elixufdwlrqv rffxu zkhq sruwlrqv ri E +4, hqwhu ]� diwhu d frqwdfw zlwk

wkh rwkhu wzr eudqfkhv ri OF/ OFE�� dqg OFEe�/ dv vkrzq lq �j144g1 Wklv ohdgv wr wkh fuhdwlrq ri

rwkhu idplolhv ri krohv ri E +4, qhvwhg lqvlgh E wkurxjk wkh vdph phfkdqlvp ghvfulehg deryh1

LQVHUW ILJ1 44

Zh uhpdun wkdw/ hyhq li wkh rffxuuhqfh ri wkh joredo elixufdwlrqv ghvfulehg deryh ohdgv wr

pruh frpsoh{ edvlq erxqgdulhv/ wkh dwwudfwlqj vhwv kdyh sudfwlfdoo| pdlqwdlqhg wkh vdph nlqg ri

frpsoh{lw|/ dv lw dsshduv iurp d frpsdulvrq ri wkh �jxuhv 44d0g= lq �jxuhv 44d0f wkh erxqghg

dwwudfwru lv txdvl0shulrglf ehorqjlqj wr d vprrwk forvhg lqyduldqw fxuyh/ zkhuhdv lq �j1 44g wkh

dwwudfwru lv dq dwwudfwlqj f|foh ri shulrg 43/ zlwk shulrglf srlqwv orfdwhg v|pphwulfdoo| zlwk uhvshfw

wr R1

Pruh frpsoh{ vlwxdwlrqv fdq eh revhuyhg zkhq pdq| frh{lvwlqj erxqghg dwwudfwruv duh suhvhqw/

zkrvh edvlqv vkduh wkh vhw E ri srlqwv jhqhudwlqj erxqghg wudmhfwrulhv1 Dq h{dpsoh lv vkrzq lq

�j145/ rewdlqhg iru d @ 4=45/ e @ 3=8/ f @ 3=7/ g @ 3=8 dqg h @ 4=3:1 Iru wklv vhw ri sdudphwhuv wkhuh

duh wkuhh frh{lvwlqj erxqghg dwwudfwruv= d f|foh F�f ri shulrg 43/ zlwk srlqwv sdluzlvh orfdwhg lq

v|pphwulf srvlwlrqv zlwk uhvshfw wr R/ l1h1 VLP+F�f, @ F�f/ zkhuh VLP lv wkh v|pphwu| zlwk

uhvshfw wr R gh�qhg lq vhfwlrq 5/ dqg wzr f|fohv ri shulrg vhyhq/ vd| F. dqg VLP+F.,/ rqh zlwk

shulrglf srlqwv orfdwhg v|pphwulfdoo| zlwk uhvshfw wr wkh shulrglf srlqwv ri wkh rwkhu/ dv dozd|v

rffxuv iru wkh f|fohv ri rgg shulrg +dv vwdwhg lq vhfwlrq 5,1 Wkh uhvshfwlyh edvlqv ri dwwudfwlrq duh

uhsuhvhqwhg e| gl�huhqw froruv= zklwh iru wkh edvlq ri F�f/ uhg dqg juhhq iru wkh edvlqv ri wkh wzr

v|pphwulf f|fohv ri shulrg :1 Iurp wkh qxphulfdo uhsuhvhqwdwlrq ri �j145/ doo wkh edvlqv dsshdu

wr eh qrqfrqqhfwhg vhwv/ hdfk iruphg e| lq�qlwho| pdq| +dqg h{wuhpho| lqwhuplqjohg, glvmrlqw

sruwlrqv1 Vxfk d vwuxfwxuh ri wkh edvlqv lv d udwkhu xvxdo iru qrqlqyhuwleoh pdsv1 Wklv fdq eh

lqwxlwlyho| xqghuvwrrg rq wkh edvlv ri wkh iroorzlqj dujxphqwv1 Ohw D eh dq dwwudfwru iru wkh

lwhudwhg pds W 1 Wklv phdqv wkdw d qhljkerukrrg X+D, h{lvwv zkrvh srlqwv frqyhujh wr D1 Ri

frxuvh X+D, � E +D,/ exw dovr wkh srlqwv ri wkh skdvh vsdfh zklfk duh pdsshg lqvlgh X diwhu d
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�qlwh qxpehu ri lwhudwlrqv ehorqj wr E +D,/ vr wkdw wkh wrwdo edvlq ri D +ru pruh eulh�| wkh edvlq

ri D, lv jlyhq e|

E +D, @
"̂

?'f

W3?+X+D,,

zkhuh W3�+{, uhsuhvhqw wkh vhw ri wkh udqn04 suhlpdjhv ri { +l1h1 wkh srlqwv pdsshg wr { e| W ,/ dqg

W3?+{, uhsuhvhqw wkh vhw ri wkh udqn0q suhlpdjhv ri { +l1h1 wkh srlqwv pdsshg wr { diwhu q uhshdwhg

dssolfdwlrqv ri W ,1 Li W3� lv d qrqlqyhuwleoh pds/ wkh wrwdo edvlq pd| eh qrq frqqhfwhg ehfdxvh li

X+D,/ ru lwv suhlpdjhv/ ehorqj wr uhjlrqv ]& zlwk n A 4/ wkh dfwlrq ri wkh glvwlqfw lqyhuvhv gh�qhg

lq ]& +l1h1 gh�qhg lq gl�huhqw vkhhwv ri wkh Ulhpdqq iroldwlrq, pd| jlyh suhlpdjhv ri X+D, zklfk

duh glvmrlqw iurp X+D, dqg idu iurp lw/ gxh wr wkh xqiroglqj ri wkh Ulhpdqq iroldwlrq xqghu wkh

dfwlrq ri wkh vhyhudo glvwlqfw lqyhuvhv1

LQVHUW ILJ1 45

D �L?U*�t�L?t

Lq wklv sdshu zh kdyh vwxglhg d ghwhuplqlvwlf prgho iru wkh ghvfulswlrq ri wkh wlph hyroxwlrq dqg

lqwhudfwlrqv ehwzhhq vdylqjv dqg sulfh ohyho lq d vwrfn pdunhw1

Wkh prgho lv qrw edvhg rq pdunhw*v plfurvwuxfwxuh dqg rswlpl}lqj ehkdylru ri wkh djhqwv/ exw

lw jlyhv d idluo| jhqhudo ghvfulswlrq ri wkh pdlq +qrqolqhdu, lqwhudfwlrqv ehwzhhq wzr nlqgv ri djhqwv

wkdw zh dvvxph duh dfwlqj lq wzr gl�huhqw vhfwlrqv ri wkh pdunhw= wkh ghdohuv +dgplqlvwudwruv ri

pxwxdo ixqgv,/ gluhfwo| dgplwwhg wr wkh vhfxulwlhv qhjrwldwlrq/ dqg wkh vdyhuv zkr/ diwhu wdnlqj

wkhlu lqyhvwphqw ghflvlrq/ ex| ru vhoo vkduhv ri wkh pxwxdo ixqgv1

Wkh prgho/ zklfk kdg ehhq sursrvhg lq ^43`/ kdv qr vwdeoh vwhdg| vwdwhv iru hfrqrplfdoo| ihdvleoh

ydoxhv ri wkh sdudphwhuv/ vr lwv g|qdplfv duh dozd|v fkdudfwhul}hg e| rvfloodwru| ehkdylru/ zklfk

pd| eh shulrglf/ ru txdvl0shulrglf ru fkdrwlf1 Vr/ hyhq li d ghwhuplqlvwlf iudphzrun lv dvvxphg/

wkh prgho frqvlghuhg fdswxuhv wkh prvw nqrzq ihdwxuhv ri wkh vwrfn pdunhwv/ jlyhq e| wkh odfn ri

d vwdeoh vwdwlrqdu| vlwxdwlrq dqg wkh h{lvwhqfh ri pdq| nlqgv ri rvfloodwru| +vrphwlphv dssduhqwo|

huudwlf, ehkdylruv1

Rxu vwxg| lv pdlqo| ghyrwhg wr wkh joredo g|qdplf surshuwlhv dqg wkh joredo elixufdwlrqv1 Wklv

vwxg| jdyh xv wkh rssruwxqlw| wr lqyhvwljdwh vrph g|qdplf surshuwlhv dqg elixufdwlrqv shfxoldu

ri glvfuhwh g|qdplfdo v|vwhpv zklfk duh rewdlqhg e| wkh lwhudwlrq ri qrqlqyhuwleoh pdsv1 Lq idfw

lq wklv prgho wkh lwhudwhg pds lv d qlqwk ghjuhh qrqlqyhuwleoh pds/ dqg vrph lqwhuhvwlqj uhvxowv

uhfhqwo| jlyhq lq wkh pdwkhpdwlfdo olwhudwxuh rq qrqlqyhuwleoh pdsv ri wkh sodqh/ pdlqo| edvhg rq

wkh phwkrg ri fulwlfdo fxuyhv/ fdq eh xvhixoo| dssolhg wr xqghuvwdqg wkh surshuwlhv ri dwwudfwlqj

vhwv dqg wkhlu edvlqv1
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Wkh prvw hylghqw dwwudfwlqj vhwv ri wkh prgho frqvlghuhg/ zklfk duh yhu| hdvlo| uhyhdohg hyhq

e| d txlfn qxphulfdo h{sorudwlrq/ duh rewdlqhg iurp wkh hyroxwlrq ri dwwudfwlqj ruelwv jhqhudwhg e|

d Qhlpdun0Krsi elixufdwlrq1 Lpphgldwho| diwhu wkh elixufdwlrq/ wkh dwwudfwlqj lqyduldqw fxuyh ixoo|

fkdudfwhul}hv wkh skdvh vsdfh dqg wkh pdunhw dgrswv d uhjxodu f|folf ehkdylru11 Vxevhtxhqwo|/ dv

d frqvhtxhqfh ri lqfuhdvlqj djhqwv* _vshfxodwlyh% ru _fdslwdo jdlq uhdol}lqj% dwwlwxghv/ wkh prgho

xqirogv pruh frpsoh{/ fkdrwlf dqg xqsuhglfwdeoh wudmhfwrulhv1

Krzhyhu/ d ghhshu dqdo|vlv uhyhdov wkdw pdq| frh{lvwlqj dwwudfwlqj vhwv pd| eh suhvhqw/ dqg

wkh vwuxfwxuh ri wkhlu edvlqv pd| eh udwkhu frpsoh{/ ehlqj fkdudfwhul}hg e| qrqfrqqhfwhg vhwv/ d

skhqrphqrq wkdw rqo| lq qrqlqyhuwleoh pdsv fdq rffxu1 Vxfk dqdo|vlv kdv vkrzq wkdw udqjhv ri

wkh sdudphwhuv h{lvw vxfk wkdw wkh v|vwhp lv qrw urexvw zlwk uhvshfw wr h{rjhqrxv vkrfnv1 Lq idfw

wkh vhw ri lqlwldo frqglwlrqv zklfk jhqhudwh erxqghg wudmhfwrulhv/ uhyhdov/ dovr iru vpdoo sdudphwhu

ydoxhv/ _krohv% ri E +4,/ l1h1 erxqghg uhjlrqv ri wkh skdvh vsdfh iruphg e| srlqwv jhqhudwlqj

glyhujlqj wudmhfwrulhv zklfk duh vxuurxqghg e| srlqwv ri wkh frpsohphqwdu| vhw1 Wklv phdqv wkdw

h{rjhqrxv vkrfnv prylqj wkh v|vwhp wrzdugv rqh ri vxfk %krohv% frxog fdxvh wkh gh�qlwlyh guliw

iurp wkh htxloleulxp/ dqg wkh lqwhuyhqwlrq ri vrph nlqg ri pdunhw dxwkrulw| zloo eh qhhghg1

Frqwdfw elixufdwlrqv lqyroylqj wkh fulwlfdo fxuyhv kdyh ehhq xvhg wr fkdudfwhul}h wzr gl�huhqw

urxwhv wr frpsoh{ g|qdplf ehkdylruv/ rqh uhodwhg wr wkh fuhdwlrq ri lqfuhdvlqjo| frpsoh{ dwwudfwruv

dv wkh sdudphwhuv duh ydulhg/ wkh rwkhu rqh uhodwhg wr wkh dsshdudqfh ri pruh frpsoh{ wrsrorjlfdo

vwuxfwxuhv ri wkh edvlqv ri dwwudfwlrq1

Wkh fulwlfdo fxuyhv kdyh ehhq xvhg erwk wr erxqg wudsslqj uhjlrqv +ru devruelqj duhdv, lqvlgh

zklfk wkh dv|pswrwlf g|qdplfv duh xowlpdwho| erxqghg +wkxv jlylqj dq hvwlpdwh ri wkh pd{lpxp

dpsolwxgh ri wkh rvfloodwru| surshuwlhv ri wkh pdunhw zkdwhyhu wkh nlqgv ri orqj uxq g|qdplfv duh,

dqg wr ghwhfw frqwdfw elixufdwlrqv zklfk fdxvh txdolwdwlyh fkdqjhv lq wkh vwuxfwxuh ri wkh edvlqv ri

dwwudfwlrq1

Dfnqrzohgjphqwv1 Zh wkdqn Odxud Jduglql iru khosixo frpphqwv dqg vxjjhvwlrqv1 Wklv

zrun kdv ehhq shuiruphg xqghu wkh dxvslfhv ri FQU/ Lwdo|/ dqg xqghu wkh dfwlylw| ri wkh qdwlrqdo

uhvhdufk surmhfw _Qrqolqhdu G|qdplfv dqg Vwrfkdvwlf Prghov lq Hfrqrplfv dqg Ilqdqfh%/ PXUVW/

Lwdo|1

+iuihi?Uit

^4` Deudkdp/ U1/ O1 Jduglql dqg F1 Plud/ Fkdrv lq glvfuhwh g|qdplfdo v|vwhpv +d ylvxdo lqwur0

gxfwlrq lq wzr glphqvlrq, Vsulqjhu0Yhuodj/ 4<<:1

^5` Dqwrfl D1 %Od Glqdplfd ghl Phufdwl D}lrqdul= dofxql prghool%/ Whvl gl Odxuhd/ Idfrow�d gl

Hfrqrpld h Frpphuflr/ Xqlyhuvlw�d gl Iluhq}h/ Iluhq}h +4<;<,
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^6` J1L1 Elvfkl dqg P1 Nrsho _Rq wkh edvlqv ri pxowlsoh Qdvk htxloleuld lq qrqolqhdu gxrsro|

jdphv% +vxeplwwhg,

^7` J1L1 Elvfkl/ O1 Jduglql dqg P1 Nrsho _Dqdo|vlv ri Joredo Elixufdwlrqv lq d Pdunhw Vkduh

Dwwudfwlrq Prgho%/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro +lq suhvv,1

^8` J1L1 Elvfkl dqg O1 Jduglql _Uroh ri lqyduldqw dqg plqlpdo devruelqj duhdv lq fkdrv v|qfkur0

ql}dwlrq%/ Sk|vlfdo Uhylhz H/ yro18; q18/ ss1 8:4308:4< +4<<;,1

^9` J1L1 Elvfkl/ O1 Vwhidqlql dqg O1 Jduglql _V|qfkurql}dwlrq/ lqwhuplwwhqf| dqg fulwlfdo fxuyhv lq

d gxrsro| jdph% Pdwkhpdwlfv dqg Frpsxwhuv lq Vlpxodwlrq/ yro1 77/ ss1 88<08;8 +4<<;,1

^:` F1H1 Iurx}dnlv/ O1 Jduglql/ L1J1 Nhyuhnlglv/ J1 Ploohulrx{ dqg F1 Plud _Rq vrph surshuwlhv

ri lqyduldqw vhwv ri wzr0glphqvlrqdo qrqlqyhuwleoh pdsv% Lqwhuqdwlrqdo Mrxuqdo ri Elixufdwlrq

dqg Fkdrv/ :/ 449:044<7 +4<<:,1

^;` X1 Ihxgho/ P1D1 Vdirqryd/ M1 Nxuwlv dqg Y1V1 Dqlvkfkhqnr _Rq wkh ghvwuxfwlrq ri wkuhh0

glphqvlrqdo wrul% Lqwhuqdwlrqdo Mrxuqdo ri Elixufdwlrq dqg Fkdrv/ 9/ 464<04665 +4<<9,1

^<` N1 Jduedgh/ Vhfxulwlhv Pdunhw/ Pf Judz0Kloo/ Qhz \run +4<;5,1

^43` I1 Jrul dqg I1 Ulqdogl _Frpsruwdphqwl fdrwlfl h elirufd}lrql lq xq prghoor glqdplfr glvfuhwr

gho phufdwr d}lrqdulr= Xqd qrwd vxooh lqwhud}lrql wud olyhoor ghl suh}}l h udffrowd qhwwd ghl

irqgl%/ Txdghuql gho Glsduwlphqwr gl Pdwhpdwlfd Dssolfdwd h Lqirupdwlfd 0 Xqlyhuvlw�d gl

Yhqh}ld/ Yhqh}ld +4<;<,1

^44` Jxfnhqkhlphu/ M1 dqg S1 Krophv1 4<;61 Qrqolqhdu Rvfloodwlrqv/ G|qdplfdo V|vwhpv/ dqg El0

ixufdwlrqv ri Yhfwru Ilhogv/ Vsulqjhu0Yhuodj1

^45` L1 Jxprzvnl dqg F1 Plud/ G|qdpltxh Fkdrwltxh/ Fhsdgxhv Hglwlrqv/ Wrxorvh +4<;3,1

^46` F1 Plud/ O1 Jduglql/ D1 Eduxjrod dqg M1F1 Fdwkdod/ Fkdrwlf G|qdplfv lq Wzr0Glphqvlrqdo

Qrqlqyhuwleoh Pdsv/ Zruog Vflhqwl�f +4<<9,1

^47` F1 Plud/ G1 Irxuqlhu0Suxqduhw/ O1 Jduglql/ K1 Ndzdndpl dqg M1F1 Fdwkdod _Edvlq elixufd0

wlrqv ri wzr0glphqvlrqdo qrqlqyhuwleoh pdsv= iudfwdol}dwlrq ri edvlqv%/ Lqwhuqdwlrqdo Mrxuqdo

ri Elixufdwlrq dqg Fkdrv/ 7/ 67606;4 +4<<7,1

^48` F1 Plud/ M1S1 Fdufdvvhv/ J1 Ploo�hulrx{/ dqg O1 Jduglql/ _Sodqh Iroldwlrq ri Wzr0Glphqvlrqdo

Qrqlqyhuwleoh Pdsv%/ Lqwhuqdwlrqdo Mrxuqdo ri Elixufdwlrq dqg Fkdrv 9 +;,/ 476<04795 +4<<9,

^49` W1 Sxx/ Qrqolqhdu G|qdplfv/ 8wk hglwlrq/ Vsulqjhu0Yhuodj +4<<<,1
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Iljxuh Fdswlrqv

Ilj1 41 H{whqghg sodqh ri wkh sdudphwhuv h dqg d1 Wkh uhjlrq P uhsuhvhqw wkh vhw ri

hfrqrplfdoo| ihdvleoh ydoxhv ri wkh sdudphwhuv1 Wkh vwhdg| vwdwh R lv vwdeoh lqvlgh wkh uhjlrq OMN1

Ilj1 51 Iru d @ 4=5/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ �3=</ mxvw diwhu wkh Qhlpdun0Krsi

elixufdwlrq/ d wudmhfwru| lv qxphulfdoo| jhqhudwhg vwduwlqj iurp dq lqlwldo frqglwlrq forvh wr wkh �{hg

srlqwR1 +d, wkh wudmhfwru| lv uhsuhvhqwhg lq wkh skdvh sodqh +V>S , +wkh hduo| lwhudwlrqv/ uhsuhvhqwlqj

wkh wudqvlhqw/ kdyh qrw ehhq sorwwhg,1 Wkh zklwh uhjlrq uhsuhvhqwv wkh edvlq ri dwwudfwlrq ri �/ wkh

juh| uhjlrq uhsuhvhqwv wkh edvlq ri lq�qlw|/ l1h1 wkh vhw ri srlqwv jhqhudwlqj glyhujlqj wudmhfwrulhv1

+e, D sruwlrq ri wkh vdph wudmhfwru| sorwwhg lq +d, lv uhsuhvhqwhg yhuvxv wlph1

Ilj1 61 Iru d @ 4=5/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ 3=88 wkh jhqhulf wudmhfwru| vwduwlqj iurp

srlqwv ri wkh zklwh uhjlrq frqyhujh wr dq dqqxodu fkdrwlf dwwudfwru/ dv vkrzq lq +d,/ zkhuhdv wkh

srlqwv ri wkh juh| uhjlrq jhqhudwh glyhujlqj wudmhfwrulhv1 Lq +e, d sruwlrq ri wkh wudmhfwru| vkrzq

lq +d, lv uhsuhvhqwhg yhuvxv wlph1

Ilj1 71 Iru d @ 4/ e @ 3=8/ f @ 3=7/ g @ 5 dqg h @ 5 wkh pd{lpxp qxpehu ri suhlpdjhv lv 61

+d, Fulwlfdo fxuyhv ri udqn031 +e, Fulwlfdo fxuyhv ri udqn04/ zklfk vhsdudwhv uhjlrqv ]& zkrvh srlqwv

kdyh n glvwlqfw udqn04 suhlpdjhv +f, Ulhpdqq iroldwlrq fruuhvsrqglqj wr wkh fulwlfdo fxuyhv vkrzq

lq +e,1 Gl�huhqw vkhhwv duh dvvrfldwhg zlwk gl�huhqw lqyhuvhv/ dqg wkh fulwlfdo fxuyhv OF uhsuhvhqw

irogv zklfk mrlq gl�huhqw vkhhwv

Ilj1 81 Iru d @ 4/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ 3=4 wkh pd{lpxp qxpehu ri suhlpdjhv

lv 81 +d, Fulwlfdo fxuyhv ri udqn04/ zklfk vhsdudwhv uhjlrqv ]& zkrvh srlqwv kdyh n glvwlqfw udqn04

suhlpdjhv +e, Ulhpdqq iroldwlrq fruuhvsrqglqj wr wkh fulwlfdo fxuyhv vkrzq lq +d,

Ilj1 91 Iru d @ 4/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ �3=< wkh pd{lpxp qxpehu ri suhlpdjhv

lv <1 +d, Fulwlfdo fxuyhv ri udqn04/ zklfk vhsdudwhv uhjlrqv ]& zkrvh srlqwv kdyh n glvwlqfw udqn04

suhlpdjhv +e, Ulhpdqq iroldwlrq fruuhvsrqglqj wr wkh fulwlfdo fxuyhv vkrzq lq +d,

Ilj1 :1 +d, Mxvw diwhu wkh Qhlpdun0Krsi elixufdwlrq/ iru d @ 4=5/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg

h @ �3=9/ � 5 ]D dqg � _ OF3� @ >1 Wkh �yh glvmrlqw suhlpdjhv ri � duh ghqrwhg e| W3�& +�,/

n @ 4> ===> 81 +e, Iru d @ 4=5/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ 3/ � lqwhuvhfwv OF
E��
3� dqg OF

Ee�
3� dqg

frqyroxwlrqv dsshdu dorqj �1 +f, Iru h @ 3=7 +wkh rwkhu sdudphwhuv duh wkh vdph dv lq +d, dqg +e,,

wkh frqyroxwlrqv ehfrph pruh hylghqw1 +g, Iru h @ 3=8 wkh lqyduldqw fxuyh � qr orqjhu h{lvw dqg lw

lv vxevwlwxwhg e| d pruh frpsoh{ dwwudfwlqj vhw/ fkdudfwhul}hg e| wkh suhvhqfh ri orrsv1

Ilj1 ;1 Iru d @ :=78/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ �8=9 dq dwwudfwlqj f|foh ri shulrg

9 h{lvwv wrjhwkhu zlwk dq dwwudfwlqj forvhg lqyduldqw fxuyh �/ rq zklfk txdvl0shulrglf prwlrq lv

qxphulfdoo| revhuyhg1 Vrph ri wkh shulrglf srlqwv/ ghqrwhg e| wkh qxpehuv 4/ 6 dqg 8/ duh lqvlgh

� dqg wkh rwkhuv duh rxwvlgh �1
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Ilj1 <1+d, Iru d @ 4=5/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ 4=4 wkh jhqhulf erxqghg wudmhfwru|

lv dwwudfwhg wrzdugv d fkdrwlf duhd1 +e, Iru d @ 4=5/ e @ 3=8/ f @ 3=7/ g @ 3=4 dqg h @ 4=5 wkh

erxqghg wudmhfwrulhv frqyhujh wr rqh ri wkh wzr v|pphwulf vwdeoh f|fohv ri shulrg : zkrvh shulrglf

srlqwv duh uhvshfwlyho| ghqrwhg e| i4> ===> :j dqg i4�> ===> :�j1
Ilj1 431 Iru wkh vdph vhw ri sdudphwhuv xvhg wr rewdlq �j1<d/ wkh wzr sruwlrqv ri OF3� lqfoxghg

lqvlgh wkh fkdrwlf duhd/ lqglfdwhg e| wkh duurzv/ duh lwhudwhg lq rughu wr rewdlq wkh erxqgdu| ri wkh

fkdrwlf duhd1 +d, Diwhu 7 lwhudwlrqv wkh lpdjhv ri wkh wzr vhjphqwv ri OF3�/ ghqrwhg e| OF/ OF�/

OF2/ OF�/ jlyh wkh rxwhu erxqgdu| ri wkh fkdrwlf duhd1 +e, Diwhu : lwhudwlrqv wkh zkroh erxqgdu|

ri wkh fkdrwlf duhd lv jhw1

Ilj1 441 Fkdqjhv ri wkh vwuxfwxuh ri wkh edvlq ri lq�qlw| E +4, +juh| uhjlrq, gxh wr fkdqjhv lq

wkh sdudphwhu h/ wkh rwkhu sdudphwhuv ehlqj d @ 4/ e @ 3=8/ f @ 3=7 dqg g @ 3=41 +d, Iru h @ �3=9

wkh vhw E @ U
2 q E +4,/ zkrvh srlqwv jhqhudwh erxqghg wudmhfwrulhv/ lv d vlpso| frqqhfwhg vhw/

uhsuhvhqwhg e| wkh zklwh uhjlrq1 Wkh fulwlfdo fxuyhv OF3� dqg OF duh dovr uhsuhvhqwhg +frpsduh

zlwk �j1:d,1 +e, Iru h @ �3=8/ diwhu wkh frqwdfwv ehwzhhq OF dqg wkh erxqgdu| ri E +4,/ qrq

frqqhfwhg sruwlrq +krohv, ri E +4, dsshdu/ qhvwhg lqvlgh wkh zklwh uhjlrq1 +f, Dw h @ �3=6; d

frqwdfw ehwzhhq OFE�� dqg OFE2� dqg wkh wzr fxvsv ri CE fdxvhv d uhxqlrq ri wkh krohv zlwk wkh

lpphgldwh edvlq ri lq�qlw|/ vr wkdw E ehfrphv djdlq d vlpso| frqqhfwhg vhw1 +e, Dw h @ 3=6 d

frqwdfw ri wkh rwkhu wzr eudqfkhv ri OF fdxvhv wkh fuhdwlrq ri rwkhu idplolhv ri krohv ri E +4,1

Ilj1 451 Iru d @ 4=45/ e @ 3=8/ f @ 3=7/ g @ 3=8 dqg h @ 4=3: wkhuh duh wkuhh frh{lvwlqj

erxqghg dwwudfwruv= d f|foh F�f ri shulrg 43 dqg wzr f|fohv ri shulrg vhyhq1 Wkh uhvshfwlyh edvlqv

ri dwwudfwlrq duh uhsuhvhqwhg e| gl�huhqw froruv= zklwh iru wkh edvlq ri F�f/ uhg dqg juhhq iru wkh

edvlqv ri wkh wzr v|pphwulf f|fohv ri shulrg :1 Wkh shulrglf srlqwv duh uhsuhvhqwhg e| eodfn grwv1

Wkh juh| uhjlrq uhsuhvhqwv wkh edvlq ri lq�qlw|1
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Fig. 5

(b)(a)

Z1

Z3

Z3

Z5

Z5Z5

Z3

Z1

Z3

a = 1   b = 0.5  c = 0.4   d = 0.1  e = 0.1
2

-2

0

0-5 5

P

S

LC ( )3

LC ( )2

LC ( )4 LC ( )1



Fig. 6
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Fig. 7
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Fig. 8
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Fig. 9
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