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Abstract

We prove a sharp three sphere inequality for solutions to third order pertur-
bations of a product of two second order elliptic operators with real coefficients.
Then we derive various kinds of quantitative estimates of unique continuation for
the anisotropic plate equation. Among these, we prove a stability estimate for the
Cauchy problem for such an equation and we illustrate some applications to the size
estimates of an unknown inclusion made of different material that might be present
in the plate. The paper is self-contained and the Carleman estimate, from which
the sharp three sphere inequality is derived, is proved in an elementary and direct
way based on standard integration by parts.
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1 Introduction

In the present paper we shall prove some quantitative estimates of unique continuation
for fourth order elliptic equations arising in linear elasticity theory.
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The equations we are most concerned with are those describing the equilibrium of a
thin plate having uniform thickness. Working in the framework of the linear elasticity for
infinitesimal deformations and under the kinematical assumptions of the Kirchhoff-Love
theory (see [Fi], [Gu]), the transversal displacement u of the plate satisfies the following
equation

2
(1.1) Lu = Z 8%(Cijkl(a:)8glu) =0, in,

ZA7‘j7’€7l:]‘

where 2 is the middle surface of the plate and {Ciju(2)}?; - is a fourth order tensor
describing the response of the material of the plate. In the sequel we shall assume that
the following standard symmetry conditions are satisfied

(12) Cijkl<x) = C’klij(x) = Olkij(m)7 i,j, k’,l = 17 2, n Q

In addition we shall assume that Cjji € C*(Q), i,5,k,1 = 1,2, and that the following
strong convexity condition is satisfied

(1.3) Cijra(2) Aij A > v]A?,  in Q,
for every 2 x 2 symmetric matrix A = {Aij}ijzl, where v is a positive constant and
|A|2 = Z?,jzl A?j‘

More precisely, the quantitative estimates of unique continuation which we obtain are
in the form of a three sphere inequality (see Theorem 6.2, Theorem 6.5 and Theorem 6.6),
in developing which we have mainly had in mind its applications to two kinds of inverse
problems for thin elastic plates:

a) the stability issue for the inverse problem of the determination of unknown bound-
aries,

b) the derivation of size estimates for unknown inclusions made of different elastic
material.

Let us give a brief description of problems a) and b).

Problem a). We consider a thin elastic plate, having middle surface €2, whose boundary
is made by an accessible portion I' and by an unknown inaccessible portion 7, to be deter-
mined. Assuming that the boundary portion [ is free, a possible approach to determine
I consists in applying a couple field M on I' and measuring the resulting transversal dis-
placement u and its normal derivative % on an open subset of I". In [M-Ro] it was proved
that, under suitable a priori assumptions, a single measurement of this kind is sufficient
to detect I. The stability issue, which we address here, asks whether small perturbations
of the measurements produce or not small perturbations of the unknown boundary I.
Since assigning a couple field M results in prescribing the so called Neumann conditions

for the plate, that is two boundary conditions of second and third order respectively, it



follows that Cauchy data are known in I". Therefore it is quite reasonable, also in view
of the literature about stability results for the determination of unknown boundaries in
other physical frameworks (see for instance [Al-B-Ro-Ve|, [Si], [Ve]), that the first step
to be proved in order to get such a stability result consists in stability estimates for the
Cauchy problem for the fourth order equation (1.1). For this reason, in the present paper
we derive a stability result for the Cauchy problem, see Theorem 3.8, having in mind
applications to this inverse problem and to the analogous ones, consisting in the deter-
mination of cavities or rigid inclusions inside the plate. We refer to [M-Ro-Ve3] and to
[M-Ro] respectively for uniqueness results for these two inverse problems.

Problem b). We consider a thin elastic plate, inside which an unknown inclusion made
of different material might be present. Denoting by {2 and D the middle surface of the
plate and of the inclusion respectively, a problem of practical interest is the evaluation
of the area of D. In [M-Ro-Vel] we derived upper and lower estimates of the area of D
in terms of boundary measurements, for the case of isotropic material and assuming a
“fatness” condition on the set D, see [M-Ro-Vel, Theorem 4.1]. Since the proof of that
result was mainly based on a three sphere inequality for |V?u|?* (here V?u denotes the
Hessian matrix of u), where u is a solution of the plate equation, we emphasize here that
Theorem 4.1 of [M-Ro-Vel] extends to the more general anisotropic assumptions on the
elasticity tensor stated in Theorem 6.5 of the present paper, in which such a three sphere
inequality is established.

Concerning the Cauchy problem, along a classical path, [Ni], recently revived in
[Al-R-Ro-Ve] in the framework of second order elliptic equations, we derive the stabil-
ity estimates for the Cauchy problem for equation (1.1) as a consequence of smallness
propagation estimates from an open set for solution to (1.1). Such smallness propagation
estimates are achieved by a standard iterative application of the three sphere inequality.

In view of the applications to problems a) and b), we took care to study with particular
attention the sharp character of the exponents appearing in the three sphere inequality
because of its natural connection with the unique continuation property for functions
vanishing at a point with polynomial rate of convergence (strong unique continuation
property, [Co-Gr|, [Co-Gr-Ta], [Ge], [LeB], [L-N-W], [M-Ro-Vel]) or with exponential
rate of convergence, [Co-Kol, [Pr]. As a byproduct of our three sphere inequality, we
reobtain the result in [Co-Ko|, in the case of C1! coefficients, stating that, if u(z) =

O (e"x_xo‘fl;) as r — xg, for some g € Q and for an appropriate § > 0 which is

precisely defined below, then v = 0 in . Indeed it is not worthless to stress that
such kinds of unique continuation properties, especially the quantitative version of the
strong unique continuation property (three sphere inequalities with optimal exponent
and doubling inequalities, in the interior and at the boundary) have provided crucial
tools to prove optimal stability estimates for inverse problems with unknown boundaries
[Al-B-Ro-Ve|, [Si], [Ve] and to get size estimates for unknown inclusions, [Al-M-Rol],
[Al-M-Ro2], [Al-M-Ro3], [Al-Ro-S], [M-Ro-Vel], [M-Ro-Ve2]. Concerning problem b),



we stress that the application of doubling inequalities allows to get size estimates of the
unknown inclusion D under fully general hypotheses on D, which is assumed to be merely
a measurable set, see [M-Ro-Ve2].

The strong unique continuation property for equation (1.1) holds true, [Co-Gr], [LeB],
[E—N—W], [M-Ro-Vel]), when the tensor {Ciju(2)}7; -, satisfies isotropy hypotheses,
that is

(1.4) Cijri(x) = 030 (x) + (0l + dadjw) p(x), 4,5,k 1=1,2, inQ,

where A and p are the Lamé moduli.

On the other hand, in view of Alinhac Theorem [Ali], it seems extremely improbable
that the solutions to (1.1) can satisfy the strong unique continuation property under
the general hypotheses (1.2) and (1.3) on the tensor {Cijr(2)}7; ;. Indeed, let L=
Zi:o as_p(2)0P03™" be the principal part of the operator £. Let 21, 25,7, %y (here Z; is
the conjugate of the complex number z;) be the complex roots of the algebraic equation
Zizo as_n(20)2" = 0. In [Ali] it is proved that if 2; # 2o then there exists an operator
@ of order less than four such that the strong unique continuation property in xo doesn’t
hold true for the solutions to the equation Lu + Qu = 0. A fortiori, it seems hopeless the
possibility that solutions to (1.1) can satisfy the doubling inequality.

At the best of our knowledge, concerning both weak and strong unique continuation
property for equation (1.1), under the general assumptions (1.2), (1.3) and some reason-
able smoothing condition on the coefficients Cj;x;, neither positive answers nor counterex-
amples are available in the literature. On the other hand, it is clear that, in order to face
the issue of unique continuation property for equation (1.1) under the above mentioned
conditions, the two-dimensional character of equation (1.1) or the specific structure of
the equation should play a crucial role. Indeed, a Plis’s example, [Pl], [Zu], shows that
the unique continuation property fails for general three-dimensional fourth order elliptic
equations with real C'*° coeflicients.

For the reasons we have just outlined, in the present paper we have a bit departed from
the specific equation (1.1) and we have derived the three sphere inequality that we are
interested in, as a consequence of a three sphere inequality for solutions to the equation

(1.5) Piu) + Q) =0, inB = {zeR"||z] <1},

where n > 2, () is a third order operator with bounded coefficients and P, is a fourth
order elliptic operator such that

(16) P4 — L2L1,

where L; and Ly are two second order uniformly elliptic operator with real and C!(B;)
coefficients. Our approach is also supported by the fact that the operator £ can be
written, under very general and simple conditions (see sections 3 and 6), as follows

(1.7) L=P+Q



where Py satisfies (1.6) and @ is a third order operator with bounded coefficients. We have
conventionally labeled such conditions (see Definition 3.1 in Section 3) the dichotomy con-
dition. On the other hand, the conditions under which the decomposition (1.7) is possible
are, up to now, basically the same under which the unique continuation property holds for
fourth order elliptic equation in two variables [Wat], [Zu]. More precisely, such conditions
guarantee the weak unique continuation property for solution to Lu = 0 provided that
the complex characteristic lines of the principal part of operator £ satisfy some regularity
hypothesis.

We prove the three sphere inequality for solutions to equation (1.5) (provided that
P, satisfies (1.6)) in Theorem 5.3. By such a theorem we immediately deduce, Corollary
5.4, the following unique continuation property. Let L, = Z? i1 g,ij (x)@izj, k=12,
where gy = {gV/ (x) r;_y are symmetric valued function whose entries belong to C*! (By).
Assuming that {g,ij (x) k = 1,2 satisfy a uniform ellipticity condition in By, let

n
ij=1

v, and v* (u, and p*) be the minimum and the maximum eigenvalues of {g%(0)
({g;j(O)}ijl) respectively, and let § >, /Z—Z — 1. We have that

n
ij=1

(1.8) if  wu(z)=0 (e"”"rﬁ) , asx—0, thenu=0 1in By.

Since (1.8) has been proved for the first time in [Co-Ko], see also [Co-Gr-Tal, where
the sharp character of property (1.8) has been emphasized, we believe useful to compare
our procedure with the one followed in [Co-Ko]. In the present paper, as well as in
[Co-Ko], the bulk of the proof consists in obtaining a Carleman estimate for Py = Lol
with weight function e~ @)™ where 8 > /% — 1 and (0o(x))” is a suitable positive
definite quadratic form (Theorem 5.2). In turn, here and in [Co-Ko], the Carleman
estimate for P, is obtained by an iteration of two Carleman estimates for the operators
Ly and Ly with the same weight function e~ However, while in [Co-Ko] and
[Co-Gr-Ta] the proof of Carleman estimates for L; and Lo is carried out by a careful
analysis of the pseudoconvexity conditions, [H61], [H62], [Is], in the present paper, Section
4, we obtain the same estimates by a more elementary and direct way. More precisely,
we adapt appropriately a technique introduced in [Es-Ve] in the context of parabolic
operators. A prototype of this technique was already used in [Ke-Wa] in the issue of the
boundary unique continuation for harmonic functions. Such a technique, which is based
only on integration by parts and on the fundamental theorem of calculus, being direct
and elementary, makes it possible to easily control the constants that occur in the final
three sphere inequality.

Finally, let us notice that the above results can be extended also to treat fourth order
operators having leading part Lu given by (1.1) and involving lower order terms. An
example of practical relevance is, for instance, the equilibrium problem for a thin plate
resting on an elastic foundation. According to the Winkler model [Win], the corresponding
equation is

(1.9) Lu+ku=0, in ,



where k = k(x) is a smooth, strictly positive function. Indeed, in view of Theorem 5.3,
the three sphere inequalities established in Section 6 extend to equation (1.9).

The plan of the paper is as follows. In Section 2 we introduce some basic notation.
In Section 3 we present the main results for the Cauchy problem, see Theorem 3.8. In
Section 4 we prove a Carleman estimate for second order elliptic operators, Theorem 4.5,
which will be used in Section 5 to derive a Carleman estimate for fourth order operators
obtained as composition of two second order elliptic operators, Theorem 5.2. In the same
Section, as a consequence of Theorem 5.2, we also derive a three sphere inequality and
the unique continuation property for such fourth order operators, see Theorem 5.3 and
Corollary 5.4 respectively. Finally, in Section 6, the results of Section 5 are applied to the
anisotropic plate operator, obtaining the desired three sphere inequality, see Theorems
6.2, 6.5 and 6.6.

2 Notation

Let P = (z1(P), z2(P)) be a point of R?. We shall denote by B,(P) the ball in R? of radius
r and center P and by R, ;(P) the rectangle of center P and sides parallel to the coordinate
axes, of length a and b, namely R, ;(P) = {z = (x1,22) | |z1 —21(P)| < a, |xe —22(P)| <
b}. To simplify the notation, we shall denote B, = B,.(O), Rap = Rap(O).

When representing locally a boundary as a graph, we use the following definition.

Definition 2.1. (C*® regularity) Let © be a bounded domain in R?. Given k, «, with
k€N, 0 < a <1, we say that a portion S of 99 is of class C* with constants py,
My > 0, if, for any P € S, there exists a rigid transformation of coordinates under which
we have P = ( and
QN Ra , ={r=(21,72) € Rro , | x2>19(11)},
My

My »PO

i k.o i _P0 PO iafvi
where 9 is a C'"™* function on ( VPR Mo) satisfying

$(0) =0,
Y'(0) =0, whenk>1,
H¢”Ck,a<_]€700’16700> < Mypo.

When k£ =0, a = 1, we also say that S is of Lipschitz class with constants py, M.

Remark 2.2. We use the convention to normalize all norms in such a way that their
terms are dimensionally homogeneous with the L> norm and coincide with the standard
definition when the dimensional parameter equals one. For instance, the norm appearing
above is meant as follows

&) +plg+a|¢(k)|a7( Po. PO

Lo )
Mg * My Mg * My

k
_ i3
9y gg) = D0l
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where

9 (@) — 6B (y)|

|¢““)| (,Lo Lo) = sup
)T ey T
'#y’

Similarly, denoting by Viu the vector which components are the derivatives of order 4

of the function wu,
k41

[ullorr o) = Z P0i||viu||L°°(Q),
i=0

1
2
ull z20) = po " (/ UQ) :
Q

1
m 2

ull 70y = po " (Zpﬁl / !WP) :
1=0

and so on for boundary and trace norms such as || - HH%(aQ)’ || - HH’%(aﬂ)'
Notice also that, when 2 = Br(0), then 2 satisfies Definition 2.1 with py = R, My = 2

and therefore, for instance,

2

HuHHm(BR) - R_l (Z Rm/ |vzu|2> )
=0

Br

Given a bounded domain €2 in R? such that € is of class C*“, with & > 1, we consider
as positive the orientation of the boundary induced by the outer unit normal n in the
following sense. Given a point P € 02, let us denote by 7 = 7(P) the unit tangent at the
boundary in P obtained by applying to n a counterclockwise rotation of angle 7, that is

(2.1) T =e3Xn,

where x denotes the vector product in R3, {ej,es} is the canonical basis in R? and
e3 = €1 X éq.

Given any connected component C of 0f2 and fixed a point P € C, let us define as pos-
itive the orientation of C associated to an arclength parametrization p(s) = (x1(s), z2(s)),
s € [0,1(C)], such that ¢(0) = P and ¢'(s) = 7(¢(s)). Here [(C) denotes the length of C.

Throughout the paper, we denote by d;u, d,u, and d,u the derivatives of a function
u with respect to the x; variable, to the arclength s and to the normal direction n,
respectively, and similarly for higher order derivatives.

We denote by M? the space of 2 x 2 real valued matrices and by £(X,Y") the space of
bounded linear operators between Banach spaces X and Y.

For every 2 x 2 matrices A, B and for every L. € £(M? M?), we use the following
notation:

(2.2) (LA);; = Lijki A,
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(2.3) A- B = Ay;Bjj,
(2.4) Al = (A- A)z,

(2.5) A =~ (A+ AY),

N | —

where A! denotes the transpose of the matrix A. Notice that here and in the sequel
summation over repeated indexes is implied.

3 Stability estimates for the Cauchy problem

h 1] with middle surface represented by a bounded

Let us consider a thin plate  x [-3, 5
domain  in R? and having uniform thickness h, h << diam(f2). Given a positive constant

M, we assume that
(3.1) Q] < Myp;.

Let us assume that the plate is made of nonhomogeneous linear elastic material with
elasticity tensor C(z) € £(M? M?) and that body forces inside 2 are absent. We denote
by M a couple field acting on the boundary 95).

We shall assume throughout that the elasticity tensor C has cartesian components
Cijr which satisfy the following conditions

(32) Cijkl = Ckzlij = Ckzlji i,j, k?,l = 1, 2, a.e. In Q

We recall that the symmetry conditions (3.2) are equivalent to

(3.3) CA =CA*™,
(3.4) CA is symmetric,
(3.5) CA-B=CB-A,

for every 2 x 2 matrices A, B.

In order to simplify the presentation, we shall assume that the tensor C is defined in
all of R2.
On the elasticity tensor C we make the following assumptions:

I) Regularity

(3.6) C € CVY(R?, £(M?, M?)),



with

2 2
(3.7) Yo D AV Chpille @) < M,

i,k l=1 m=0

where M is a positive constant;
IT) Ellipticity (strong convezity) There exists v > 0 such that

3.8 CA-A>~|A2 iR
v

for every 2 x 2 symmetric matrix A.
Condition (3.2) implies that instead of 16 coefficients we actually deal with 6 coeffi-
cients and we denote

( 01111 = Ao, C’1122 = C’2211 = 307
C11112 = C(1121 = 01211 = 02111 = CO»
C12212 = 02221 = 01222 = C'2122 = D07
C(1212 = C11221 = C(2112 = C2121 = EOa

(39> L C(2222 = FOa
and
(310) ag = A(), ap = 400, a9 = 2BO + 4E0, as = 4D0, ayg = F().

Let S(x) be the following 7 x 7 matrix

ao aq (45} as ay 0 0

0 Qo aq Q9 as ay 0

0 0 Qo aq Q9 as Qg
(311) S(ZE) = 4&0 3@1 2&2 as 0 0 0 s

0 4ay 3a1 2a2 a3 0 O

0 0 4(10 3@1 2&2 as 0

0 0 0 461,() 3@1 2&2 as
and

1

(3.12) D(r) = | det: S()].

Let us introduce the fourth order plate tensor

3

W,
(3.13) P= EC’ in R”.

With this notation we may rewrite the plate equation (1.1) in the equivalent compact
form



(3.14) div(div(PV?u)) =0, in €,
where the divergence of a second order tensor field 7'(x) is defined, as usual, by
(div T (@)); = 0T (x).

Our approach to the Cauchy problem leads us to consider the following complete, inho-
mogeneous equation

(3.15) div(div(PV?u)) = f + divF + div(divF), in Bg,
where f € L*(R?), F € L*(R* R?), F € L*(R?* M?) satisfy the bound

1

1 €
(316) H.f||L2(R2) + p_HFHLQ(RQ;RZ) + PHfHLQ(RQ;MQ) S J—
0 0

P’
for a given € > 0.
A weak solution to (3.15) is a function u € H?(Bg) satisfying

(3.17) / PV?u - Vi = / fo —/ F-Vo+ F -V, forevery ¢ € H(Bg).
BR BR BR BR

In the sequel we shall use the following condition on the elasticity tensor that we have
conventionally labeled dichotomy condition.

Definition 3.1. (Dichotomy condition) Let O be an open set of R?2. We shall say
that the tensor P satisfies the dichotomy condition in O if one of the following conditions
holds true

(3.18a) D(x) >0, foreveryx € O,
(3.18b) D(x) =0, foreveryz € O,
where D(z) is defined by (3.12).

Remark 3.2. Whenever (3.18a) holds we denote

(3.19) 0; = minD.
0

We emphasize that, in all the following statements, whenever a constant is said to depend
on 0; (among other quantities) it is understood that such dependence occurs only when
(3.18a) holds.
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Remark 3.3. Let us briefly comment the dichotomy condition in the special class of or-
thotropic materials, frequently used in practical applications. In particular, let us assume
that through each point of the plate there pass three mutually orthogonal planes of elastic
symmetry and that these planes are parallel at all points. In this case

(3.20) Co=0, D=0,

so that

(3.21) ag=Ag, a1 =0, ay=2By+4FE,, a3=0, a4 =Fy,
and

(3.22) D(x) = 16agay(a3 — 4agas)’.

Since, by the ellipticity condition (3.8), the coefficients ag, a4 are strictly positive, the
dichotomy condition reduces to the vanishing or not vanishing of the factor a3 — 4agas.

Introducing the engineering constitutive coefficients Ey, Es, G1a, V12, Vo1, With v15 Fy =
vo1 Fy by the symmetry of C, we have

2
V192 1 — Az 1

3.23 2_4 —4E* | [ == k - =

( ) Qg apQy 1 ( 2 + — 1/12> R
where

E; E;
3.24 | —— — _ ]
(3.24) B TG,

The isotropic case corresponds to k = 1 and m = 1, so that, by (3.23), D(z) = 0.
Let us notice that

(3.25) if m = vk, then D(z) = 0.

This shows that there exist anisotropic materials such that (3.18b) is satisfied. Roughly
speaking, this simple example makes clear that the value of D(z) cannot be interpreted
as a “measure of anisotropy”.

Moreover, a case of practical interest corresponds to the vanishing of the Poisson’s
coefficient 15, which gives

1 1
(3.26) a3 — dagay = AF} (ﬁ - E) :
so that
(3.27) if m # vk, then D(x) > 0.

This gives an explicit class of examples in which (3.18a) holds.

11



Theorem 3.4 (Three sphere inequality - complete equation). Let u € H*(Bg) be a
solution to the equation (3.15), where P, defined by (3.13), satisfies (3.2), (3.7), (3.8) and
the dichotomy condition in Br. There exist positive constants k and s, k € (0,1) only
depending on vy and M, s € (0,1) only depending on v, M and on §; = ming, D, such
that for every ri, ro, r3, 0 <11 <19 < kry < sR, the following inequality holds

« -«
(3.28) lullr2(s,,) < C (lull2s,,) +€)" (lullas,,) +€)
where C > 0 and a € (0,1) only depend on vy, M, &, 2, 2 and 01 = ming, D.

Proof. Let us consider the unique solution ug to
div(div(PV?ug)) = f + divF + div(divF), in Bg,
(3.29) uy = 0, on 0Bg,
% =0, on 0Bpg.
By using the weak formulation (3.17) with ¢ = wug, by the strong convexity condition

(3.8), by using the bound (3.16) on the inhomogeneous term and by Poincaré inequality
in HZ(Bg), we have

(3.30) [uoll z2(Br) < lluollm(mr) < Ce,

with C only depending on ~.
Noticing that u — ug satisfies the hypotheses of Theorem 6.6, we have that the thesis
immediately follows. O]

Let ¥ be an open connected portion of 9§ such that ¥ is of class C1'! with constants
po, My, and there exists a point Fy € 3 such that

(3.31) Rep ,y(Po) N0 C .

We shall consider as test function space the space H2 (9 UY) consisting of the functions
3
¢ € H*(Q) having support compactly contained in QU3 We denote by HZ(X) the class

of H?(X) traces of functions ¢ € HZ(QUY), and by HC%O(E) the class of Hz(X) traces
of the normal derivative %s of functions ¢ € HZ (2 UX). Moreover, for every positive
integer number m, we define H~2 (%) as the dual space to H 2 (%) based on the L?*(%)
dual pairing. Let g; € H%(E), gs € H%(Z) and M € H*%(Z;Rz) be such that

(3:32) 901,53 5 + 20119213 gy + A1V - ey <

for some positive constant 7.
We consider the following Cauchy problem

(3.33) (div (div (PV?u)) = 0, in €,
(3.34) u = gi, on X,
(3.35) Su — g, on ¥,
(3.36) (PV2u)n - n = —M,, on ¥,
(3.37) | div(PV2u) -1+ (PV2u)n-7),, = M,,, onX,

12



where J\//TT - M. n, ]/\/[\n — M -7 denote respectively the twisting moment and the bending
moment applied at the boundary.
A weak solution to (3.33)—(3.37) is a function u € H?*(Q) such that

(3.38) / PV - Vi = —/ (M\mgo + M\ngon) , for every ¢ € H2(QUY),
Q b
with
ou

(339) U|E = g1, %kj = g»2.
We denote
(3.40) R,y (Po) ={(21,22) € R, (Fy)| 22 <¥(21)},

My 0
that is
(3.41) R}T%,po (Ry) = R%,po(Po) \ Q.

Lemma 3.5. Let gy € H2(X), g, € H2(). Then there exists v € H2(R,, (By)) such

M »P0
that
(3.42) Vlsnr ,  (Po) = 91,
My PO
ov
(3.43) %hm%m(%) = g2
and
(3.44) o, e < C (11010, + 2201 )
0
where C', C' > 0, only depends on M.
Proof. The proof follows the lines of the proof of Lemma 6.1 of [Al-R-Ro-Ve]. O
Let us define

u, in €,
(3.45) u= o

v in R%,pO(PO)’
(3.46) 0, = QU (2 N R%M(Po)) Ry, (P

Since u and v share the same Dirichlet data (g;,¢g2) on 3, we have that

(3.47) T e HA(Q).

13



Theorem 3.6. There exist f € L2(Qy), F € L2(Q;R?), F € L2(4; M2) such that

~ 1, ~ 1 Cn
(3.48) 1fllz2@0) + — 1 Fllz2@umey + =1 F 2@y < —7
Po Po Po

and u satisfies in the weak sense the equation
(3.49) div(div(PV?0)) = f + divF + div(divF), in Q.

Here, the constant C, C' > 0, only depends on My and 7.

Proof. Let ¢ be an arbitrary test function in HZ(£2;). Tt is clear that ¢|g € H2(QUX).
Denoting for simplicity R~ = R,, (Fp), by (3.38) we have
My

;PO

(3.50) / PV - Vi = — / (M, o0+ Myp.) + / PV - V2.
(951 by

Let us define the functional ¥ : HZ(2;) — R as

—~

—~ —~ 1 —_—~
(3.51) ¥o) = [ (g + W) = (% [ o+ Mnso,m) |
> >

By standard trace embedding and by (3.32), we have

< CHMHH—%(E)H%DHHg(Ql) < p—gHSO”Hg(Ql);

where C, C' > 0, only depends on My. Therefore, ¥ € H2(Q;) and

Cn
(3.53) 1V -2(,) < r

By the well-known Riesz Representation Theorem in Hilbert spaces, we can find f €
H{ (1) such that U(p) =< ¢, f >py2(q,) for every ¢ € Hi(Q;) and

(3.54) 19 z-201) = | fll2(00)-
Let us set
(3.55) fi = %, Fy=-Vf, Fi=pV.
0

Then

o Cn
(3.56) poll fill 2y + 1 F1ll2(our2) + oo 1 F1ll 22 umezy < 2

0
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By (3.50)
(3.57) /PV%-V%—/ ]P’V%-V%—/ flgo—l—/ F,-Vo— | F -V,
Ql - Ql Ql Ql

for every p € HZ(;). Denoting

(3.58) f=—f, F=-R, f:{ 1. in Q.

PV?* — Fy, in R,

we obtain (3.49). By (3.58), (3.55), (3.7), (3.53), (3.54), (3.44), (3.32) we obtain (3.48).
0

Theorem 3.7 (Propagation of smallness in the interior). Let 2 be a bounded domain in
R? satisfying (3.1) and let By (x0) C Q be a fived disc. Letr, 0 <r < %2 be fized and
let G C Q be a connected open set such that dist(G,0Q) > r and B (zo) C G. Let
u € H}

() be a weak solution to the equation

(3.59) div(div(PV?ug)) = f + divF + div(divF), in

where P, defined by (3.13), satisfies (3.2), (3.7), (3.8) and the dichotomy condition in G.
Let f, F, F satisfy (3.16). Let us assume that

(3.60) [ull 228, (@0)) < 7,

for givenn >0, Eyg > 0. We have

(3.62) [ull 2y < Cle+m)°(Eo +e€+n) 7,
where
1
Q2
(3.63) C=0 (F )
(3.64) §>a 2

with C7 > 0 and a, 0 < o < 1, only depending on ~v, M and 61, and with Cy only
depending on v and 0, where 6; = ming D.

Proof. The proof is essentially based on an iterated application of the three sphere in-
equality, see [Al-R-Ro-Ve, Proof of Theorem 5.1] for details. O]
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Theorem 3.8 (Local stability for the Cauchy problem). Let u € H*(Q) be a weak solution

to the Cauchy problem (3.33)—(3.37), where P, defined by (3.13), satisfies (3.2), (3.7),

(3.8) and the dichotomy condition in the rectangle Reo , (Fy), ¥ satisfies (3.31), f, F,
0

F satisfy (3.16), and g1, g2, M satisfy (3.32). Assuming the a priori bound
(3.65) |ul|2(0) < Eo,
then

(3.66) <

< 0 E, 1-9
HUHLQ(RP gy () Cle+n)(Eo+e+m)",
2Mg 2

where C' > 0 and §, 0 < d < 1, only depend on vy, M, My, My and on 6, = ming D, where
O == RAP/T%WU(PO)'

Proof. Representing locally €2 in a neighborhood of F, as
Qn R%,po(P()) = {(xhx?) € R%,po ’ Zg > 2/1($1>},
let

Po
21+ MZ +1)

o =

We have that
Bro(x()) C R_Pio m(p0)7

My 2
so that

[ull 228, (s0)) < C-
The thesis easily follows by applying Theorem 3.7 with {2 = R%’po (R), G = RQLOO o (Py),
h="%. L

4 Carleman estimate for second order elliptic opera-
tors

In this and in the next section we consider n > 2, where n is the space dimension.
Moreover, in this section we use a notation for euclidean norm and scalar product which
differs from the standard one used in the other sections.

Let

(4.1) Pu = 0;(g" (x)0yu)

where {g"(z)}};_, is a symmetric matrix valued function which satisfies a uniform ellip-

ticity condition and whose entries are Lipschitz continuous functions. In order to simplify

16



the calculations, in the sequel we shall use some standard notations in Riemannian ge-
ometry, but always dropping the corresponding volume element in the definition of the
Laplace-Beltrami metric. More precisely, denoting by g(z) = {gi;(v)}7,-, the inverse of
the matrix {g%(z)}},=; we have g~'(z) = {g"()}},—; and we use the following notation

when considering either a smooth function v or two vector fields £ and n
n n

L&-n= Z gij(@)&m;, €17 = Z 9 ()&,
2,7=1 7,0=1

ii. Vo= (0v,...0,v), V,u(z)=g"z)Vo(z),
div (&) = i 0:&, Agv=div(Vyv),
i=1

i, (€,17), = ; Emi, €2 = 2 e,

With this notation the following formulae hold true when u, v and w are smooth
functions

(4.2) Pu=Agu, Ag(v*)=20A0+2 V0]

and

(4.3) / vA wdr = / wAvdr = — Vv - Vawdz.
n n Rn

We shall also use the following Rellich identity

(4.4) 2(B - Vu)Agv =div (2(B - V)V — B|Vgul?) +
+(div B)|V yv|* — 20; B*§" 0;v0,v + B*0,.g" 0;v0;v

where B = (B?, ..., B") is a smooth vector field.

We denote by w € C?(R"™\ {0}) a function that we shall choose later on such that
w(z) >0 and |V,w| > 0in R™ \ {0}.

Given f € C®(R™\ {0}), let us set

(4.5) P.(f)=wTP"f),
w 1

4. A - il 0l
where

wA w — |V w?
4.7 F9 = J J
o T

V., w

4.8 Yy = 92—
43) V0

17



(4.9) Oyf=V,f-Y.

With the notation introduced above we have
(4.10) P.(f) = PP(f) + PL(f),

where P! and P! are the symmetric and the antisymmetric part of the operator P,
with respect to the L? scalar product, respectively.
More precisely we have

s V. wl|?
(4.11) PO(f) = Agf + 1Yol
and

(a) |ng|2
(112) P () =27 g ),

Moreover, let us denote by S the symmetric matrix S = {S%}7,_,, where
T ij i ki i kj ko ij
(4.13) S ((divB) — F2)g"7 — 0y B’¢g" — 0,B'¢" + B*0,g") ,
with
(4.14) _ Wy WV
|v9w| |vgw|

We also denote
(4.15) MY = S9q.
Notice that
(4.16) MIE-n=E- MIn, forevery ,neR"”
and, letting §, = g='¢, ny = g7,
(4.17) MIE, - n, = (S9E,m)n, for every £,n e R".

The proof of the following lemma is straightforward.
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Lemma 4.1. Let v € C*(R" \ {0}) be a function that satisfies the conditions v(z) > 0,
|Vyu(z)| > 0 for every x € R* \ {0}. Let S9, MY, F¢ and B be obtained substituting w
with v in the (4.13), (4.15), (4.7) and (4.14), respectively.

Let o € C%(0,+00) be such that p(s) > 0, ¢'(s) > 0, for every s € (0,+00). Let us
denote

©(s)
4.18 d(s) = )
(1.18) 0=
We have
(4.19) MINV v = SIVv =0,
(4.20) F = Q)F] — (),

(Vgu-&)(Vgv-n)
[Vgvl?

(421) M€= vd(0) (5 - ) LML 1,

In the sequel we shall use the following notation

\V4
(4.22) VN f = (V- vgf>|vg—9:,2 = (Ovf- Y)Y,
(4.23) Vof=Vef =V,

Notice that Vév fand Vg f are the normal component and the tangential component (with
respect to the Riemannian metric {gi;}7,-,) of V,f to the level surface of w respectively.
In particular V) f and Vf are invariant with respect to transformations of the type
w = p(w), where ¢ satisfies the hypotheses of Lemma 4.1. We have

(4.24) Vef-Y =0, Vof=VYf+VLFf
(4.25) Vo fI? = Vg [P+ Vg fI? = (v [)* + IV I,
(4.26) vif-vif=o.

In addition, observe that by (4.16) and (4.19) we have

(4.27) MO, f-Vof = MEVTF-VT T,
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Lemma 4.2. Let w € C*(R"\ {0}) be such that w(z) > 0, |V,w(z)| > 0 for every
x € R"\ {0}. For every T # 0 we have

w? 9 w? (57 ) 2 ) 9 g
(1289 o (P = g (PO +47° 0 )7 (14 (2r) 7 FE) +
+ 47 (Mg)va Vi f+ %F5|V§f|2) —
— 27 3|Vw wl® F9(1+ (21)7'F9) f>+27FS fP.(f) + div(q),
where
2
120 = (2w - 9Py 4 ey ).
Proof. By (4.10) we have
w? s W (5) 1\ 2

2
+ 2|V15—wPPﬁs)(f)P§“)(f) + Ww—w| (P9(f)*.

Let us consider the second term at the right-hand side of (4.30). We have

w2

——_pG) (@) () = 1Ye=l
2|ng’2P7' (f)P’T (f) =dr (Agf+7_ 2

wV,w-V,f
= A7 | — L2 | Agf + 2TFSfALf +47°
() o e arria

wV,w-V,f
=4 9 g
T( Vowl]?

(4.31)

) A f +2rFfA, f + 273 div (M f2) .
w

[Vgw|?

B = ‘@V—Zjﬁ and v = f. We obtain
g

Now we transform the term 47 (M> A, f by applying the Rellich identity (4.4) with

2

w S a
(4.32) QWPT( (NP(f) =
g
= AT MOIN  f -V of +27FIV  f|? + 27 FIfA, f + div (q),

where ¢ is given by (4.29).
Now we transform the third term at the right-hand side of (4.32) by using the following
trivial consequence of (4.10)

(4.33) a,f =By -l o Vel g )
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and we obtain

F5(1+1Fg)f 42|v |F9f8f
T

Now, just spreading the square in the third term at the right-hand side of (4.30), we have

2

w (a) 2 _
(13 g m (P()

4:2|V |

=47 (0y f)* + (F9)* > +

so that, by (4.25), (4.27), (4.30), (4.32), (4.34) and (4.35) we obtain identity (4.28). O

2
7_2|v9,;u| Fgfayf
w

In the sequel of this section we assume that the matrix {g*(x)}},_, satisfies the
following conditions

(4.36) Al < Z g7 (@)6:&; < ATYER,  for every z € R™, £ €R”
3,0=1

and

(4.37) Z g7 (z (y)| < Alx —yl,, forevery x € R" y € R",

1,7=1
where A € (0,1] and A > 0. Now we introduce some additional notation that we shall use

in the sequel. Let I' = {v;;}"._; be a matrix that we shall choose later on. We assume

ij=1
that
(4.38) m.|z|s < (Pz,x), <m'|z|2,  for every z € R”,

where m, and m* are the minimum and the maximum eigenvalue of I' respectively, and
m, > 0. Let us denote

(4.39) o(x) = ((Nz,2),)"”
and we denote

(4.40) SO = 590,
where we recall that

(4.41) SO = — ((div By) — FZ'9)g" (0) — 0B} g" (0) — 9 Byg™ (0))

N |

21



and

Y

e o= i, - T

9" (0)d0(x)Omo (x)

=1

o(x)g"(0)0(x) — g7(0)d0(x)0;0(x)
g7(0)8io ()d;0 (x)

(4.43) F9O =

Moreover, for any fixed £ € R™, (S©¢,¢), is an homogeneous function with respect to

the x variable of degree 0, hence the following number is well defined

(4.44) Wy = sup {—(S(O)f, En | §7(0)6& =1, ¢7(0)0;0(2)&; =0, z € R™\ O} :

We observe that wy is a nonnegative number. More precisely we have the following
proposition.

Proposition 4.3. Let Q = /g(0)['"11/g(0), where \/¢(0) is the positive square root of
the matriz g(0). Let o, and o* be the minimum and the maximum eigenvalues of the
matriz () respectively. Then the following equality holds true

(4.45) wo =2 1.

O«

Proof. In order to prove (4.45), let us denote

(4.46) K =Tg (0T

and let us notice that, with the conditions

(4.47) (97108, 8)n=1 (97(0)Vo(x),£)n =0

and with the normalization condition

(4.48) (Kz,x), =1,
we have
(4.49) —(89¢,6)n = (T, ) (KT K, )0 + (97 (0)Tg 1 (0)€,6)n) — 2.

Moreover, by introducing the new variables

(150 1= (Vo) & y= (Vo) e



conditions (4.47) and (4.48) become respectively

(4.51) 2 =1, (y,m)n =0,
and
(4.52) lylz =1

so that expression (4.49) is equal to

(4.53) H(y,m) = (Qy,v)n (Q 'y, v)n + (Q "0, m)n) — 2.
Thus we have
(4.54) wo =sup{H (Y, n) | [yln =1, |0l =1, (y,n)n = 0}.

Now let z, and z* be two linearly independent unit eigenvectors of () such that Qz, =
0:2x and Qz* = p*z*. We have

(4.55) H(zz)=2 —1,
Ox
hence
(4.56) wo > & -1,
Ox

In order to complete the proof of (4.45) we need to prove that

(4.57) wy < & — 1.

O«

To this aim we recall the following Kantorovich inequality [Ka|, [Mi]. Let A be a m x m
positive definite symmetric real matrix and let a,, a* be the minimum and the maximum
eigenvalues of A respectively, then for every X € R™ we have

” 2
(458) (X X0 AN < 3 ({5 /2 s,

Now let m = 2n, X = (y,n)" and

(4.59) A:(gg),
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we have, for every y,n € R" such that |y|, = ||, =1, (y,n) =0
(4.60) H(y,n) = (AX, X)on (AT X, X)op — (Qn,m)n(ATX, X)on — 2.

By Schwarz inequality we have

(4.61) (@, (AT X, X)an = (@, m)n(Q 'y, y)nt
— O« Ox
+ Q@ i 2 T+ Il = 2L
On the other hand, the first term on the right-hand side of (4.60) can be estimated from

above by inequality (4.58). By the obtained inequality and by (4.61) we get (4.57), that
completes the proof of (4.45). O

In the next Lemma and in the sequel we shall use the following notation when dealing
with a matrix A = {a;}7,-

n 1/2
(4.62) |A| = <Z a§j> .

ij=1

Lemma 4.4. There exists a constant C,C > 1, depending only on X\, A, m, and m* such
that for every x € R™\ {0}, 0 < o(z) < 1, the following inequalities hold true

(4.63) C' < Vel <C, |FEI <0, |59 <0,
(4.64) |[F¢ — FO) < Co, |89 -S| < Co,

2
(4.65) MINTF-VIf > —(wo+ Co) | VL f|

Proof. The proof of (4.63) and (4.64) is straightforward. We prove inequality (4.65).
Denote by

(4.66) (=gV,/f.

We have by (4.36), (4.37), (4.64) and (4.66)

(4.67) MYVT -V f = (S n >
> (S0¢,¢)n = |((S2 = SD)C, )] = (SO, Q) — Co [VIf|”

where C' depends only on A\, A, m, and m*.
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Now, let us consider the term (59¢,(),, on the right-hand side of (4.67). Denoting by
(4.68) C=C+9(0) (g7 () = g7 (D) ¢,
we have g7 1(0)¢ = g~ ()¢ = ng, hence
(4.69) §7(0)(;0i0 = VI f - Veo =0.

In addition we have

(4.70) ¢ —Cln < CIVEflo
and
(4.71) g7 (0)¢;G < (1+ Co) VL fI,

where C' depends only on A, A, m, and m*. By (4.44), (4.63), (4.69) and (4.70), we obtain,

for every x € R™\ {0} such that 0 < o(x) <1,

~[(sO¢ = .= | — 2|59 =), | 2
> —wo(g ™' (0)C, O = CIC = C2 =21 = EJuld]n >
> —(wo + Co) V£

where C' depends only on A\, A, m, and m*. By the just obtained inequality and by (4.67)
we obtain (4.65). O

Let r be a given positive number, in the sequel we shall denote by B the set
{z € R"|o(x) < r}. In addition, in order to simplify the notation, we shall denote [, (.)dz
simply by [ and, instead to write “f is a function that belongs to C5° (R™ \ {0}) and f
is such that supp(f) C B? \ {0}”, we shall write simply “f € C§° (B? \ {0})”.
Theorem 4.5. Let 3 be a number such that 8 > wy, let
(4.73) o(s)=e*"

and let w(x) = ¢ (o(x)). There ezist constants C, 7, and ro, (C >1, 71 >1,0<1r;<1)
depending only on A\, A, m.,m* and (3 such that for every u € Cg° (B;Z'O \ {O}) and for
every T > 1 the following inequality holds true

(4.74) T/aﬁw_27|vgu|2 + 7'3/0_6_210_27142 < 0/0'2’6—"_210_27— (Agu)?.
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Proof. Let w(z) = ¢ (o(z)), where o(z) = ((Tz,z),)"?. Let us notice that ¢ satisfies the
hypotheses of Lemma 4.1 and that

sP

(4.75) D(s) = v
Let u € C§° (B \ {0}) and f = w™"u. By (4.21) and by (4.65) we have

(4.76) MVf Vg f 2o (1 5 C") visl,

where C' depends only on A\, A, m,, m* and 5.
Now, denoting

(4.77) do = o (—1 N %Fgm) |

by (4.20) we have

B
(4.78) F9 = oy + % (F2 — Fo©) |
hence by (4.63) and (4.64) of Lemma 4.4 we have, for every x € Bf \ {0},
(4.79) F3| < Co®  |FS— | < Co®,

where C',C' > 1, depends only on A\, A, m,, m* and (.

Let 11 be a function that we shall choose later on, by (4.11) we have

(4.80) |vjw12 (PO() =
2 2 2 2
= |wa\2 (PT(S)(f) - T—|VZ;2U| U f +T—|VZ;U| ?ﬁlf) >
g
> orunf (PO -7V -
w
\V4 2

- ((1 - %) ¢1| 5;7;4 + %Agd’l) f2 = 2mn |V fI* + div (),
where
(4.81) 0 =7 (200 fVof = [PVin).

By inequalities (4.76) and (4.80), by (4.25) and by Lemma 4.2 we obtain

(4.82) (P(f)? = 2731 f2+

|ng|2
+47as|VEfI? + d72az (Oy f)° + 21 FS f P (f) + div (go),

26



where

IV, wl? 1/1 1
(4.83) a; = 5}2 (Y — FJ) — ~\3 (F9)* + 1) ) + ﬁAg%,
1
L o
(4.85) a =1+ o (FL — ),
(4.86) P2 =4q+q.
Now we choose
B
(4.87) Y1 = tho + 27
g
where 0 < ¢ < min{1, § — wo}.
Let us notice that for every z € By \ {0},
2
(4.88) C o772 < ’V;Z’]' < Co 272,
o8
(489) Fug)—wl > —E(&'—i‘CO’),
B
(4.90) Y — Fj > ?(5—00)7
(4.91) | < CoP, Ay < CoP72,

where C,C' > 1, depends only on A\, A, m,,m* and (3, with (4.89)—(4.91) following from
(4.77)—(4.79) and (4.87). From (4.88)—(4.91) we have that, for every x € By \ {0} and for
every 7 > 1

(4.92) a; > Clo™P72 (8 — Cyo — ﬁaﬁ) ,
T
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where C,,Cy, Cy (Cy > 1,Cy > 1,C; > 1) depend only on A\, A, m,, m* and . Therefore,

if0<o(r) <35 and 7> €1 | then we have

(4.93) ay > ZC; o072,

where C, C' > 1, depends only on A\, A, m,, m* and (3.
Concerning ay, we have by (4.89)

(4.94) as > o” (% (1 - %) - 020) ,

where Cy, Cy > 1, depends only on A\, A, m,, m* and 3. Therefore, if 0 < o(x) < iggo,
>
then we have
1 Wo
4.95 >0’ (1= =
(4.95) 2= 37 ( 6) ’

Concerning as, by (4.91) and (4.79) we have that there exists C3, C3 > 1, depending only
on A\, A, m,,m* and [ such that if 7 > C3 and 0 < o(x) < 1 then

(4.96) ag >

N | —

Now, denote by 75 = max{<, C5} and ry = min{ 35, %}, by (4.25), (4.82), (4.93),
(4.95) and (4.96) we have

(1.97) (P 2 0250

[V wl?

+ 70" (1 - %) Vo fI? 4 27 FS fP-(f) + div (g2),

for every x € B7 \ {0} and 7 > 7.
By Young’s inequality, by the first of (4.79) and by (4.89) we have

(4.98) 27 FLfP-(f)] <

where Cy, Cy > 1, depends only on A\, A, m,, m* and (3.
By (4.97) and (4.98) we have
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1 w?

(4.99) 2V, 0 (P-(f))?

>7_0—52 le2

+ 70" (1 - E) Vo fI? + div (g2),

: ac.C
for every » € By \ {0} and every 7 > 71 := max{r, ===*}.

Finally, we choose € = min{1,  —wp}. Recalling that f = w™"u, and integrating both
sides of (4.99) over By \ {0}, we obtain (4.74). O

Remark 4.6. It is straightforward that estimate (4.74) remains valid for operators in non-
divergence form Pu = gwﬁ u. Of course, the values of the constants, and in particular of
71, might be different.

5 Carleman estimate for product of two second order
elliptic operators

In this section and in the sequel we return to the standard notation, that is we denote by
| - | and by - the euclidian norm and scalar product respectively.

Let {¢¥ (z) 7=y and {g5(x)}7 'i—1 be two symmetric matrix real valued functions which
satisfy conditions (4.36), (4.37) and let us assume that

(5.1) Y VPG @y <AL Y IV Lo@ny < A,
i,j=1 4j=1
with Ay > 0. Let us denote by Ly, L, and L the operators

(5.2) S @R L= Y @)

i,7=1 i,0=1

In the sequel we shall need the following standard proposition which we prove for the
reader’s convenience.

Proposition 5.1. Let Ly, Ly and L be the operators defined above. Given a € C*(R™\{0})
and u € C(R™\ {0}), the following inequalities hold true:

(5.4) /a2|V2u\2 <C (/ a?| Lyu|* + /(a2 + |Va|2)]Vu]2) , k=12

(5.5) /a2]V3u|2 <C (/ a®|Lul|V2u| + /(a2 + \Va|2)]V2u\2) ,

where C" only depends on A and A.
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Proof. To simplify the notation, let us omit the index k in Lj. For a fixed [ € {1,...,n}
we have

(5.6) /Lu@flucﬂ = —/al(anijafju)alu =
= —/ Uaglualu — /a@lag’j@?juﬁlu — /(&g"j)afju@luaz =
= /a2gij8i lu+/8 2g'7) u@lu—Q/a(?lagijafjualu—/(algij)afjuﬁluf >
> )\/aQ\Valu\z - C’/(\a! +|Val)|a||Vu||[VZul,
where C' only depends on A and A.
Now, summing up with respect to [ the above inequalities and applying the inequality
2zy < 2% + 2, we get (5.4).

Now we prove (5.5). First we observe that, [G-T], multiplying both sides of the second
equality (5.2) by a®v and integrating by parts we easily obtain

(5.7) / Ve < C < / @?| Lov]le] + / (a® + |va|2>v2) |

where C only depends on A and A.
Let us apply (5.7) to v = Lju. Noticing that, for a fixed [ € {1, ...,n}, we have

(5.8) |L1(0)] < |0)(Lyu)| + C|V3ul,

where C' only depends on A, we obtain

(5.9) /a2|L1(8lu)]2 <cC (/ 02| Ll |Vl + /(a2 + \Va\2)]V2u]2) |

where C' only depends on A and A.
Finally, by applying inequality (5.4) to estimate from below the integral on the left
hand side of (5.9), and summing up with respect to [, we get (5.5). O

In order to prove the next theorem we need to use some transformation formulae for
the operator £ which we recall now. Let ¥ : R® — R" be a C* diffeomorphism. We have

(5.10) (Lu) (¥ () = (LU)(y) + (QU)(y),

where U(y) = u(¥~(y)), Q is a third order operator, £ = LyL,, L = > =19 37 (y )03,
F=1,2, and 51 (9(2)) = 22(2)g " (2) (22(2))", namely

oz
(5.11) ) = Y a0 @ @), = L
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We can find a linear map W such that g; *(0) is the identity matrix and g, *(0) is a diagonal
matrix. More precisely, let R; be the matrix of a rotation such that Rig;'(0)R} =
diag{v1,...v,}, where v;, i = 1,...,n, are the eigenvalues of g;*(0), and let us set H =
diag{ﬁ, ey \/%} We have that HR;g; ' (0) Rt H! is equal to the identity matrix. Now let
Ry be the matrix of a rotation such that g, '(0) = RyH Ryg, '(0)R! H' R}, has a diagonal
form. We have that the desired map is ¥(z) = RoH Ryx. In addition, notice that if v,
v* are the minimum and maximum eigenvalues of g; '(0) respectively and s, u* are the
minimum and maximum eigenvalues of g, '(0) respectively, then

(5.12) M_:mz <5 ')z -z < 'u—|x]2, for every z € R".

v 8
Theorem 5.2. Let L be the operator defined by (5.3). Let v, and v* (u. and p*) be the
minimum and the mazimum eigenvalues of g7 *(0) (g5 *(0)). Then there exists a symmetric
matriz Iy satisfying

(5.13) Nz|? < op(x) i=Tor - o < A %)%
and such that if 3 > ,/% —1 and
(5.14) wo(x) = o~ (o0(@))™”

the following inequality holds true:

3
(5.15) ZTG—%/O_O—ﬁ—2+k(25+2)w0—27—|vku|2dx < 0/08ﬁ+6w52T|£u|2dx,

k=0

for every u € Cg°(B° \ {0}) and for every T > 7, where r1, 0 <1y < 1, C and T only
depend on A\, A and A;.

Proof. By the comments preceding the statement of the theorem, without loosing of
generality we can assume that g7 (0) = 6% and g;*(0) is of diagonal form, say g5 '(0) =
diag{ji1, pi2, s fin}, where 0 < py < pp < oo < p. We denote by T' = {v;}7,2, a
symmetric matrix that we shall choose later on, and by m, and m* the minimum and
the maximum eigenvalues of I' respectively, with m, > 0. Let us set o(z) = (Tx - 2)1/2.

We denote by S,(co), k = 1,2, the matrix S%* introduced in (4.40). We denote by wf the
numbers (compare with (4.44))

(516)  wf =sup {~(5"€) - € | g7 (0)&& = 1,6 (00 (2)¢; = 0,2 € R*\ {0}}.

Let (8 be a positive number such that § > max{w,wg} and let V e C5°(Bg \ {0}), where
ro has been defined in Theorem 4.5. Since

(5.17) 1A, V] < |LV]+CIVV], k=1,2,
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where C' only depends on A, by (4.74) we have that there exists 75, only depending on A,
A, m,, m* and [ such that for k£ = 1,2, and for every 7 > 1

(5.18) T/aﬁw_QT\VVP—{—73/0_6_2@0_271/2 < 0/025+2w_27|LkV|2.

Now we iterate inequality (5.18). First we notice that, by a standard density property,
inequality (5.18) is valid for every V € H{(BZ \ {0}). Let u be an arbitrary function
belonging to C§°(By, \ {0}) and let us set v = Lyu. By applying inequality (5.18) to the
function V = 0282y, we get

(5.19) 7'3/026”11)271}2 = 7'3/06211)27(0;6”1))2 <
SC/0_26+2w—27|L2(0_gﬁ+2v>|27

for every 7 > 1.
Now observe that

(5.20) |Ly(027%20)| < 02942| Low| + Co 2P V| + Co2?|u],

where C' only depends on A, A, m,, m* and 5. By using (5.20) to estimate from above
the right hand side of (5.19), we have that there exists 73 > 75 such that, for every 7 > 73,

(521) T3/02ﬁ+2w2fv2 Sc/O.EJﬁJrGw27|L2U’2+C/0_5ﬁ+4wQT’v,U|2’

where C' and 73 only depend on A\, A, m,, m* and S3.
Now we estimate from above the second term in the right hand side of (5.21). To this
aim we apply inequality (5.18) to the function V = ¢%**21 and we have

(5.22) 7/05w27|V(02ﬁ+2v)]2 < 0/025+2w27|L2(025+20)\2,

for every 7 > 1.
Taking into account that

(5.23) | Lo (0?7720 | < 6?72 Lyv| + Co* V| + Co®P|v],
and

1
(5.24) V(o7 +20) 2 > 504ﬁ+4]V1}\2 — Co*Pt2y?,

where C only depends on A, A, m., m* and 3, we have, by (5.22),
(5.25) T / A e / o 0w | Lyof* + O7 / o522y,
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for every 7 > 15, where C' only depends on A\, A, m,, m* and S.
Now we use (5.25) to estimate from above the second term on the right hand side of
(5.21) and we have that there exists 74 > 73 such that

C
(5.26) /02ﬁ+2w_2%2 < —/05ﬁ+6w_2T|L21)|2,

3

for every 7 > 74, where C' and 74 only depend on A, A, m,, m* and 3. Recalling that
v = Lyu and by using (5.18) for V = w and k = 1, (5.26) yields

(5.27) 76/0ﬂ2w2Tu2—|—7'4/05w2T|Vu|2 < C’/U5ﬂ+6w27]L2L1u|2,

for every 7 > 14, where C only depends on A\, A, m,, m* and (5.
Now we prove that

(528) 7_2/0_36+2w—27‘v2u|2 + /0_5ﬂ+4w—27|v3u|2 S 0/05B+6w—27—|L2L1U|27
for every 7 > 74, where C' only depends on A, A, m,, m* and [.

Concerning the term with the second order derivatives on the left hand side of (5.28),
we can estimate it by using (5.4) with a = (0**2w27)z and k = 1, obtaining

(5.29) /035+2w—27|vzu|2 < C/U3ﬁ+2w_2T|L1u|2+C¢2/0Bw_QT|Vu|2,

where C' only depends on A\, A, m,, m* and [3.
By using (5.18) for V' = u and k = 1 to estimate from above the second integral on
the right hand side of (5.29) we get

(5.30) /03B+2w_2T\V2u\2 < CT/025+2w_27|L1u|2,

for every 7 > 15, where C' and 75 only depend on A, A, m,, m* and 3.
Now, by (5.26) with v = Lyu and by (5.30), we have, for every 7 > 74,

(5.31) 72/035+2w_27|v2u|2 < C’/U5ﬁ+6w_27|L2L1u|2,

where C' only depends on A\, A, m,, m* and f3.
Now we estimate from above the term with the third order derivatives on the left hand
side of (5.28). By applying (5.5) with a = (6®*4w27)2, we have

(5.32) /cr‘r’64r4u;_27|v3u|2 < C’/a5ﬂ+4w_27\L2L1uHV2u\ +C’72/03ﬂ+2w_27\v2u|2,
where C' only depends on A\, A, m,, m* and f3.

33



Noticing that

(533) 0" LoLau]| V%] = (o37792u]) (7575 |LoLyul) <

1
< = (035+2’V2u’2 + a7ﬂ+6\L2L1u|2) :

by (5.31) and (5.32) we obtain the desired inequality (5.28).
By (5.27) and (5.28) we have

3
(534) 27_6—2’6/0_—6—2+k(2ﬁ+2)w—27|vku|2 S C/U5ﬁ+6w_27|L2L1u|2,

k=0
for every 7 > 74, where 7, and C only depend on A\, A, m,, m* and j3, for every u €
Co (B, \ {0}).

Now we choose I' = Ty := diag{ﬁ, - ﬁn}, o(z) = oo(x) := (Do - 2)"?, w(z) =
wo(z), where wy(x) is defined by (5.14). By Proposition 4.3 we have w} = w2 = \/%— 1,
hence estimate (5.34) holds for § > \/% — 1. Coming back to the old variables we obtain
(5.15). 0

Theorem 5.3. Let L be the operator defined by (5.3). Let vy, v*, ps, p* be as defined in
Theorem 5.2. Let us assume that u € H*(Bg) satisfies the inequality

3
(5.35) [Cul < N> R™|V*ul, in By,
k=0

where N and R are positive numbers. Let 3 > / l;% — 1. There exist positive constants
s1 € (0,1) and C > 1, C and sy only depending on A\, A, Ay and N such that, for every
p1 € (0,s1R) and for every r, p satisfying r < p < P

2

3 —B

—(58-2) —1,)—-B_(Pr12 8

(5.36) Zp%/ IVEu? < C’max{l, (}%) }ec<(/\ po=(3) )
k=0 By

3 o 3 1—9g
. ((%)Sﬁ_QZT%/ ‘VkuP) ) ((%)Sﬂ—2zp%k/ |Vku|2> :
k=0 B k=0 BPl

where

(5.37) B =
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Proof. First we observe that, denoting g, '(z) = g, '(Rz), L = %j(x)afj, kE = 1,2,
L = LyLy, u(x) = u(Rz), € By, inequality (5.35) implies
N 3
(5.38) [Cul <N |V, in B
k=0

For simplicity of notation we shall omit the symbol ~. Let us introduce the following
notation

3
(5.30) Jp) =3 / VP,
k=0 B0

where, we recall, BJ° = {z € R" | og(z) < p} and oy has been defined in Theorem 5.2.
Notice that (5.13) gives By, C BJ® C Br, for every r > 0. In particular inequality (5.38)
is satisfied in B{°. Denote by R; = min{r;, A}, where r; has been introduced in Theorem
5.2. Let p1 € (0,R;] and 7 € (0,2). Let n € C3(R) such that 0 <np<1,p=1in (r, &),

1= 0 (0.5) Ulpn, R), S| < G in [5.7], [den| < G in [§, 0] for k= 0,1,...4,

where C' is an absolute constant. In addition, let £(z) = n(oo(x)). By a standard density
theorem, inequality (5.15) holds for the function &(x)u(x).
Denote

(5.40) ho(t) = 9925, € (0,1).

By standard calculations, it is simple to derive that there exist 79 > 7, C, s € (0, Ry),
only depending on A\, A, Ay, 8 and N, such that if p; < so, 7 < p < & and 7 > 7; then

(5.41) he(p)J(p) < Chr (5) () + Chy () T(p0):
Hence
(5.42)
J(p)<C ((7“/72) " eZT<*”%+W+’”> J(r) + (%2) . 627<7"%+m> J(m)) ,

for every 7 > 7.
Let us denote

(5.44) ap = =




If oy > 71 then we choose 7 = g in (5.42) obtaining

(5.45) J(p) < % (7,5B72J<7,))190 <p?ﬁ72j(p1)) 1-90 7

where C' only depends on A\, A, Ay, N and S.
If ap < 71 then we have trivially

(546) J(p) < J(p1) = (J(p)" (J(p1))' ™" <
2 (7 7=(3)7)

1-9
< (7))
1

By (5.45) and (5.46) and scaling the variables we get (5.36). O

Corollary 5.4 (Unique continuation property). Let L be the same operator of Theorem
5.8 and let v,, V¥, p., u* be as defined in Theorem 5.2. Let us assume that u € H*(Bg)
satisfies the inequality

3
(5.47) [Cul < N R™**|V*u|, in Bp,
k=0

where N and R are positive numbers.
Assume that

(5.48) / u? =0 (e’%g> , asr—0,

B,
where Cy > 0 andm>,/’;*’;* —1.

Then we have

(5.49) w=0 in Bg.

Proof. Let us fix p; € (0,51R) and p € (r, ’\;pl), where s; has been defined in Theorem
5.3. Let

ILL*V*
[V
By (5.36) and by the interpolation inequality

(5.50)

— 1< (6 <k.

1 3
(5.51) [ullmss,) < Cllullfag) el i, ),

where C' > 0 is an absolute constant, we have
Jo

FABB-2 1
(5.52) Hu||?qa(Bp>§C<<}—%) HU||22<BT>) !

where ¥ is given by (5.37) and C' > 0 only depends on A\, A, Ay, N, 3, p, p1, R and
|lu|| g2 (Br)- By (5.48) and (5.50), passing to the limit as 7 — 0 in (5.52), we obtain u = 0
in B,. By iteration the thesis follows. O]
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6 Three sphere inequalities for the plate operator

In this section we specialize the results of Section 5, in particular we specialize the three
sphere inequality proved in Theorem 5.3, for the plate equation

(6.1) Lu := 07, (Cijrpyu) = 0, in B,

where {Cijri(2)}7 ;41— is a fourth order tensor that satisfies the hypotheses (3.2), (3.7),
(3.8) for 2 = Bp and the dichotomy condition in Bp.

In the following, without loss of generality, we assume R = 1.

In order to apply Theorem 5.2 we need to write the operator £ in the following form

(6.2) L=1IL,L+Q,

where L; and Ly are second order operators which satisfy a uniform ellipticity condition
and whose coefficients belong to C*!(By) and @ is a third order operator with bounded
coefficients. In the sequel (Lemma 6.1) we shall prove that (6.2) holds true under some
additional assumptions on the tensor {Ciju(2)}7; 51—1-

Let us denote

(6.3) p(z;0)u = iaz;_h(x)@?@g_hu, for every u € H*(B,),
h=0
where the coefficients a;(z), i = 0, ...,4, have been defined in (3.9), (3.10).
By (3.9) we have
(6.4) Lu = p(z;0)u+ Qu, for every u € H*(B),
where @) is a third order operator with bounded coefficients which satisfies the inequality
(6.5) |Qu| < M (|[VPu| +|V?ul), for every u € H*(By),

and ¢ is an absolute constant. In addition we denote

4
(66> p(l',f) = Za47h<x)£{l giha VS Ela 5 € Rza
h=0
4
(6.7) plz;t) :==p(x; (t,1)) = Za4,h(:c)th, v € By, tcR.
h=0

Notice that by (3.7) we have

(6.8) p(z;€) > vl¢l*, z € By, £ R

(6.9) plast) >~(t*+1)% ze€ B, teR
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Now, for any fixed x € By, let 2x(2) = ap(x) +iBe(2), Zp(2) = ap(x) — ife(z) (k= 1,2)
be the complex solutions to the algebraic equation p(z; z) = 0. Here, ap and (B are
real-valued functions and 3 (z) > 0, k = 1,2, for every z € B.

We have
(6.10) p(z; &) = po(;)p1(2:€), for every x € By, € € R?,
where
(6.12) gk ao(x) g = gil(x) = —a(z)Vao(),

g,f(x) = Vao(x)(ai(x) + Bi(z)), k=1,2, € B.

Since in the sequel we have to deal with some basic properties of polynomials, we recall
such properties for what concerns the polynomial p(x; z) and we refer the reader to [Wa,
Chapter 5] for an extended treatment of the issue. For any fixed x € B; we denote by
D(x) the absolute value of the discriminant of the polynomial p(z; z), that is

(6.13) D(x) = ag (21 — 2)(21 = Z1) (21 = Z2) (22 — 1) (22 — 22) (21 — 22))°

where ag = ao(z) and zp = zx(2) = ai(z) +iBk(x), k = 1,2. An elementary calculation
yields

(6.14)  D(z) = 16a53262 [(an — a)® + (B + £2)?] [(n — a2)? + (81 — 52)]".

In terms of the coefficients a, = ay(x), h =0,1,...,4, it is also known that
1

(6.15) D(z) = —|det S(x)|,
Qo

where S(z) is the 7 x 7 matrix defined by (3.11).
Furthermore, let us denote by ¥ the map of R* into R* defined by W(ty, ty, w,wy) =
{W(t1,t2, wi, we) }i_,, where

Uy (t1, to, wi,ws) =
1(t1, ta, wy, wo)
( )
( )

U
\Ijl t t27w17w2
U

t1+t2,

2 4+ 13 + 4ty ty + wy + wo,
t (13 + wy) + to (2 + wy),
(1 + w1)(t5 + w2).

(6.16)

1 tlatQ;wth

Notice that

(617) ay = _QGO\I]l(alaa??ﬁ%?ﬁ%)a

(618) Ao = GO‘IJ2<041,04275375§)7
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(619) asz = —2@0‘1’3(&1,0&2,ﬁ%,622),

(6.20) ay = agWy(a, a2, 37, 33).
Let us denote by % the jacobian matrix of W and let J(t1,t2, w1, ws) be its
determinant. An elementary calculation shows that

(621) J(tl,tg, wl,w2) = — [(tl - t2)4 + 2(11)1 + wg)(tl — t2)2 + (w1 - w2)2] .

Let us denote

1
.22 = mi — 1.
(6 ) T min {’77 16M7 }

The following lemma holds.

Lemma 6.1. Let pi(x;€), k= 1,2, be defined by (6.11). The following facts hold:
(a) If (3.2) and (3.7) are satisfied, then

(6.23) 12l€l2 < pr(w:§) <73 '€l for everyx € By, €R?, k=1,2,

where o = 55775,
(b) If the dichotomy condition introduced in Definition 3.1 holds true in By, then gzj €
CY(By), fori,jk=1,2.

More precisely, if (3.18a) holds true, then

2

(6:24) > (196 Nemodi” +19°67 =i ) < G,

i.j.k=1

where 6, = ming, D(x) and Cy only depends on M and vy, whereas if (3.18b) holds true,
then

2

(6.25) Y (Vg ) +1IV26 e m1)) < Co,

irj k=1
where Cy only depends on M and .

Proof. First we prove (a). Let x, x € By, be fixed. In the rest of the proof of (a) we shall

omit, for brevity, the dependence on x.
By (6.8), (3.7), (6.22), we have

(6.26) nlél* < p(€) < 'lglt,  for every € € R?.

Now we observe that the following inequalities hold true

(6.27) |y + | < 72,
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(6.28) o} + B} + a3 + B3 + daras| <7772,

(6.29) i (a + B3) + as(ai + 47| < 0%

(6.30) 7 < (af + ) (a3 + 53) <

(6.31) (L +a7)? < B (o — a2)’ + B3] <% (1 +af)?,
(6.32) ML+ a3) < By [(ar — a2)” + B <9 (1 +a))”.

Indeed, by (6.26) we have
(6.33) m<ao <yt m<as <At

On the other hand, by (6.33) and using (6.17), (6.18), (6.19), (6.20) we obtain the in-
equalities (6.27), (6.28), (6.29), (6.30), respectively. Concerning (6.31), by using (6.26)
for € = (aq, 1) and taking into account (6.10), we have

(6.34) N1+ ai)? < agfi [(on — a2)® + B3] <" (1+af)’

Inequality (6.31) follows from the first of (6.33) and (6.34). Proceeding similarly for
¢ = (ag, 1) we obtain (6.32).
Now, denoting

01

V50"

we are going to prove that the following inequalities hold

(6.35) €0 =

(6.36) By > e, k=1,2,
1
(6.37) O, < —, k=1,2,
Y1€o
1
(6.38) \ak\ <— k=1,2.
T1€o0

In order to prove (6.36), it is enough to consider the case k = 1, as the case k = 2 can be
proved by the same arguments. We proceed by contradiction and we assume that

(6.39) B2 < el



By (6.39) and (6.31) we get

[\

(6.40) 1< (a1 — )+ 8,
0

hence at least one of the following inequalities must hold

2
(6.41) ;—1 < 3,
€0
2
71 2
6.42 N~ _ .
( ) 2e2 = (1 — )

If the inequality (6.41) holds, then by (6.30) we have

2

6.43 <t P< g%_ < 9T,
( ) 1 1 1 Oé% +ﬁ% 62 1 0
hence

(6.44) 1| < V271 %6,

and in turn inequalities (6.44), (6.27) imply
(6.45) jas] < (14 v2e0)77
Therefore, by (6.28), (6.41), (6.44), (6.45), and recalling that ~; € (0, 1), we have

’71

(6.46) 20

< 5 <aj+ B3 +af + 67 < 25
hence we have ¢, > %, a contradiction. Hence, (6.41) cannot be true.

If (6.42) holds, then we have |ay| + |ae| > |ag — as| > —5— Therefore, at least one of
the following inequalities holds

/‘Y
2v/2¢ |2|_2\/_€0

If the first of (6.47) holds, then by (6.27) we have |ag| > |ay| —77 2 > 2\[60 —72 > 4\/50
and, analogously, if the second of (6.47) holds, then we have |os| > ; f . Hence, if (6.42)

(6.47) | >

holds, then we have

v

g 1
all > L | > :
= e 12
Inequalities (6.48) and (6.30) give

(6.48)

V2

Wwoom
3262

as+ 65 T o

(6.49) <ai<ai+ G < < 3277 %€l
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As a consequence of the above inequality we have < €3, that contradicts (6.35). There-
fore, (6.39) cannot be true and (6.36) is proved.

By (6.30) and (6.36) we easily obtain (6.37) and (6.38). Finally, by (6.36)—(6.38), we
obtain easily an estimate from above and from below of the eigenvalues of the matrices
{97 (x)}? i j=1 from which the estimate (6.23) follows.

Now we prove the statement (b) of the lemma. By (6.21), (6.33), (6.36)—(6.38) we
have

(6.50) 13y D(z) < J(z) < v3'\/D(x), for every x € By,
where
(6.51) J(x) = |J(en (@), az(x), 5 (2), B3 (2))]

and 73 = 10707777,

Assume that (3.18a) holds in B;. In order to prove that g € C“'(B;) and to
derive estimate (6.24), it is enough to apply the Inverse Mapping Theorem to the map .
Indeed, by (6.16), the vector-valued function w(z) = (o (), as(z), 57 (x), B2(x)) satisfies
the following equality

(6.52) U(w(z)) =d(z), z € By,

where d(z) = (—;;;Q), o) _ osle), gﬁ), hence by (3.8), (3.9), (3.10), (6.50), (6.51),
(6.52) we obtain (6.24).
If (3.18b) holds true, then by (6.14) we have ay(z) = as(x) and fy(x) = [a(x) for

every v € B;. Therefore, by (6.16)—(6.18) we have

(6:53) ai(r) = ag(r) = _4aalo<2)
and

2ao(x)  16a2(x)
By (3.8), (3.9), (3.10), (6.33), (6.36), (6.53) and (6.54) we get (6.25). 0

Theorem 6.2 (Three sphere inequality - first version). Let us assume that u € H*(Bpg)
1 a solution to the equation

(6.55) 92 (Cijra(x)Ofu) = 0, in Bg,
where {Cijui () }2,; 41— is a fourth order tensor whose entries belong to C'(Bg). Assume

!

that (3.2), (3.7), (3.8) and the dichotomy condition are satisfied in Br. Let o = 5 571°

and B = % — 1. There exist positive constants sy, 0 < so < 1, and C, C" > 1, sy and
72
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C only depending on vy, M and on §; = ming D, such that, for every py € (0,s2R) and

p173
2

every r, p satisfying r < p < , the following inequality holds

3
_ _ P1.—
(6.56) Zp Bp|v’fu|230exp (€ (') = (u5) ") 7).

where

(6.57) 01 =

Proof. Let us define

(6.58) u(y) = u(Ry), Cim(y) = Cim(Ry), y€ By, i,j,k1=12.
Then, u € H*(By) is a solution to the equation

(6.59) 02 (Cija(y)0%) =0, in B.

Now, by Lemma 6.1 we have that

(6.60) L= LyLiu+ Qu,

where Ly = pp(y;0), k = 1,2, and

(6.61) pe(y;0) = g7 0%, k=12

Here, {g"/}2 k = 1,2, satisfy (6.24) or (6.25) (the former whenever (3.18a) holds, the
9 Yy

ij=1>

latter whenever (3.18b) holds),

(6.62) lé < gl (W)&& <w'lE?, v e B, E€R,
and () is a third order operator with bounded coefficients satisfying
(6.63) Qul < eM (IVPu] + V7l

where ¢ is an absolute constant. Therefore, from (6.60)-(6.63) and Theorem 5.3, and
coming back to the old variables, we obtain the three sphere inequality (6.56). O

The following Poincaré-type inequality holds.
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Proposition 6.3 (Poincaré inequality). There ezists a positive constant C' only depending
on n such that for every u € H*(Bg,R") and for every r € (0, R]

R n
(6.64) / |ar|2+32/ Vi, |* < CR* (—) / |V2ul?,
Br Br r Br

where
(6.65) ur(z) = u(z) — (u), — (Vu), -z,
(6.66) W= — [ w (Vu, = — [ vu
. 'S ’BT| BT. bl T ’BT| BT. .
Proof. For a proof we refer to [A-M-Ro4, Example 4.3]. [

Proposition 6.4 (Caccioppoli-type inequality). Let us assume that v € H*(Bg) is a
solution to the equation

(667) 02(@]“(3:)0,3[1;) = 0, m BR,

[

where {Cijui () }2,; 4 1—1 is a fourth order tensor whose entries belong to C'(Bg). Assume
that (3.2)—(3.8) are satisfied. We have

2
(6.68) / |V3ul|? < C/ Z (tk_3]VkuD2, for every t <R,
BL B

t k=0
where C' 1s a positive constant only depending on v and M.

Proof. The proof of (6.68) is essentially the same of the proof of [M-Ro-Vel, Proposition
6.2]. Here, for the reader convenience, we give a sketch of the proof.
For every t € (0, R], let n € C§°(B;) be such that 0 <n <1in By, n=1in B and

3
(6.69) > vk <C, in B,
k=1

where C' is an absolute constant. Multiplying equation (6.67) by A(n°u) and integrating
over B;, we have

(6.70) /B CignOgudi; A(n°u) = 0
and, integrating by parts,
(6.71) . {Ciin0R0ud%0,(n) + 0u(Ciyn) O2ud2,(nu) } = 0.
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By (3.8), (6.69), (6.71) and taking into account that ¢ < R we have
(6.72) /B 1°Ciju0y0sud};0su = Flul,

where F' satisfies the inequality

2 2 2
(6.73) |Flu]| < CM/ <Z tk’—3|vku|> + CM/ V3 ul? (Z tk_3|Vku|> ’

k=0

where C' is an absolute constant. By (6.72), (6.73), (3.7) and Cauchy inequality (2ab <
ea? + 1b?, for € > 0) we have

) 2
(6.74) 'y/ n°|V3ul? < C’MQ/ (Ztk3|vku\) :
Bt Bt \ k=0

Inequality (6.68) follows immediately by (6.74). O

Theorem 6.5 (Three sphere inequality - second version). Let u € H*(Bg) be a solution
to the equation

(6.75) 92 (Cijra(x)Ofu) = 0, in Bg,

where {Ciju(x)}2, 41—y is a fourth order tensor whose entries belong to C'(Bg). Assume
that (3.2), (3.7), (3.8) and the dichotomy condition are satisfied in Bg. Let o = 5 07"

and (3 = 'y% — 1. There exist positive constants s, 0 < s <1, and C, C > 1, s and C only

2
depending on vy, M and on 01 = ming, D, such that, for every p\ € (0,sR) and every r,

p1v3

p satisfying r < p < =52, the following inequality holds

676 o [ 192 < Coxp (€ (1370 = (a)7) 7).

where

(72'p) 7 = (25)"
(72%)_6—(72%1)%.

Proof. Let a € R, w € R? to be chosen later on. Since w is a solution to (6.75), also
v=u—a—w-x is asolution to (6.75). By (6.56) we have

(6.77) 01 =

(6.78) o /B VR < K (H,(0)" (Ha(pr))™"

P
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where

(6.79) K =Cexp (C((a'0) 7 = (5)7) B?)
and
(6.80) H,(t) = 23:152’“ V0|2, t € (0,R).

By Proposition 6.4 we have

2
(6.81) Hy(r) zczr%/ VEo[2,
k=0 Bar

where C' only depends on M and 7. Now, we choose
1 1
= u’ w =
’BQT" Bo, ’BQT‘ Ba,

By Proposition 6.3 and from (6.81) we have

(6.82) a Vu.

(6.83) H,(r) < Crt / |V2ul?,

327'

where C only depends on M and ~.
Similarly, by applying Propositions 6.3 and 6.4 we obtain

2
(6.51) o) < Cot () [ (9Pl
r B

2p1

where C' only depends on vy and M. From (6.78), (6.81), (6.83), inequality (6.76) follows.

Theorem 6.6 (Three sphere inequality - third version). Let u € HY(Bg) be a solution to

the equation

(6.85) 02 (Cijua(x)Opyu) = 0, in B,

where {Cijri(2)}7 ;411 5 a fourth order tensor whose entries belong to CYY(Bgr). Assume
that (3.2), (3.7), (3.8) and the dichotomy condition are satisfied in Br. Let o = 5 57°
and 3 = % — 1. There exist positive constants s, 0 < s <1, and C, C > 1, s and C only

ot

2
depending on vy, M and on 61 = ming, D, such that, for every p; € (0,sR) and every r,

P173
2

p satisfying r < p < , the following inequality holds

636) [ < Coxp (30 - (5) )R-

0 /4 1-0
' uz) pzk/ N 7

where 6 = %1, with 01 given by (6.57)
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Proof. 1t follows immediately from (6.56) and by the interpolation inequality

1 3
[ull s,y < Cllullzzg,) 1wl fags,)»

where C'is an absolute constant and the norms are normalized according to the convention
made in Section 3. ]
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