UNIVERSITA
biciisrup | DISEI

DIPARTIMENTO DI SCIENZE
F I RE N ZE PER LUECONOMIA E LIMPRESA

WORKING PAPERS - ECONOMICS

Marriage Formation with Random
or Assortative Meeting

ELENA PARILINA AND ALESSANDRO TAMPIERI

WORKING PAPER N. 04/2019

DISFEI, Universita degli Studi di Firenze
Via delle Pandette 9, 50127 Firenze (Italia) www.disei.unifi.it

The findings, interpretations, and conclusions expressed in the working paper series are those of the
authors alone. They do not represent the view of Dipartimento di Scienze per I’Economia e ['Impresa



Marriage Formation with Random or Assortative
“Meeting”*

Elena M. Parilina’ and Alessandro Tampieri*

January 24, 2019

Abstract

In this paper, we study marriage formation in an optimal stopping problem
where meetings can be of two types: one in which individuals meet potential
partners randomly, and one (“assortative”) in which the meeting occurs be-
tween individuals with similar characteristics. The presence of assortative
meetings influences the expectations of the quality of potential spouses, and
in turn the marriage choice. We show that individuals of high rank tend to be
pickier in their marriage hunting. This does not necessarily mean that they
marry later than other individuals, since the higher expected quality of their
potential partners can make them marry earlier than individuals with a lower
universal characteristic. In particular, individuals with medium rank tend to
marry later than the other types, since they are picky but the quality of their
potential partners is usually lower than for high-rank individuals.
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1 Introduction

A common feature in models of marriage formation is the presence of “assortative
matching” (Becker, 1973), which alludes to a relationship (either positive or negative)
between the characteristics of partners. In the matching literature with transferable
utility, assortative matching is assumed to occur according to the characteristics of
the utility function (Becker, 1973, in the seminal paper and Shimer and Smith, 2000,
in the search literature, inter alia),' while in the literature with nontransferable
utility, partners are assortatively matched at equilibrium: individuals sharing the
same social class choose each other in the marriage game (McNamara and Collins
1990, Burdett and Coles 1997 and Bloch and Ryder 2000, inter alia.). In both
approaches, nothing is said about the way people meet. The social, educational and
working environment may ultimately affect the meeting, even though individuals
decide not to match afterwards.

Our aim is thus to model marriage formation by allowing for different types of
meetings. We analyse an optimal stopping framework, where two characteristics de-
termine an individual’s type: a characteristic whose evaluation depends on a certain
idiosyncratic preference of each potential partner (“specific’ characteristic) and an-
other characteristic (“universal” characteristic) that can be ranked commonly by all
individuals, such as income, beauty, social status, and so on.

We build the model as a “two-sided secretary problem” (Eriksson, 2007): indi-
viduals meet potential partners at any period and simultaneously decide whether to
propose according to the potential partner type and the expectation on the future
potential partners. We assume that individuals with similar (social, educational, aes-
thetic) characteristics have a certain probability of meeting due to facts of life (i.e.,
attending similar social environments, obtaining the same level of education, and
so on), even though this does not necessarily lead to marriage formation. In order
to distinguish our approach, we will refer to this as “assortative meeting”. Hence

meeting can be assortative (the potential partner belongs to the same universal rank

! Technically, a household utility function is super-modular, if partners’ characteristics are com-
plements, leading to positive assortative matching. If the utility function is sub-modular, the
partners’ characteristics are substitutes (negative assortative matching).



of the individual) or random (the partner is randomly drawn by the population) in
each period. From this perspective, the paper offers a comparison of different types
of meetings and how these affect the individuals’ behaviour.

The results depend on the state of the world in which an individual stands. In as-
sortative meeting, individuals with a high universal characteristic are less demanding
if the probability of having assortative meetings in the future is low, and vice versa.
This result is due to the fact that, given a low probability of having assortative meet-
ings in the future, the quality of the expected future partners is low for individuals
with a high universal characteristic. Therefore they are less choosy with the choice
of a potential partner met today of the same universal rank. In a random meeting,
individuals with high universal characteristic are harder to please compared to other
individuals, and they are more demanding the higher the importance of the universal
characteristic in evaluating a partner. The reason is that an individual with a high
universal rank knows that the chance of having future assortative meetings ensures
a high expectation about the quality of future potential partners, at least from a
universal-characteristic perspective. This does not necessarily mean that individuals
with a high universal characteristic marry later than other individuals. In fact, as-
sortative meeting makes them meet partners of better quality, which increases their
chance of an early marriage.

Interestingly, individuals with medium-high rank tend to marry later than any
other type, because they are fussy but the quality of their potential partner is lower
than high rank individuals. This result is in line with some empirical evidence
showing late marriages among members of the American middle class (Wilcox, 2010,
Marquardt et al., 2012).

Related literature. There is an extensive literature on models of spouse search.
In the economic literature, the assignment problem is the framework employed to
determine optimal marriage pairings (Shapley and Shubik, 1972 and Becker, 1973).
In the developments of the assignment problem, the economic literature borrowed the
standard Diamond-Mortensen-Pissarides search framework (see Burdett and Coles,
1997, Shimer and Smith, 2000, and Smith, 2006, inter alia).

While several approaches have been adopted to investigate this problem, our



analysis rests on the optimal stopping framework. McNamara and Collins (1990)
consider a job search game which can be modified to model marriage formation.?
In the model, employers interview a sequence of candidates for a job and decide
whether to offer the job to a candidate. Each candidate is interviewed by a sequence
of employers and decide whether to accept each offer. They find that assortative
matching occurs where the best employers are matched with the best candidates.
Analogously in the mate choice version of the problem, both men and women of
similar quality are matched together.

In recent years, this approach has been considerably extended. See, in particular,
Alpern and Renyers (1999 and 2005), Malazov and Falko (2008), Ramsey (2008, 2011)
and Alpern and Katrantzi (2009). As in Ramsey (2008), we analyse the problem with
discrete time and finite or infinite horizon.

In particular, Ramsey (2011) considers a model where partners are ranked ac-
cording to two characteristics. He assumes two stages, courting and acceptance, and
in each stage it is possble to observe only one characteristic. Contrary to Ramsey
(2011), we assume that individuals observe both characteristics at the same time.?
Finally, Ramsey (2011) does not take into account the expected time to marry.
Alpern et al. (2013) analyse marriage formation when individuals’ preferences are
based on age, which naturally changes over time. Finally, our approach is somewhat
similar to Eriksson et al. (2007), who develop a model where individuals optimise
the expected rank of their partner. Compared to Eriksson et al. (2007), we consider
both two dimensions of heterogeneity and two types of meeting.

The remainder of the paper is structured as follows. Section 2 presents the model,
and Section 3 shows the baseline results. Section 4 illustrates the expected time
necessary to marry. Section 5 extends the analysis by assuming an infinite horizon,
while Section 6 investigates the case where individuals are not aware of the type of
meeting they are. Conclusions are in Section 7. All the results are formally derived

in the appendix.

2Parker (1983) and Real (1991) formulate similar models for two-sided mate choice.
3A technical difference is that Ramsey (2011) assumes the distribution of characteristics as
discrete.



2 The model

We study a finite, large universe of M single men and W single women. Time is
discrete and the horizon is finite (Ramsey, 2008). The multistage game starts at
period t = 1 and lasts for IV periods. In each period, a man from M meets a woman
from W. A stage of the multistage game is called “meeting”. After each meeting, a
man m and a woman w simultaneously decide whether to propose. If both propose,
the process ends, and the two players exit the game. If at least one of them refuses,
then the game transits to the next period. We assume that being unmarried is
always worse than being married. This assumption implies that, at period N, all the
remaining unmatched players are willing to marry.

We assume that any pair who leaves the market is immediately replaced by clones
(MacNamara and Collins, 1990, Bloch and Ryder, 1994, and Morgan, 1994, inter
alia). Hence the formation of matchings in each period does not modify the distrib-
ution of single individuals when a marriage occurs.

Each player ranks the potential partner using two characteristics. The first char-
acteristic, denoted by 7, reflects the specific, idiosyncratic and universally unrankable
trait of an individual. For example some individuals like caring and attentive part-
ners, some others prefer independent persons. The preference is subjective and can-
not be compared between different individuals. The second characteristic, denoted
by I, represents a universally rankable aspect of the individual, such as income, ed-
ucation, social class and so forth. The universal type does not change throughout
the game: clearly, this is a simplification, as characteristics may change over time,
altering /.° For instance, income generally increases over time, whereas beauty de-
creases over time. Information is perfect and complete: individuals recognise the
type of each potential partner and are aware of the characteristics of the distribution
of individuals.®

We assume that an individual evaluates potential spouses according to the linear

4In Section 5 we extend the analysis to the case with infinite periods.

See Alpern et al. (2013).

6Note that the type of potential partner is known during the meeting only. Hence players cannot
anticipate whether a potential partner will accept to marry.



combination of these characteristics, which we will refer as “rank”:
R=(1—-a)n+al, (1)

where a € (0,1) weights the importance of the universal characteristic compared to
the individual characteristic. We assume « to be public information and identical
for all players. The level of a reflects the role played in the romantic choice by
universally estimable characteristics (social class, income, education) compared to
personal preferences for specific aspects of a partner. For instance, it can be imagined
that in a conservative society individuals put more weight on aspects such as the
social status or income when they evaluate a partner.

The meeting can be of two types. We denote the set of types as S = {r,7},
where s = r is called “random” meeting while s = 7 is called “assortative” meeting.
A random meeting occurs when an individual meets the partner by chance. This
happens anytime the rankable characteristic of an individual (social status, income,
education, and so forth) does not influence the occurring meeting. For example,
two individuals running into each other at the grocery store, both going to the
football stadium or to a public party. Therefore, with random meeting, any two
people from the universe can meet. Assortative meeting occurs when an individual
meets the partner in a context in which his or her rankable characteristic is relevant
in determining the meeting. All the encounters at school, at the university, in a
family or a private party are examples of assortative meeting. We assume that, with
assortative meeting, the universal rank of the potential partner will be the same as
the individual’s. This assumption is made for simplicity, as considering an imperfect
correlation (for instance, implemented with a noise) would complicate the analysis
without altering the qualitative features of our results. Also, notice that the state
of the world does not influence the specific characteristic of a potential partner. We
assume that all players are aware of the meeting they participate.

In each period ¢, the meeting is assortative with exogenous probability 5 € (0,1)
and random with probability 1 — 3, § being constant, equal to all the players and

known by them. The value of 3 depends on the customs of the society we have in



mind. For instance, in a traditional society, it is more likely that individuals with
common background are matched together (/5 high). To the best of our knowledge,
this is the first contribution to the literature in which two types of meeting may
alternatively take place.

Since the characteristics of potential partners are not known at the beginning of
the game, suppose that an individual i € {m,w} in each period t = 1,..., N meets

a partner j € {m,w} and j # ¢ in state s with the following rank:

R (1 —a)n,; +alyy, if s=r ( with prob. 1 -3 )
K (1—a)n,; +al;, ifs=7 ( with prob. 3 )

where

e 7),; is a random variable with continuous uniform distribution in [0, 1], reflecting
the idiosyncratic preference of an individual i for a potential partner j met in
t=1,...,N. Let n,; be independent variables for t = 1,..., N.

e [,; is a random variable with continuous uniform distribution in [0, 1], repre-
senting the universal rank of a potential partner j met in¢ =1,..., N. Let I,

be independent variables for t =1,..., N.

e [, =1 € [0,1] is the universal rank of the partner with assortative meeting,

which is the same as individual ¢+ who evaluates the partner j.

Considering 7,; and I;; as independent variables means that potential partners
met in the past do not influence future meetings. We assume that men and women
rank potential partners symmetrically, implying that they have the same probability
of observing a certain 1 and (in the random matching state) /. This assumption
is for the sake of simplicity and does not correspond exactly to what happens in
the real world. For instance, in many societies beauty is more evaluated by men,

whereas income is more evaluated by women.” The assumption that men and women

"See, for instance, Coles and Francesconi (2011).



rank potential partners symmetrically implies that the universal rank in assortative
meeting state [ is equal for man m and woman w.

As common in optimal stopping problems, we assume that all players adopt
threshold strategies. We denote a player i’s action in period ¢ and state s as aj; (I):
this is a threshold such that the player must propose in period ¢ and state s if and only
if the potential partner’s rank is greater than the threshold in t, i.e., R, > ag; (I).
If both players who met propose, then a marriage takes place and player i (j) gets
a payoff Rj; (Rj;). Given the structure of the stage game, we may construct a
multistage game defining the set of players’ strategies and payoff functions. The
strategy a; of player ¢ with universal rank I in the multistage game is a collection of
stage strategies {aj; (1) }ses=1,.. v indicating whether the marriage must be proposed
to a potential partner with absolute rank Rj; in period ¢ and state s for every
t=1,...,N. In other words, a player’s strategy in the multistage game is a set of
thresholds such that a player proposes a marriage in period ¢ and state s if and only
if the observed rank is greater than the threshold in t, i.e., Rj; > af; (I). Therefore,
a high a; (I) implies that a player is more likely to delay marriage, since he or she
needs to meet a potential partner with a high rank in order to agree to marry.

The goal of player i is to maximise the discounted expected rank of his or her
spouse. We thus define a player’s utility function in period ¢ in state s as the partner’s

expected rank if the marriage takes place, i.e.:

US (a: (1)) = E [Rtsj|RtSj > aj; (1), Ry > af; (Ij)} (az; (1)), if Ry, > a3 (1), Ry > aj; (1)
! U1 (ai (1)), otherwise

(2)
where § € (0,1] is the discount factor, aj; (I;) is the potential partner j’s strategy
and Upi1, (a; (1)) is the utility function in the subgame starting from period ¢ + 1 :

Upyr,i(a; (1)) =8 7;1,1 (a;u (I)) +(1—-5) tr+1,i (a:Jrl,i ([)) .

Notice that the discount factor may be also interpreted as a constant search cost.

The utility of an individual who remains single is assumed zero, ensuring that each



player will eventually marry.

Using (2) we can write the recurrence equation for a player’s utility function:

Ui (ai (1)) =Py, (a; (1)) E [R§j|R§j > aj; (I), Ry > afj ([j)} (af; (1))
+[1 = Pry, (a3 (1))] 6Us+1, (ai (1)) -

3 Baseline results

3.1 Bellman equation and strategies

The following Bellman equation represents the player i’s maximal utility function.
With probability Pr; (af; (I)), player ¢ marries in period ¢ and state s, obtaining the
payoff being equal to the expected rank of the partner (conditional to acceptance).
With probability (1 —Pr}, (a; (1)), player ¢ does not marry in period ¢ and transits
to the next time period. In this case his or her payoff will be the discounted maximal
utility calculated for the next time period:
Vi) = g}%{ {Prfn (az; (1) B [Rfj’Rij > ay; (1), Ry > ag; ([j>] (ag; (1))
+0(1L =Py, (az; (1)) BV (1) + (1 = B)V/ (1)) } (3)

with boundary conditions for ¢t = N and states s = 7 and s = 7:

V(1) =E[(1 — a)ny; +ol] = 1_T&+al, (4)
Vi =E[(1 ~ a)ay, +aly] = 5 )

Here the Bellman function V;*(I) is the maximal expected rank of a partner, and
E[R};|RE; > a; (I), Ry > a; (I;)] (ag; (1)) is the expected rank of a potential partner
J met in period ¢ in state s if player ¢ marries using strategy a. Expression SV, (I)+
(1 = B)V7 (1) is the expected payoff of an individual ¢ (or the absolute rank of j)

if they chose to not marry in period ¢ and the game transits to the next period.



Notice that player i’s strategy aj; (I) is within the interval [0, 1] if s = r, but from
the interval [al,al + 1 — o] if s = 7. The latter is the interval of possible values of
the random variable R};. The optimal strategies for the last period N are a}y (1) = 0
for random meeting and aly; (I) = o for assortative meeting, since a player prefers
to marry than remain single.

In order to solve the Bellman equation, we begin by deriving the conditional
probability of marrying according to the occurring state at time ¢. Then we determine
the conditional expectation of the expected rank of a person if the met players both

agree to marry. These steps are developed in the appendix.

3.2 Players’ equilibrium strategies

From now on, we will omit the label i, j for brevity. The following proposition shows

the equilibrium strategy with assortative meeting.

Proposition 1 The equilibrium strategy {a;* (I)}i=1...n-1 of a player with universal

rank I in the assortative meeting state T is:

4ol +1 —
Oé[, Zf‘/;—i-l(j) < %;aa
- 46V (1) — (ol +1 — « Aol +1—« al +1 -«
a; (1) = e (0) ?E )7 ZfT§W+1([)<T,
I+1-—
al +1—a, z‘fvm(f)zo‘ﬂ%.

(6)

In Proposition 1, the optimal strategy is higher the higher an individual’s univer-
sal rank / in cases when Vi (1) < & + 122 and Vi1 (1) > =2, In other words,
it is less likely that an individual would accept to marry if he/she is from a high

universal rank. Corollary 1 follows from Proposition 1.

Corollary 1 In assortative meetings, a player does not marry before period N if

and only if the expected rank Vi, 1(I) satisfies:

I+1—
Vi (1) > =——= (7)

10



for everyt=1,..., N — 1.

Condition (7) can be satisfied when the universal rank is very high, and the inten-
sity of assortative meeting is also very high. Accordingly, players wait for potential
partners with a higher rank in the following meetings. And if inequality (7) is satis-
fied for every t = 1,..., N — 1, then a player does not marry until period N in the
assortative meeting states.

Let us turn now on the optimal strategy with random meeting for each period

t=1,...,N — 1. For the sake of exposition, consider first the case where o« > %

Proposition 2 The equilibrium strategy {a;* (I)}1=1.. n—1 of a player with universal

.....

rank I in the random meeting state r when o > % 18:

p

) 1
0, if Vipn(I) < 1
1 5—19 11a?
1-a, if = < V() < o2
CLT* (I) _ 45 6(1 — 304)5 (8)
t “Yl4+a 26 5 —19a + 11a? S5a + 1
g T3V -m 60 30 = V) <55
I —1 1
M7 Zf ‘/t—i-l(I) Z bo )
\ 5 60

where

V168 (Vi (1))* = 16 (1 — @) Vi (1) + 502 + 6 + 5

Y1 6

Consider next the case where o < %

Proposition 3 The equilibrium strategy {a;* (I) }1=1.. n—-1 of a player with universal

-----

rank I in the random meeting state r when a < % 18:

11



)
_ 1
O, Zf%+1([) < E
1 1162 — 30 — 3
a, if — < Vi (I) < ———
a7 (1) = 45 6(3c — 2)6 ©)
P 2 2 Z,flloz2—3oz—3<v _6-5a
6 30Vt 72> 6(3a —2)0 - t+1 66
66V, 1 (1) — 1 . 6 — 5a
L t+15< ) 3 Zf W+1<[) 2 6(5 )
where
V1682 (Vi (D)2 — 168(2 — a)Viea (1) + 502 — 160+ 16
Yo = .

6

3.3 Existence and uniqueness of the equilibrium

Given the assumptions on the Bellman equation considered, there exists a unique sub-
game perfect equilibrium in the N-period meeting game. The existence of equilibrium
is straightforward and follows from Selten (1975). The uniqueness of the subgame
perfect equilibrium when all players use optimal strategies a;* (I), t = 1,..., N,
s = r,7 yielding the Bellman equation (3) follows from the functional forms used
in the right part of (3). In the case of assortative meeting s = 7, then (3) is a
continuous function of aj* (I) with a unique maximum on the interval of possible
strategy values [al,al + 1 — a] for every t =1, ..., N. Therefore, each player i has
a unique optimal strategy in every period in which assortative meeting takes place.
Random meetings can be considered similarly. The functions in the right part of
Bellman equations (28) and (29) are continuous in a}* (1) for both o > 1 and o < 3
and has a unique maximum within the interval of possible strategies [0, 1] for every
t=1,...,N. Hence, a player has a unique optimal strategy in every period in which

random meeting occurs.

12



3.4 Analysis of equilibrium

In this section, we consider some comparative statics of optimal strategies in both

random and assortative meetings.

3.4.1 Variation of /

Begin by showing how a variation of the universal rank influences the payoff and the

optimal strategy in equilibrium. The following propositions summarise the results.

Proposition 4 The equilibrium payoff in the assortative (random) meeting state is

an increasing (non decreasing) function of a player’s universal rank I.

Proposition 4 intuitively says that players with higher universal rank obtain a

higher payoff in equilibrium.

Proposition 5 Assortative meeting. For:

1

e

(10)
the optimal strategy a}* (I) is a non-decreasing function of a player’s universal rank
I foranyt=1,...,N.

Random meeting. The optimal strategy a}* (I) is a non-decreasing function of

Condition (10) is sufficient but not necessary. Indeed the necessary condition for

a;* (I) to be non-decreasing cannot be obtained explicitly, this due to the recurrent

form of optimal strategies. For example, for N = 2 the condition § > % is also

necessary. For N = 3 the necessary condition is:

11—« 3(176)
1—«o + ol — = 5

da ’

£ >

and so on.

13



Proposition 5 shows that, in the assortative meeting state, the optimal strat-
egy changes with a player’s universal rank according to the intensity of assortative
meeting. If 5 is high, then players with high universal rank are more “demanding”,
because the future chance of being in the assortative meeting state (and thus to meet
high ranked partners) will be higher. Therefore they can wait for a better idiosyn-
cratic match. Conversely, if 3 is low, then players are pickier if they have a low I,
since a low [ implies a relatively higher future expectation for low-I types. Indeed,
low universal rank players expect a relatively higher payoff from a random meeting.
In the random meeting state, the high-I types generally are more patient, as their
future potential partners generally have a higher expected rank, due to the chance

of being in the assortative meeting state.

3.4.2 Variation of

Consider next the effects of a variation of the intensity of assortative meeting 3 on

the optimal strategies.

Proposition 6 Assortative meeting. If

404[—251 -« < Vi) < 04[—1-51 —04’
e D) VinrlD) < o e e
5 X o3 = 0 for t’_”H(I); ().
If
Vi (D) < 404]—251 -« Vi (D) 04]—1—61 —04’

then a variation of B does not affect the optimal strategy.

Random meeting. If

5 —19a + 112
Viei(I) >
t+1( ) - 6(1 . 3@)5 9

14



then
da;* (1) ~ OV (1)

B op

=0 for Vi, (1) S Vi (D).

If
5 —19a + 11a?

6(1—3a)s ’

then a variation of B does not affect the optimal strategy.

Via(l) <

Therefore, the effects of 5 on the optimal strategy depend on which future con-
ditional expectation is higher. Since the value of V' (/) strictly depends on the
individual’s universal rank, in turn it is more likely that V[, (/) > V/;(I) (and in
turn av%ﬁlm > 0) for higher levels of I.

For completeness, we examine the game when § = 0 and § = 1. When g = 0,
players participate only to random meetings, and V(1) = V(1) satisfies the Bellman
equation (28) for v > 1 and (29) for a < 1, and the optimal strategies take the forms
(8) and (9), respectively. If § = 1, the Bellman equation V;(/) = V;(I) satisfies

equation (27) and the optimal strategy takes the form of equation (6).

4 Expected time to marry

In this section, we examine how long an individual expects to remain unmarried.
We denote T' as a discrete random variable representing the number of the periods
in which a player expects to marry, where 7' = 1,2, ..., N. In optimal stopping liter-
ature, this variable is called stopping time. In order to calculate the mathematical
expectation of the number of periods needed to marry we need to find the proba-
bility that a player marries in each particular period ¢. Denote this probability as
P, Vt=1,...,N. For period 1, this probability can be defined by the following
expression:

Py = (1—p)Pry, (a} (1)) + BPry, (a (1)) = M.
For period 2, the probability of marrying is as follows:
Py = (1— M) ((1 = B)Pr;, (a3 (1) + BPry, (a3 (1)) = (1 — M) M.

15



Hence for period k, the probability can be obtained by the expression:

Py =(1—M)...(1 = My_1) (1 = B) Py, (a;, (1))
+ BPY (al (1) = (1— My)...(1— My_y) M.

If a player does not marry in the first N — 1 periods of the game and participates in
the last N*" period he marries in this period with probability 1 (given the assumption

that a player always prefers to marry than to remain single), i.e.,
Py=(1—=DM)...(1=My_4).

The expectation of T is determined as follows.

Proposition 7 The expected time to marry is given by:

N i—1
ET:P1+2P2+...+NPN:ZZ'{H(1—Mk)}Mi.

=1 k=1

The expected number of periods before to marry is a function of the player’s
strategy a and all parameters «, (3, I.

Unfortunately, it is not possible to elicit analytical results, thus we examine the
properties of Proposition 7 using a numerical simulation. First, we consider it for
different universal ranks. We appoint the following parameters values: g = 0.7,
N =100, 6 =1, I =0.01, 0.33, 0.66, and 0.99. The results are summarised in Table
1 and shown graphically in Figure 1.

The relationship between universal rank and time to marry is non-monotone. The
time to marry is low for individuals with low levels of universal rank, it increases for
medium levels of universal rank, and it decreases again for high universal rank. In
particular, the peak in the expected time to marry is for low-medium types when
a = 0.25 and for high-medium types when o = 0.80.% Two factors contribute to this

result. First, the higher importance of o makes individuals with a high universal

8For o = 0.25, the peak is around I = 0.12, so that the non-monotonicity cannot be detected
from Table 3.
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I | a=0.25|a=0.80
0.01 | 46.38 42.36
0.33 | 44.60 42.82
0.66 | 42.48 50.53
0.99 | 4227 41.55

Table 1: Expected number of periods needed to marry for different 1.

Figure 1: Expected time needed to marry as a function of I (“black™: av = 0.25, “red”: v = 0.8).

characteristic more picky in their partner choice, thus delaying the marriage. The
first effect prevails on the second effect when the universal characteristic is not so
high but, for very high universal characteristics, the second effect more than offsets
the first effect, so that the time expected of marrying is lower. Thus individuals with
a very high universal characteristic tend to marry sooner than other individuals.
Alternatively, medium-rank individuals tend to marry later because they are fussy
and the quality of their potential partners is more likely to be lower. This result is
in line with some stylised facts, showing that individuals coming from middle class
tend to marry later (Wilcox, 2010, Marquardt et al., 2012). Among other reasons,

the dynamic that led to this evidence can be explained with the increase in the
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ways of meeting people (cheaper transportation costs, chats, social networks, and
so forth), which allows more information about the characteristics of individuals
and induces more meetings among potential partners with similar characteristics
(assortative meeting). Individuals expect this type of meetings in the future, which
affects their marriage decisions.

We then consider the change in the expected number of periods before marrying
for different 3. We appoint the following parameters values: I = 0.9, N = 100,
0=1,5=0.01, 0.33, 0.66, and 0.99. As in the previous example, we assume either
a = 0.25 or a = 0.80. See Table 2 and Figure 2. The results are interpreted with a

B [a=025]a=080
0.01 | 44.70 43.24
0.33 | 43.66 41.90
0.66 | 42.42 42.01
0.99 | 41.81 41.80

Table 2: Expected number of periods needed to marry for different (3.

Figure 2: Expected time needed to marry as a function of 3 (“black”: e = 0.25, “red”: v = 0.8).

high-type player (I = 0.9) as reference. The results are opposite if we consider a low-
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type player, this because, while a high-type player is happy to be in the assortative
meeting state, a low-type player prefers to be in the random matching state in order
to avoid meetings with low types.” The function is non-monotone, since two effects
interplay: on the one hand, given I = 0.9, the probability of meeting someone of
high type increases with 3; on the other hand, an increase in [ increases the future
chance of being in assortative meeting state, and in turn the expected future matches.
When the weight of the universal characteristic is low, the first effect is dominated
by the second effect for low levels of 3, which leads to a peak in the expected time
to marry for low 3. Conversely, when « is high, the longest expected time to marry
emerges for values of 5 < 0.1 and between 0.6 and 0.85. Moreover, consistent with
the previous simulation, a high « ensures shorter waiting to marry due to the high

universal type considered.

5 Infinite horizon

In this section, we extend the analysis to the case with infinite periods. We show that
the findings are qualitatively similar to the results obtained in the finite case. Suppose
that the universes M and W are infinite, and the game lasts an infinite number of
periods. In this case, the backward Bellman approach considered above cannot be
applied. In order to have boundary conditions to solve the Bellman equation, given
the infinite periods, we look for equilibria in stationary strategies. In other words, a
player’s strategy a = a® (I) does not depend on the period. In this case, we are not
able to show the equilibrium strategies in an explicit form. The functional equation
for the player’s payoff which is the expected partner’s rank in the game beginning
from state s is now:

Ve (a®(I)) =Pr;, (a® (1)) E [R}|R; > a® (1), R} > a’ (I})]

+0(1 = Pr;, (a” (1) (BV7 (a" (1)) + (1 = B)V" (a" (1)) . (11)

9Upon request, the results for low-universal type players can be provided.
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Equation (11) is the equivalent of equation (3) for the case with infinite periods.
Denote the vector (V7 (a™ (1)), V" (a” (I)))" as V (a” (I),a" (I)) and rewrite equation

(11) in the vectorial form:
V(a" (I),a" (I)) = Ay + Ay (B8,1 = B)V (a" (I),a" (1)), (12)

where
Ay = (A11, Ap) = (Pr), (a" (1)) E [R|R; > a” (I) , R] >Taf ()],
Pr (a" (1)) E [R}|R; > a" (I), R} > a" (I})])
Ay = (Ag1,Ap) = (1—Pr}, (" (1)) E [R}|R; > a™ (1), R} > a" (I))] ,
1 — P, (a" (1) E [R}| R, > a” (I), R} > a" (I;)])"

Given equation (12) we obtain the following result.

Proposition 8 Assume 6 # 1 and that players do not use their highest strategies
(a" (I)=al +1—« and a" (I) = 1). Then a player’s payoff is:

. R 1 1—0(1=B)Ax §(1—B)Ax
Ve (), a" (1)) = 1~ 3(Bha1 + (1 — B)Am) ( 5BAs; 1 — 68Ag ) As-

(13)

When § = 1 and players use their highest strategies in any period and for any

kind of meeting we obtain the following system of Bellman equations:

VT (@hnax (1) 5 O (1) = BV (0 (1) 5 G (1) + (1 = B)V" (00 (1) s e (1)) 5
V' (nax (1), Orpax (1)) = BV (aryax (1) i (1)) + (1 = B)V (apyax (1) o (1))

il

which amounts to V" (al .. (I),al .. (I)) = V" (al .. (I),al.. (I)). In this case a
player never proposes a marriage in the game, and the game never stops.
As in the finite case, the player’s optimal strategy maximises the expected rank

of the expected partner:

BA + (1 — 5)Aqrs
1—0(BAy + (1 — B)Ag)’

BV (a" (1)) + (1= B)V" (a" (1)) = (14)
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st.a” (I) € [al,al +1—a] and a" (I) € [0, 1].

We then analyse the equilibrium payoffs in a numerical example. In particular, we
compare the equilibrium payoff with infinite horizon with the results in the finite case
when N = 100. We appoint the following parameters values: ¢ = 0.95, and either
a = 0.25 or a = 0.80. In Table 3, we keep 8 = 0.7 and we examine the equilibrium
payoff for I = 0.01, I = 0.33, I = 0.66 and I = 0.99. In Table 4, we keep I = 0.9

and we show the results for § = 0.01, 5 =0.33, 8 = 0.66 and g = 0.99.

a=0.25 a=0.80
I | Infinite game | Finite game | Infinite game | Finite game
0.01 0.5359 0.5359 0.4838 0.4838
0.33 0.5762 0.5762 0.4838 0.4838
0.66 0.6272 0.6272 0.6283 0.6283
0.99 0.6864 0.6864 0.8735 0.8735

Table 3: Equilibrium payoff for finite (N = 100) and infinite game with 8 = 0.7 and

different I.
a=0.25 a=0.80
£ | Infinite game | Finite game | Infinite game | Finite game
0.01 0.6065 0.6066 0.6199 0.6198
0.33 0.6392 0.6392 0.7559 0.7559
0.66 0.6666 0.6666 0.8010 0.8009
0.99 0.6890 0.6890 0.8202 0.8201

Table 4: Equilibrium payoff for finite (N = 100) and infinite game with I = 0.9 and
different (.

The tables show that the equilibrium payoffs in the finite and infinite case are very

close. Thus the analytical results obtained in the finite case are robust by assuming
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an infinite horizon.!?

6 Incompete information

In this section, we consider the case with incomplete information about the states,
i.e., the situation in which players do not know which kind of meeting they partic-
ipate. Hence the strategies adopted by players are state-independent. In order to
model this, we modify the N-period meeting game as follows. Suppose that, for
every t = 1,..., N, a player uses the same strategy a; (I) in assortative and random
meetings, so that a; (I) = a (I) = a} (I). This situation reflects the situations in
which an individual does not know exactly which kind of meeting (state) takes place
in every period.

In this modified meeting game we consider the payoff of a player in the N-
period game, as the linear combination of the player’s expected payoffs in the games

beginning with particular meetings (assortative and random):
Vi (ar (1)) = BVY (ar (1)) + (1 = B)VY (a: (1))

The Bellman equation for the maximal expected rank V; (a, (1)) in period t takes the

form of:

Vill) =max {8 Pr], (o0 (D) B[R] > (1) B > a0 (1) (15)
+(1 =) Pry, (a: (1)) E [RIARIJ- >a (1), Ry; > ay (Ij)]
+0{B(1 = Pr, (a: (1)) + (1 = B)(1 = Py, (a¢ (1))} Visa (D)}
with boundary condition:

l—«

1-p
5

Vv(I) = 3 ( + a[> + (16)

10Upon request, we can provide additional numerical examples in which the similarities of results
between the finite and the infinite case are confirmed.
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With state-independent strategies, a player uses the same strategies for random and
assortative meetings in the same period. Then, the set of possible strategies are in

the set [0, 1] for all states. The probability of marrying is given by:

1, if a, (1) € [0,al),
] I)—al\?
Pr” (a; (1)) = (1_%(1#) , ifa (D) €fal,al +1—a),
—
0, ifa; (1) € [al +1—a,1].

Moreover in the assortative meeting state, the conditional expectation of the absolute

rank of the chosen j under the condition that the marriage takes place in period ¢ is:

E [R;]R;; >a; (1), Ry, > a; (1))

l1—«

al + 5 if a; (1) € [0, ad),
I+1- 1
= oLt 2a+at(>, ifa; (I) € [al,al +1— a),
0, if a; (I) € [al +1 — a, 1].

With state-independent strategies, the player’s optimal strategy is implicitly defined.
Notice that the player’s payoff in the N-period meeting game with state-independent
strategies, i.e. the expected rank of the potential partner, is not larger than the payoff

in the game with state-dependent strategies.

7 Concluding remarks

We have studied marriage formation through an optimal stopping problem approach,
where individuals have two different dimensions of heterogeneity, and two possible
kinds of meetings, a random and an assortative one, may occur over time. We show
that individuals with a high universal characteristic tend to be pickier in their mar-
riage hunting. This does not necessarily mean that they marry later than other

individuals, since the higher expected quality of their potential partners in the as-
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sortative meeting state can make them marry earlier than individuals with a lower
universal characteristic. Interestingly, individuals with medium-high rank tend to
marry later than the other types, since they are picky, but the quality of the indi-
viduals they meet tends to be lower than high-rank individuals.

The analysis carried out did not consider divorce explicitly, but this indeed can
be easily implemented. First notice that, given a large universe of men and women,
the number of divorces occurring in each period would not change the distribution of
single individuals. Second, once assumed that divorce occurs with exogenous proba-
bility, then there is no reason to expect that this probability may change according
to whether two individuals decide to marry or not in a certain period. Of course,
the probability of divorcing may change with the length of a relationship.

Further extensions may take into account different universal characteristics for
men and women. According to the customs considered, these may be different for the
two genders. For example in Western societies, men appoint a higher value to beauty
compared to women, whereas women appoint a higher value to financial security (See
Coles and Francesconi, 2011). These developments of the current model are left for

future work.

24



References

1]

(6]

[7]

8]

[9]

[10]

Alpern, S. and Katrantzi, I. 2009. Equilibria of Two-Sided Matching Games with
Common Preferences. European Journal of Operational Research 196: 1214-
1222.

Alpern, S., Katrantzi, 1., and Ramsey, D. 2013. Partnership Formation with
Age-Dependent Preferences. FEuropean Journal of Operational Research 225:
91-99.

Alpern, S., and Reyniers, D. 1999. Strategic Mating with Homotypic Prefer-
ences. Journal of Theoretical Biology 198: 71-88.

Alpern, S., and Reyniers, D. 2005. Strategic Mating with Common Preferences.
Journal of Theoretical Biology 237: 337-354.

Becker, G. S. 1973. A Theory of Marriage. Journal of Political Economy 81:
813-846.

Bloch, F. and Ryder, H. 2000. Two-Sided Search, Marriages and Matchmakers.

International Economic Review 41: 93-115.

Burdett, K. and M. Coles. 1997. Marriage and Class. The Quarterly Journal of
Economics 112: 141-168.

Coles, M.G. and Francesconi, M.. 2011. On the Emergence of Toyboys: Equi-
librium meeting with Ageing and Uncertain Careers. International Economic
Review 52: 825-853.

FEriksson, K., Sjostrand, J. and P., Strimling. 2007. Optimal Expected Rank in
a Two-Sided Secretary Problem. Operations Research 55: 921-931.

Kalick, M.S., and Hamilton, T.E. 1986. The Matching Hypothesis Reexamined.
Journal of Personality and Social Psychology 51: 673-682.

25



[11] Kalmijn, M. 1991. Status homogamy in the United States. American Journal of
Sociology 97: 496-523.

[12] Marquardt, E., Blankenhorn, D., Lerman, R.I., Malone-Colén, L. and Wilcox,
W.B. 2012. The President’s Marriage Agenda. in State of Our Unions 2012 -
The National Marriage Project. University of Virginia.

[13] Mazalov, V.V. and Falko A.A. 2008. Nash equilibrium in two-sided mate choice
problem. International Game Theory Review. 10 (4): 421-435.

[14] Morgan, P. 1995. A model of search, coordination, and market segmentation.
mimeo, SUNY Buffalo.

[15] McNamara, J.M., and Collins, E.J. 1990. The Job Search Problem as an
Employer-Candidate Game. Journal of Applied Probability 28: 815-827.

[16] Parker, G.A. 1983. Mate Quality and Mating Decisions. In P. Bateson (Ed.),
Mate Choice, Cambridge University Press: 227-256.

[17] Ramsey, D. 2008. A Large Population Job Search Game with Discrete Time.
European Journal of Operational Research 188: 586-602.

[18] Ramsey, D.M. 2011. Mutual Mate Choice with Multiple Criteria. In Breton,
M., Szajowski, K. (Ed.), Advances in Dynamic Games. Vol. 11. Annals of the
International Society of Dynamic Games, 337-355.

[19] Real, L.A. 1991. Search Theory and Mate Choice. II. Mutual Interaction, Assor-
tative Mating, and Equilibrium Variation in Male and Female Fitness. American
Naturalist 138: 901-917.

[20] Shimer, R. and L. Smith. 2000. Assortative Matching and Search. Econometrica
68: 343-369.

[21] Smith, L. 2006. The Marriage Model with Search Frictions. Journal of Political
Economy 114: 1124-1144.

26



[22] Wilcox, W.B. (ed.). 2010. When Marriage Disappears. in State of Our Unions
2010 - The National Marriage Project. University of Virginia.

27



8 Appendix

8.1 Bellman equation

In what follows we solve the Bellman equation by steps.

8.1.1 Conditional probability

The first step is to find the probability of marrying according to the occurring state

at time t. Begin by the assortative meeting state.

Proposition 9 The conditional probability to marry in the assortative meeting state

for any periodt =1,..., N — 1 is given by

Pl (1) = (1- M) (1)

1—-a
where ay (I) € [al,al +1 — af.

Proof. The probability that both ranks satisfy condition Rf; > ag; (1), Rf; > a; (1)

is the probability that a marriage takes place in period ¢ and state s, i.e.
Pr;, (aj; (1)) = Pr* [R}; > a3 (1), Ry > a3, ()] -
Since men and women are symmetric, then their strategy is symmetric too, so that
Pr* R > aj (1), Ry, > af; (1)) = Pre [Ry, > af, ()]

We find the probability density distribution function fry () of Rf; = (1 — o) 1+

al by using the consolidation formula of independent random variables:

1
x—a[) , ifzrefal,al +1—qf
={1l-a

11—«

1
fry () = Tfmj (
@ 0, ifx ¢ [al,al +1— q,
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where f, () is a probability density function of the variable ;. Thus the cumulative
distribution function Fpr (v) = Pr{Rj; <z} = [ fry (w)du of the random variable

Rj; is as follows:

0, if x € (—o0,al)
—al
Fpy (z) = a:l_o;, if v € [al,al +1— a)
1, ifrejal+1—a,00)

Therefore, the linear transformation of 7,; keeps the same distribution type but
changes the interval of possible values, i.e. the distribution of rank R}; is a continuous
uniform in the interval [af,al + 1 — a.

Given the probability density and the cumulative distribution functions, we are
now able to determine the conditional probabilities to marry. This is the probability
that both players ¢ and j who met in period ¢ accept to marry under the condition
that their choices are independent and they both use the same type of strategies. If

the meeting is assortative (s = 7), the conditional probability to marry is as follows:
FooF 7 F 7 F 7 7 2
Pr; (af (1) = Pr{(R}; > aj (I)) N Ry; > a; (1)} = (Pr{R}; > a] (I)})",

where the events Rj; > aj (I) and R}; > aj (I) are independent and symmetric.
Substituting and rearranging, we obtain the proposition. m
The conditional probability in the random meeting state is summarised by the

following proposition.

Proposition 10 The conditional probability to marry in the random meeting state

1s given by
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1. For a> 1;
2
<1‘sz1(]_))&>> > ifa; (1) € 0,1 — )
Pry, (a; (1)) = 1_2a§(1)2—(1—a)>2’ et -
\((1207(?—([04))) ) ’ if ai (I) € [ov, 1]
2. For a < %;
<1_%> ,ifay (1) €0,a)
Pry, (ay (1)) = 4 (1_%)2’ e
\(%> ’ ifaj (I) € [1 — a, 1]

Proof. A player i ranks a potential partner j as follows: Rf; = (1 — a)n,; + aly;.
Here the random variables 7,; and I;;, t = 1,..., N are independent and have the
same uniform continuous distribution on the interval [0,1]. The expression for the
probability density distribution function fgy (z) of a random variable Rj; can be

found using the formula of consolidation of two continuous independent variables:

e Case o > %:
o0

fry (2) = / Fotoymy, () far, (& — w)du = (20)
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(7 if 2 € [0, 1
Oé(l—a)’ IQZ‘E[, —Oé)
1 :
-, ifre(l—aaq)
—{a
Lo if v € [a, 1]
all —a)’ ' ’
0, if z ¢10,1]
OCaseoz<%:
( z
—, if 0
oz(l—oz)’ 1$€[,Ck)
1 :
S — if z €la,1—a)
fry(x) =4 172, (21)
P E— if 1—a,1
a(l—a) if v €[1—-a,1]
0, if z ¢ 10,1]

The cumulative distribution function Fgy (z) of the random variable Rj; ac-

cording to « is:

e Case v > %:

0, if x € (—00,0)
22
20l —a)’ ifzel0,1—-a)
Fpy (z) = W, ifre[l—oaq) (22)
1 2(@1(1_;”);, if 7 € [a,1)
1, if x € [1,00)
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e Case a < %:

)
0, if x € (—00,0)
22
if
(=) if x € 0, )
2z — « .
Fry (r) = 0 =a) ifrefo,1-a) (23)
L—=2?
1 f 1l—a,1
20l —a) ifre[l—a,l)
| if z € [1,00)

Notice that in the case of random meeting s = r the distribution of rank Rj;

is not uniform.

Given the probability density and the cumulative distribution functions, we are
now able to determine the conditional probabilities to marry. We consider the two
cases according to o > %, a < %, and we find the expressions of probability to marry
Prl (aj (I)) under the condition that the state is s = r and a player i of universal
type I uses strategy a; (/). This is the probability that both players i and j who met
in period ¢ accept to marry under the condition that their choices are independent
and they both use the same type of strategies.

In the case of random meeting (s = r), this probability is given by:
T T T s 2 T 2
Pr; (ay (1)) = (Pr {Rtj > aj (I)}) = (1 — Frr, (ay (I))) .
Substituting and rearranging, we obtain the proposition. m

8.1.2 Conditional expectations

The last step for deriving the Bellman equation is to determione the conditional
expectation of the expected rank of a person if the met players both agree to marriage.

This is summarised in the following proposition for the assortative meeting state.
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Proposition 11 The expected rank of a potential partner in the assortative meeting

state for any periodt =1,..., N — 1 is given by

al +1—a+aj; (1)

E [szj‘RZ > ay; (1), Ry; > @;‘ (Ij)} (a; (1)) = 5 ;

Proof. We denote as E [R};|R}; > aj (I), R}, > aj (I;)] the expectation of absolute
rank of the potential partner j chosen by a player’ i, under the condition that the
marriage takes place in period ¢ and E [R[;|R}; > af (I), R}, > af (I;)] is a function

of a player i’s strategy aj (I). For s = 7, the conditional expectation is given by:

E [Ry;|Ry; > af (I)] Pr{Ry}; > a] (I;)}
Pry, (af (1))
_ B [RyIR > af ()] Pr{R}; > aj (I)}
Pr{R}, > af (I)} Pr{R}, > af (I;)}
_E [Ry| Ry > af ()]
Pr {Rfj >af (1)}

E [RZ|RZ >aj (1), R, > af (Ij)] =

af (1) al +1—a+aj (I)
(o0} 2 )

where af (I) € [al,al +1—qa]. =

For random meeting, the conditional expectation is summarised as follows.

Proposition 12 The expected rank of a potential partner in the random meeting

state for any periodt =1,..., N — 1 is given by

33



(R | Ry > af; (1), By > ay; (1)] (ag; (1))
O ()P -3al-a) »
sy 0
- Ttéa;. O30+ Jaell-aq
2L i i (1) € 1]

1
2. For a < 5

E [R:j|RZj > ay; (I), R > ag; (Iy)} (an( )
(2(aj; (1))* - (1 - CV)

T
- 27«1[““{ e - o)
% if ay, (1) € [1 —a,1]

if ag; (1) € [0, )

Proof. We denote as E [R[;|Ry; > aj (I), R}; > ay (I;)] the expectation of absolute
rank of the potential partner j chosen by a player’ 7, under the condition that the
marriage takes place in period ¢t and E [Ry,|Ry; > aj (I), Ry, > af (I;)] is a function of
a player i’s strategy aj (/). We make use of the analysis carried out for determining
the conditional expectation for s = 7 using equations (20), (21), (18), (19). The

conditional expectation is given by:

E [RGB > ap (D] Pr{R} > aj (1;)}
P, (a (1))

[e.o]

| ufrr (u)du
[R;|th > at (I)] _ ap (1) !

Pr{RJ>at (n}y T

E [jo‘jo >a; (1), Ry, > af ([j)} =

(24)
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For a > 1, equation (24) becomes:

(20 Zsell0) -y e -
3 (af (1)) — Ga(1— )
E [Ry|Ry; > a (I), Ry > aj (I;)] = 3(at (1) — (L+a+af) fay (I;) €[l —a,a)
6a; (1; L 7

(2 (a; (1)))” = 3a(1 - a) "l N

3 (?))2—6;(13—04)’ i Hath) <o
E [RileIj > aj (I), Ry > af (I;)] = <at6(a£>()[j)_—<3(; _Oéoj)_ a ), if aj (I;) € [a,1 — )
2 if af (1) € [1 - o, 1]

8.1.3 Bellman Equations according to state

We are now in a position to determine a player’s optimal strategy through the analysis
of the Bellman equation (3). First, we examine separately the two states of the world
7 and r for each period ¢t = 1,..., N — 1. First, consider the assortative meeting state

s = 7. The Bellman equation (3) is:

] () —al\’al +1— (I
V() = max 1_@() a al + a+aj (1)
al(I) 11—« 2

+ (1 N (1 B W)Q) 5Vt+1(1)} ., (27)

where V11 (1) = V], (1) +(1—B)V/1(I) and with boundary conditions (4) and (5).

Remember that men and women are symmetric, implying that opposites play the
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same strategies. All multipliers in the right hand side part of (27) are nonnegative,
so, for each period t from 1 to N — 1 we investigate aj (1) that yields V;(I).
We turn now to the case of random meeting. In the case in which a > %, the

Bellman equation (3) is:

(w20 1) = 3a(1-a)
a (1) 20(1 =) | 3(ar (I))* — 6a(1 — )

. ( i mor) ) Wt b (<01 -0)
max (1 _2q (1) _1+O‘)2 3(%(1))2 —(1+a+a?)

V(1) = { a;() 2a 6aj (I) —3(1 + «)
. (1 B (1 247 (1) 2—a(1 _a)) > 6%+1<1>}, far (D) el —a.a)
(1—a? (1)2\?2ar (1) +1
m?fi{( 20(1 — ) ) 3
(1—aj (1)*)? e

T (1‘( 2a(l —a) ) )WM(I)}’ o elod

(28)

Conversely if o < , then the Bellman equation (3) becomes:
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+ (1 - (1 - ﬂ) ) V(D) b if o (1) € [0,0),

i (1_2a§<1)—a>23<a:(1))2—(3_3a+a2)
V() = atD) 2(1 — ) 6ar (I) — 3(2 — o)
(1—aj (1)*\* 207 (1) + 1
m%;{( 2a(l — a) ) 3

(29)
with boundary conditions (4) and (5).

8.2 Proof of Proposition 1

To find the optimal strategy for period ¢ and state s = 7 we first differentiate the
expression in the right part of (27) with respect to a, then we equate the differential

with zero and solve it for a. We denote the solution as b]. There are two solutions:

by =30V (1) — 3 [al +1—0f,
by =al +1—a.

Consider two possible cases for the value of expected rank Vi1 (I): Vi1 (1) < %

and Vi (1) > oftl=a,

1. Let Vigq (1) < “H=2 so that b]; < bj,. In this case the second derivative

of the right part of (27) with respect to a calculated in b}, (b},) equals to

—2(al+1—a—56Viy1(1))
(—a)?
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2(051+1—01—(5W+1(I))
(1—a)?

(27) whereas a} (I) = b}, minimizes it. Hence the function in the right part of

). Thus the strategy af (I) = bj; maximises the right part of

(27) decreases in [b];, b},]. If additionally b}, < «f, then the optimal strategy
is the minimum possible value for the strategy, i.e. aiy (I) = ol. For b}, > al,

the strategy aly (I) = b}, maximises the right part of (27).

2. Let Vigq (1) > ¢MH=2. In this case b}, < b; and a = b}, minimizes the right
part of (27) while a = b}, maximises it. Function in the right part of (27)

increases from a = al to a = b}, where obtains the maximum value.

8.3 Proof of Proposition 2

For brevity, we will consider the case o« > % and omit the case a < % as it is very

similar.!! The problem is to find the maximum of the piecewise function in the right
part of (28) with respect to the strategy a = aj (I). This function is continuous
with respect to a] (I). When af (I) € [0,1 — «), then it has a unique maximum at
aj (I) = 0. The second derivative of the function in the right part of (28) calculated
in aj (I) = 0 equals %. If Vii1(I) < 55, then the strategy aiy (I) = 0
maximises the right part of (28). Also, the right part of (28) is a decreasing function
with respect to aj (I) in the interval of possible strategy values [0, 1]. This implies
that the optimal strategy is aly (1) = 0.

For Vi1 (I) > 45, the right part of (28) increases in the interval a (1) € [0,1—a).
Consider the case in which a] (I) € [1 — «, «). Differentiation of the function in the
right part of (28) yields:

by = 51+ a) + 30Vi (1)
~ 31682 (Viss (1))2 = 16(1 + a)dViya (1) + 502 + 6o + 5,

by = £(1+ ) + 26V (1)
F4/168%(Vier (1))2 — 16(1 + 0)8Ves (1) + 502 + 6 + 5,

The complete proof can be provided upon request.
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where b}, < b},. The second derivative of the function in the right part of (28) in b},
is negative, while the second derivative of it in b}, is positive. Hence b}, maximises
the function in the right part of (28) and b}, minimizes it, and function in the right
part of (28) decreases from b}, to b},. Here we should consider three cases:
1. Forbj; <1—« (<:> =<V ()< %), the function in the right part
of (28) decreases on the interval [1 — «,1]. Thus, the optimal strategy is
an(l)=1-a.

2. Forl—-a <bj; <« <<:) % <V (I) < Soé;”), the function in the right
part of (28) increases on [0, b};) and decreases on (b}, 1], so that the optimal

strategy is aj (I) = b};.

3. For b}, > «, the function in the right part of (28) increases on [0, ). For [a, 1),

it has one extreme point a; (I) = bj;, where

1 6
bifa = —= 4+ =0Vip1 (1),
=+ p0Vin (1)
and the second derivative shows that it maximises the function in the right

part of (28). Hence it increases on [0, b5") and decreases on [by", 1], so that the

optimal strategy is afy (I) = bj; if and only if b}y € [, 1), i.e. Vigy (I) > 22,

8.4 Proof of Proposition 4

First consider the case with assortative meeting, s = 7. For a}* (I) = I, the payoff

in equilibrium V" (I) is an increasing function of the universal rank I as

oV (I)
I

= Q.

For aj* (I) = ol + 1 — «, differentiation of V;” (I) with respect to I yields:

VI (1) Vi (1)
ol ol
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ovE() _
Yl 6[
t=1,..., N—1. Consider next the case a* (¢,7) = WVin()—(altl=0a) whey al p Lo <

3
Vigr (1) < ¢HH=2in which:

Given aff > 0, we can easily prove the positiveness of @) g4, any

ovyr(I) 16«
ol 9(1—a)?
166 (6Vipr (1) — (1 — a+ al))® = 96(1 — a)? dViyy (1)
a 9(1 — )2 ol

(6Vier (1) — (1 — a4 al))?

The right hand side is positive for any ¢ = 1,..., N, because % + 122 <V, (I) <
O‘If% and the fact that 8V§Im = aff > 0. Therefore, in the assortative meeting
case, a player’s payoff in equilibrium is an increasing function of the universal rank

I.

Finally consider the case with random meeting, s = r, and suppose a > %
(the case where av < 3 can be considered in the same way and leads to the same
results). We show the proof when a;* (I) € [0,1 — «), and omit the cases in which
ay*(I) € [1 —a,a) and a}* (I) € [, 1], as the algebra is very similar and leads to the

same results. Differentiating V;" (I) w.r.t. I yields:
r T T aat ()
Vi) [, e (D) (e (D50 0
a(l — a)

2(a —3a(l — «a)
3(a —6a(l —a) OVirt (D)

2041—04)

].8(1,3;* aat (I) (1—Oé)(1—2a;‘* (I)) 58‘/15_;'_1 (I))

—_

(1
( ( (1))? = 6a(1 — a))? oI
+ 56%5}(1).

For aj* (I) = 0 and V41 (I) < £, we obtain V" (I) = 1, so that V() is a non-

decreasing function of I. The similar result can be obtained for the case a;* (1) = 1—a

and Vi (1) € [55, 55025355) - For 5058 < Vi (1) < 25 and Vi (1) 2 %
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we obtain 8‘2;[(1) = 0if av%}(f) 2 0. Given % = aff > 0, we prove that for any

t =1,..., N, the player’s payoff in random meeting is an increasing function of I.
Therefore, in any possible case, a player’s optimal payoff in random meetings is a

non-decreasing function of the universal rank.

8.5 Proof of Proposition 5

Begin by examining the assortative meeting state. It is straightforward that for

Vier (1) < %I + 14_—50‘ and Vi1 (1) > ‘”f%, the optimal strategy is a constant, hence
daT*(I)
—a
Consider next & + =2 < V. (I) < “H=2 for which the optimal strategy is
o (I) = 46Vi i1 (I)—(ad+1—a) dap* (1) _ 45 0Vipa(I) _ 2 where Vi1 (I) _
tavgl(l) 38Vt+1([ o) - a T s 3 o1
B~ +(1- B)— Thus =47~ is non-negative during the whole game if and

. OVig1 (D)
only if === > &

= « is a non-decreasing function of the universal rank I.

Here we obtain

N([

Fort = N — 1 the player’s payoff = «af3, hence the condition of non-

Now consider ¢ = N - 2. Substituting the optimal strategy
N 1(1)

negativity is § > %.

ai_, (I) into expression (30) and writing down the condition

> 15 yields:

6V (1) — (1 — o + al)]? (1-6B)6 + (52@ - %) > 0.

9(1 — )2

Vi_i(D)
3[

decreasing function of universal rank /. By repeating the procedure recurrently for

Given 3 > 7 we can easily prove that > . Therefore ajy_, (I) is a non-

all t we prove the result of the proposition.

Consider next the random meeting when o > 1.'2 The non-negativity of 8“* (I )

is straightforward for Vi, (I) < %. The optlmal strategy aj* (I) is a non-
decreasing function for Vi, (I) > 5““ ift dvtg}( ) ig non-negative, which is proved

by Proposition 4.

12The case with a < 1/2 yields the same results and it is omitted.
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: 5—19a+11a? 5a41,
Now consider B <Vii(I) < et

day (I) _ 20V ()
or 3 9l
40Vip (1) —2(1 — o)

1 _
V1687 (Viur ()2 — 16 (1 — @) 8Viyy (1) + 5% + 60 + 5

We can easily obtain 8“%—*]([) 2 0 when 8\/%11(1) 2 0 since the right hand side is always

.. _ 2 . .
positive when % <Vii1(I) < 5%;“1. Therefore, given Propostion 4 we prove

Proposition 5.

8.6 Proof of Proposition 6
Begin by noticing that V;,; is a function of 3, in particular

Vi1 (1 _
Pt 20 as V2L (1) S V() (31)

Therefore the effect of 5 on the optimal strategy in both assortative and random
meeting state depends on which future conditional expectation is higher.

Consider the conditions on parameters that gives the sign of the derivative of the
optimal strategy with respect to §. The derivative of a}*(I) with respect to [ is zero
for Vipr(I) < 24LH=2 and Vi (1) > 25=2 Conversely, for 22LH=2 <V, (]) <

45
al+l—«o
=5, we get

0 (1) _ 10 0Via(D) < o OVin(l)

op 3 0 = B
which holds if and only if (31) holds. Let us turn on the optimal strategy in the

<
= 0,
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random meeting state. The derivative of a;*(I) with respect to 5 when o > % is:

( 5—19a + 11a?
if 1
( ) 07 1 ‘/7&4*1( >< 6(21—306)5
dar*(I 25 OVi(I) . 5—19a+1la Sa+ 1
S i CVANT < V(D) < 22—
a3 5705 I a—sap ='m<%
——= if I) >
5o 0 Tz
where: LV o(1
o1 t+1 — (_a) > 0.
V([46Viss — 201 — @) + (02 + 1da + 1)
Therefore o (1) V(D)
aT* = ,
G5 500 —g5 - S0e VLD S VL),
The same result applies when a < %:
( 1102 — 3a — 3
0 if V(I
" ’ : ”15 )< 6Ba—2)
daj*(I 26 ,0Via(1) 11a® — 3a— 3 6 — Sa
={ = if <V —_—
o3 3708 " 6Ba—2 T s
650V, a(I) . 6 — 5a
-7 fVia(I) >
5o VmlD 2%

where:
1 40Vi1 —2(2 — a) >0
V40V —2(2 — )2 + (902 — 16a +32)

8.7 Proof of Proposition 8

The Bellman equation in the vectorial form for the game with infinite horizon is:

V(a"(I),a" (I)) = Ay + 6Ag(8,1 = B)V (a" (1) ,a" (1)), (32)
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By transforming equation (32) to obtain the explicit form of V (a” (), a" (1)), we get
(I—6A5(B8,1=B))V(a" (I),a" (I)) = A;.

If the determinant of matrix (I — dAq(S,1 — 3)) does not equal to zero, then the
solution of the last equation is vector V (a” (I),a” (I)) that is determined by the

following expression:
V(a"(I),a" (1)) = (I - 6As(B,1 - B)) " Ay

The determinant of matrix (I — §As(S,1 — )) equals to zero when 6 = 1 and, at
the same time, both elements of matrix A; equal to zero. The elements Ay, Ags
equal to zero if and only if a player uses his/her highest possible strategy. Finally,
we compute the matrix (I — JAx(5,1 — 5))_1 and obtain:

5[‘3.&22 11— 56A21
1 —(BAg + (1 — B)Ax)

(1 — (1= B)Asn (1~ 6)A21> A
V(' (1), 0" (D)) =
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