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Abstract

In this paper we consider a semimartingale model for the evolution of the price of a financial
asset, driven by a Brownian motion (plus drift) and possibly infinite activity jumps. Given discrete
observations, the threshold estimator is able to separate the integrated variance from the sum of
the squared jumps. This has importance in measuring and forecasting the asset risks. The exact
convergence speed was found in the literature only when the jumps are of finite variation. Here we
give the speed even in presence of infinite variation jumps, as they appear e.g. in some cgmy plus
diffusion models.

Keywords: Integrated variance, threshold estimator, convergence speed, infinite activity stable

Lévy jumps.

1 Definitions and notation

We consider a semimartingale (X¢)¢c[o,7], defined on a (filtered) probability space (2, (F¢)icjo,7], F, P)
with paths in D([0,T],R), driven by a (standard) Brownian motion W and a pure jump Lévy process L:

t t
X :xo—l—/ asds—i—/ os dWs + Ly, t €]0,T], (1)
0 0

where a, o are any adapted cadlag processes such that (1) admits a unique strong solution X on [0, 7]
which is adapted and cadlag [4]. L has Lévy measure v and may be decomposed as Ly = J; + My, where

t Ny t
Jy = /0 /|I|>1 zu(dz ds) = ;::lw, M, = /0 ~/|wS1 z[p(dz ds) — v(dx)dt]. (2)

J is a compound Poisson process representing the “large” jumps of L (and X), i.e. with absolute value
larger than one, u is a Poisson random measure on [0,7] x R with intensity measure v(dx)dt, N is a
Poisson process with intensity v({z, |z| > 1}) < oo, 7, are IID and independent of N and the martingale
M is the compensated sum of small jumps of L. We will denote p(dz,dt) — v(dz)dt =: f(dz,dt) the
compensated Poisson random measure associated to u. We allow for infinite activity (IA) jumps, where
small jumps of L occur infinitely often, i.e. ¥(R) = co. This work contributes to the existing literature
([2], [?]) precisely in the case where the jumps have also infinite variation. For a semimartingale Z we
denote A, Z = Z;, — Z;,_, its increments and AZ; = Z; — Z;_ its jump at time ¢.
The Blumenthal-Getoor (BG) index of L, defined as

a:=inf{§ > 0, / |2°v(dz) < o0} < 2,

|z|<1



measures the degree of activity of small jumps.
We call IV = fOT o2du the integrated variance of X and denote

t t
Xot = / asds +/ osdWs, Xt = Xot + Ji
0 0

We will work under the following assumption, which allows us to control the behavior of the small jumps

and of the large jumps (remark 1.1 and lemma 2 in [1]).
Assumption A1l L is symmetric « stable.

A1 means that (see [3]) v has a density of the form m%, for some constants A € R, o €]0,2[. «is
the BG index of L.

We observe X; on a time grid ¢; = ih, for a given resolution h = T'/n. Since X is a semimartingale,
the Realized Variance (RV) Y_" ,(A; X} converges in probability (see [11]) to

T T
(X7 ::/ det—k/ / 22 p(dx, ds).
0 0o Jr—{0}

The threshold estimator ([7, 8]) of the integrated variance IV = fOT o?dt is based on the idea of summing

only some of the squared increments of X, those whose absolute value is smaller than some threshold ry:

IVh = Z(AiX>2I{(A7:X)2STh,}' (3)
i=1
The term fOT Jr_ 0 2?p(dx, ds) due to jumps is asymptotically eliminated as h — 0 by an appropriate
choice of the threshold. Paul Lévy’s law for the modulus of continuity of the Brownian motion paths
([12], p.10) implies

A
P | lim sup ﬂ
h=04e{1..n} /2hln%

and allows to properly choose a threshold. It is shown in ([8], Cor. 2 and Thm 4) that, under the above

<1]=1

assumptions, if we choose a deterministic threshold 7, such that

hlnh
}llin%)rh:()and lim ~" =0 (4)

h—0 Ty

then IV, 2 IV, as h — 0.
Note that the functions 7, = ch? satisfy condition (4) for any 8 €]0, 1] and any constant c.

Remark 1.1. A1 implies that

k—a
Saj<eymr@vida) ~my 7 k=234

l-a
fz\/ﬁ<|z|§1 av(dz) ~ [c—i— cry,? }I{a;ﬂ} + c[ln —2%] I{azl}

—a/2
f2\/ﬁ<|w\g1’/(dx)w7"ha ,

where ¢ indicates a generic constant and f(h) ~ g(h) means that both f(h) = O(g(h)) and g(h) = O(f(h))
as h — 0.



Further notation.
f(wv h) ~P g(wa h‘) means that f(wv h) = OP(g(w7 h)) and g(w7 h) = OP(f(wv h)) as h — 0.

t t
XOt = / ast + / UdeS7 Xlt = XOt + Jt'
0 0

2 Speed of convergence of IV,
Theorem 2.1. Take r, = ch?, 3 €]0,1], ¢ € R. Under A1, as h — 0
IVy =1V ~p VhZy, + 1) 2, (5)

where Zp, L N. The first term in the rhs is due to the presence of a Brownian component within X,

while the last term is led by the sum of the jumps of X smaller in absolute value than \/T},.
Proof. Since X = X; + M, we decompose
IV =1V = S0 (AX)* I a,xy2<my — IV
= i (X)) Ia xp2<any — IV 4 20 (8X0)* (Ia,xyz <y — Tyaxzsany)+ - (6)

230 AiXaAMI(A, xy2 <) + Diey (A M) T, x )2y 7= g L (R)-

Inspection of the proof of Theorem 2 in [8] shows that I;(h)/v/h converges stably in law to a standard
Gaussian random variable.

We now show that Ir(h) = op(Vh) + OP(T;L_(X/Q). In [2] (Proof of theorem 2.5) it is shown that
I(h)/v/h has the same limit in probability as

n i 2
Zi:l (J;/i,—l Uuqu) I{(A,;X)2>rh,,(AiX1)2§4rh,}
Vh '

Note that this last term equals

1 n t; ) 1 n /ti )
— 0, dWy ) I (a, 1= — 0w dWy) Iga, (A ol
\/EZ:ZI (/t;l ) {(A; X)2>rp} \/5;( - ) {(AiX)2>rp, (A X1)2>4r, }
However the last term is negligible since if (A;X1)? > 47, then (by (18) in [2]: for any fixed ¢ > 0 a.s.
for sufficiently small h we have sup;_; ,, |[A;Xo| < ¢y/7r) AiN # 0 and thus, by (7) in [2] and assuming
wlg o bounded on Q x [0, 7],

1 < b 2 1
ﬁE[; (/ti—l Uuqu) I{(AiX)2>Th7(AiX1)2>4Th}] < CE[NT]\/Eln h — 0,

as h — 0. So now we deal with > 37", ( [;" O’udWU)2I{(Aix)2>rh}. If |AJ + A M| — A Xo| > |AX]| >
VT then |AzJ + A;M| > \/r, +|A; Xo| > /r, and then either A;J # 0 or A;M > /r},/2. However

t;
S oudWa)?Ia, 51200 _ Nrhln +

N
1—a/2 — 1—a/2 ’
Th "h



and, by (20) in [2],

ti
E[Zz(]‘til o dW,)? Iy a, M|>W~h/2}] 1 Z P{|A;M]| > /TL/Q} pl-eB/2  q
In— — 0.
1—a/2 1—a/2 lfa/2 h
"h "h "h

Then our result on I5(h) behavior is reached.
In [2] (Proof of theorem 2.5) it is shown that I3(h)/vh Zo.

We now show that I4(h) has the same asymptotic behavior as 7“}1;04/ ®. Fix any ¢ > 1 and define

N, = ZI{|AX |>Th

u<s

2
ti
= xf(dx, dt) — h/ av(dr)
</tz‘1 /|33|§\/;T1 @qﬂdﬁl

n n

Li(h) =Y (MM I, x2<r,) = D _(AM)? {I{AiN:O} —Iia, N=0,8:x)25m) T I{Aiﬁzl,(AiX)Zgrh}] :
-1 i=1

We can write

On {AZN = 0} the squared increment (A;M)? equals &,;, so we can write the rhs term above as

Zﬁm anzI{A N>1} anzl{AN 0,(A; X)2>rh}+z (AiM) I{A N>1,(A; X)2<rn} — ZIM

We are now going to show that
Lia(h) =) &
is the leading term of I4(h) and that it has the same asymptotic behavior as

E[énl} ~ r}ll a/Q

In fact theorem 2.4 in [2] states the following CLT

Zi Eni — nE[&n1] d N,
nVar(&n]

Since nE[{p1] ~ r}ll /2 4 h(1 — 7“ ) Ttaz1y + h1n? WI{O‘ 1o~ rh —a/2 0, and /nVar[,]

,ll */* _, () we reach that I41(h) =, &ni tends to zero in probability at speed 1"1 /2,

We now show that Iy s(h) =—>, €nil{A N>13} is negligible wrt r,lfa/Q. In fact, by the independence

of & on {A;N > 1} = { ({lz] > /ru/a}xJtiz1, t] ) > 1}, we have

‘Z Enilyn, N>1}’ E[|&ni|P{AN > 1} nVE[E2] 0

T}ll a/2 T;ll a/2 r}i a/2
ny/th */2g —a/2
~ 1—a/2 = (hry, /)1/2H0
Th



where 0 = h1—28/2 = hr;a/Q.

Now we prove that also Iy 3(h) = —>", Enil{n, N=0,(Ar; x)25r,) 15 negligible wrt r,lfaﬂ.
First note that we take > 0: 1/¢ +7 < 1. Now on {A;N =0, (A;X)? > r1,} we necessarily have that
|A;M| > \/rh/q, because otherwise, for sufficiently small h we would have |A;Xo + A;M| < 1/, +

VT/a = (1 — 7) and

implying that |A;J| > 1, which is impossible since .J only moves by jumps bigger than 1, while A; N = 0
indicates that no jumps bigger than /7, /¢ < 1 happened.

Second, note that on the set where X has no jumps bigger than /7 /q, the same is for M and for L,
and P{A;N = 0,(A;X)? > r,} < P{AN = 0,|A;M| > \/7i,/q} = P{N), = 0,|My,| > \/7i,/q}, by the
Lévy property of M, and this equals P{Nh = 0,|L},| > /Tn/q}, where L' is the L process deprived of
its jumps bigger in absolute value than /r},/q, since My = Ly = 0 and M, L' move only by jumps, but
on the given set they made no jumps bigger than ,/r},/q, so they made the same jumps and M, = L},.
Moreover last probability is dominated by P{|L}| > \/Tn/q} ~ 6%3, by [1], end of proof of Lemma 2
(with g there in place of a here, /2 there in place of /7 /q here, Y there in place of L here, Y there
in place of L’ here'). We then reach that P{|A;L'| > \/r,/4} < K6*/3, and thus

E[[Iys(h)]] _ B 1&nillia, m=o,a:x)25m}]

7,}1L—oz/2 = r}ll—a/Z
S VEZTPIAN = 0,(8X) > 1} ny/hrd 720208
< <c — 0
1—o/2 1—a/2
’I“h Th
Finally we show that Iy 4 = Zz‘(AiM)QI{AiNZL(AiX)?grh} is also negligible wrt 7‘,1170‘/2. In fact we
decompose

D(AMP A §o1 (8 x)2<m)

1-a/2 -

"h

T}ll_la/Q ;(AiM)Q |:I{Ai1\7:1,|AX§\Sl,(AiX)QSTh} + I{AiN:1,|AX§\>1,(AiX)2§rh} + I{Aiﬁzz,(Aixﬂgrh}] )
-

where 5 is the time instant of the unique jump of X bigger than /7, /¢ within ]¢;_q,¢;] when A;N = 1.
Let us deal with the first term above. Note that, for small h, /7, /q < 1 so on {A;N = 1,|AX;| < 1}
within Jt;_1,t;] we only have jumps less than one so that A;J = 0. Fix now any p > 0. If also (A; X)? <,
then for sufficiently small h we have sup; |A; Xo| < py/r, and /7, > |A; X | = |AiXo + A M| > |A;M| -
|8 Xol, so |AM| < /i, + |AiXo| < /ra(1 + p) uniformly in i = l.n. Thus {A;N = 1,]AX;| <
L|AX| < /rn} C {AN = 1,|AX4| < 1,]AM]| < VTr(1 4+ p)}, and the probability of this last set
equals P{N;, = 1,|AM;| < 1,|My| < /rn(1 +p)} by the Lévy property of M, and in turn this equals
P{N, = 1,|ALs| < 1,|Ly| < VTh(1 +p)}, since My = Lo = 0 and M, L move only by jumps, but on
the given set they made only jumps smaller than one and so they made the same jumps. Moreover last

probability is dominated by

P{Ny = 1,|Ln| < v/ri(1+p), |ALs| > \/rr(L+p)} + P{Ny = L, |Ln| < /(1 +p), |ALs| < /r(1+p)}

Within the last part of the proof of Lemma 2 in [1] we noticed a minor misprint which, however, is corrected by simply
replacing D’ = {|Y’| > §/2} with D’ = {|Y"”/| > §/2}, and does not substantially affect the statement in the Lemma.




< P{N} =1,|L| < rr(1 +p)} + P{N}| =1}, (8)

where Nj = 32, o), [(ar, > ymumy and N = X0, Ljas,je) /o ymmasp)- The first term of (8),
by lemma 2 in [1], is O(6%/3). As for the second one we have

- VTr(14p)
P{N/=1}=h lv(dz) ~ 0]¢* — (1 +p)~ 7],
NG
so that 1
rl_a/QE|:Z(AiM)2I{AiN:l,‘AXgISl,(AiX)QSTh,}} S
h i
ri(1+p)?

Tl—a/2 (TLP{N;Z =1, |Lh| < \/E(l +p)} + ’I’LP{N}/L/ = 1})
h

< erpl? (n94/3 +nblg* — (1 +p)‘“]) =o(1) +¢% — (1+p)~"
So we obtained that for any ¢ > 1,p > 0, for sufficiently small h

1 (e} —Q
rlfa/zE[Z(AiM)%{AiN:uAXg\31,<AiX)2§rh}] <q¢*—(1+p)7"
h i

Letting ¢ — 1 and p — 0 we find that

. 1
%{}% WE[Z(AiM)QI{AiN:1,|AX§\gl,(AiX)2§rh}] =0.
h

?

Let us now deal with the second term within (7). If [AXz| > 1 then A;J # 0. If also |A; X | < /), then
for sufficiently small h we have |A; M| >/, uniformly on i. In fact [A;J+A;M|—|A; Xo| < [AX| < /h
so that |A;J + A;M| < |A; Xo| + +/Th, which, for any positive p, for sufficiently small %, is dominated
by /(1 + p). Moreover, since |[AX5| > 1 and for sufficiently small A in each ]t;_;,?;] at most one
jump occurred, [A;J| — |[A;M| < |AyJ + A;M| < /T (1 + p) implies |[A; M| > |AJ| — /T (1 +p) >
1 — /(1 +p) > \/ry, for sufficiently small h, uniformly on i. As a consequence

1
P <T1—a/2 Z(AiM)zl{AiN:L\AX5|>1,(AiX)2§rh} # 0) <nP(A;N #0,|A;M[ > /rp) — 0
h i
by Lemma 6.1 ii) in [2].
Finally, we consider the last term in (7). On |A; X| < /7, either we have A;J = 0, and consequently
|A;M| < \/rh (14 p), or we have A;J # 0, and then as before |[A; M| > |/r},. Therefore

1
1—a/2 Z(AiM)QI{AiNZQ,(AiX)QSTh} -

h 7

(AiM)?
Z 1—a/2 (I{AiNZQ,(AiX)QST;uAiJ:OJAiM|§(1+P)\/ﬁ} +I{AiNZQ,(AiX)QST;L7A1'J¢0,|A¢M|>\/W}>’
i Th
The expectation of the first term is dominated by %nw — 0, being P{A;N > 2} < ¢#?, while
Th

the probability that the second term differs from zero, similarly as before, is dominated by nP{A;N #
0,|A;M| > /r,} — 0.

1—a)2
Therefore, Iy ~p 7}, o/

is proved.



We can summarize as follows
Ii/h — IV ~p \/EZ}«L + OP(\/E) + T’,ll_a/2 + OP(’I“,ll_am)7

where the first term in the rhs comes from I; and is due to the presence of a Brownian component within
X, while the third term is determined by I, which is led by nE[£,1], where in turn the main term is the

sum of the jumps of X smaller in absolute value than /7, and our theorem is proved. O

Corollary 2.2. Under A1 we have

if c =0 then IV, — IV ~p T;L_“/Q
ifa?‘éOanda<1,ﬁ>ﬁthen %S—%N

ifo#0anda<1,8< 5 then IVy—IV ~pr)

ifc 20 and a > 1 then IV = IV ~op i/,

Proof. If o # 0 note that as h — 0

\/E :h%fﬁ(lf%) - 0 lfOé 2 1
oo ifa<1and > 5 €]3,1]

since the h exponent above is positive iff 8 < ﬁ, which is always the case when o« > 1, since ﬁ €)1, oo,
while the exponent is negative when o < 1 and 3 is close to one, since ﬁ €]1/2,1[. Therefore if a > 1
we have VhZ, + op(Vh) = 0p(7“,1;a/2) and

IV, =1V ~pry @2

If a <1and 3 is close to 1 (8 > 51-) then ri_am + OP(T}L_Q/Q) = op(v/h) and
IVy — IV ~p VhZy,.

If « <1and 8 < 5 then Vh = O(ri_am) and
IV, =1V ~p 2,

We now consider the case ¢ = 0. Recall decomposition (6). We have IV = 0 and that I; (k) = Op(h).
In fact

Li(h) = (AiX1) Ta,x1)2<dm) (10)
and, assuming wlg a bounded on Q x [0,7T], we have that for sufficiently small h, for all i = 1..n,
I{(AiX1)2S4Th} = I{A¢N:O}7 since if |A1J| - |ftt,l_1 audu| < ‘ftil—l audu + A1J| = |AiX1| < Qﬁ then
A | < 2¢/rh + |f:71 aydu| = Op(\/T,) — 0 and then, for sufficiently small h, A;J = 0. If otherwise
AT+ [, audul > ] [ awdu+ ApJ| = |8 X0 | > 2y/r), then [A;J| > 2,/r), — |ftiil aydu] > 0 and
A;J # 0. Therefore in (10) we have

t;
Z(AiX1)2I{AiN:O} = Z(/ aydu)*(1 = Iia, n20y) = Op(h).
ti—1

% i



Now we show that I3(h) = op(h). In fact, similarly as for I in the proof of theorem 2.5 in [2] on
{(A;X1)? > drp, (A X)? <1} we have A;N # 0 and |A;M| > /1, so

{ Z (AiX1)*T((a,x)2 < (A X1)25dr,) 7 0} < nP{AN #0,[A;M| > \/rp} — 0.

Moreover on {(A;X)? > rp,, (A;X1)? < 47} we have A;N = 0, so A; X = ftt,.i,l aydu + A M, A X =
Li‘_l aydu and | ‘I;tii;l aydul+|A; M| > |A; X | > /r implying that, for sufficiently small h, |A; M| > ¢\/r},.
Therefore

t;
iy, audu)®Iya npse

1 n
7 D (DX LA x)2 5 (A Xy )2 <) < - = Op(#) —p 0.
i=1
We then have Iy(h) ~p r,ll o/2 , as in the proof of the previous theorem.

Finally we see that I3(h) = Z?:l AiXIAiMI{(AiX)2§rh,AiJ;£O} + E?:l AinAiMI{(AiX)Qgrh,AiJ:O}
= op(r }L /2 ). In fact, similarly as for I3 in the proof of theorem 2.5 in [2] we have that if A;J # 0 then
|A; X1| > /r and if further |A; X| < \/ry, then |A; M| > /7, and then

1
P{ = a/zZAXIAMI{(AX)2<T’)LAJ7$O}7£O}<nP{AJ#O |AM|>\/7}—>O

Tp =1
Moreover
ZA XiAiM I, x)2<r,,A,0=0) = Z/ aydu AiMI{a,x)2<r, A, =0}
=1
n t; n t;
< Z/ aydu AiMI{(A,;X)2§rh} < Z aydu) \/Z (A M) QI{(A X)2<r}
i=1Jti—1 i=1 Yti—1
n ti
= Z(/ aydu)?+/I4(h)
i=1 Yti-1
and

" h
B a/z > audu)? Vi) = OP( 1a/z> —0.
= r

ti—1

Summarizing, when ¢ = 0 we have

4
IV =1V =" Ii(h) ~p h+op(h) + op(ry /%) + 1,7 ~ 702,
j=1
and the final behavior of the estimation error is determined by Iy (h). O

Remarks.

i) When o < 1 and 8 > 1/(2 — «) result (9) is consistent with [2] and [5] where, under some different
assumptions on X in the two cases, we find that in presence of a Brownian part within X and for threshold
exponent 3 sufficiently close to 1, IV, — IV/Vh N

ii) Result (9) is also consistent with [2] and [5] when o > 1 and in presence of a Brownian component

within X. In fact in [2] we have that % £ 100 and in [5] we have that Ivlh —ih il 0, for all
Th

exponents s such that [ 1A |z|*v(dz) < oo, i.e. for all s > a.



iii) The new feature here is giving the exact speed at which the estimation error I V-1V converges to
zero when a > 1, both in presence and in absence of a Brownian component, and when a < 1 in absence
of it. Such a speed depends both on the jump activity index « of X and on the threshold exponent g.

iv) In the bivariate case things are more complicated. Given two processes such that dXt(q) =
aldt + o Paw(® + dL\? q = 1,2, for t € [0,T], where W* = p, W) + /T— p2W® with inde-
pendent Brownian motions W) and W), the speed of convergence of the threshold estimator I Ch =
S AjX(l)1{(A_7X(1))2§r(h)}AjX(2)1{(AjX(2))2§r(h)} to the integrated covariance IC = fOTth,gl)agz)dt
turns out to have some common features with the univariate case ([9]), but a complete framework has to
separately account many different cases. More precisely: in presence of Brownian parts and aq,as < 1
we still have % AN (see [10], [6]). Otherwise the speed still depends on the jumps of both M)
and M smaller in absolute value than the threshold, but now such a speed is different according to on
different relations among a1, as, 5 and to the presence or absence of a new parameter v measuring the
degree of dependence among the jumps of the two components ([9]).
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