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Abstract

A network solution is a procedure that assigns to each network, i.e., a weighted digraph, a subset of
its vertices. We introduce a new solution based on the concept of arborescence: given a network, we
consider all maximum-weight arborescences in the network and select the set of vertices that are their
roots. This solution is proved to satisfy several desirable properties, including neutrality, cancellation,
invariance under translation and positive rescaling of capacities, monotonicity, and polynomial-time
computability. Moreover, it is proved to be an extension of the admissible set, a well-known solution
for abstract decision problems, to the set of networks. When applied to weighted majority digraphs
induced by preference profiles over a set of alternatives, this yields a social choice correspondence
that is proved to satisfy the Smith and Condorcet principles, the Condorcet loser principle, as well
as anonymity, neutrality, homogeneity, monotonicity, Pareto efficiency, and independence of clones.
For three alternatives, we prove that it coincides with both the Simpson and the Schulze social choice
correspondences.

Keywords: arborescence; network solution; tournament solution; social choice; weighted majority di-
graphs; Condorcet method.

JEL classification: D71.

1 Introduction

Consider a society that must select an alternative from a given finite set X on the basis of information
about pairwise comparisons among alternatives. A basic way to represent such information is through a
dominance relation R on X. The relation R captures the idea that, if an alternative y is being considered
by the society and (z,y) € R, then there exists a valid reason to reject y in favor of x. The resulting
digraph (X, R) provides a representation of the decision problem and is called an abstract decision prob-
lem. A central issue is therefore to determine a method that selects a set of alternatives for any given
abstract decision problem. Several solutions have been proposed in the literature, each based on a differ-
ent rationale. Among them are the uncovered set (Miller 1980, Fishburn 1977, Duggan 2013), the Smith
set (Smith 1973, Schwartz 1986), the admissible set (Kalai et al. 1976, Kalai and Schmeidler 1977), the
maximum flow value set (Gori 2024).!

The previous framework only records whether an alternative dominates another one, without taking
into account the intensity of such dominance. In many situations, however, the available information
naturally provides a measure of the strength of pairwise comparisons. In this case, a society must select

LOther methods select a set of subsets of alternatives, such as the stable set (von Neumann and Morgenstern, 1944), the
generalized stable set (van Deemen, 1991), the socially stable set (Delver and Monsuur, 2001), the m-stable set (Peris and
Subiza, 2013), and the w-stable set (Han and van Deemen, 2016).



an alternative in X on the basis of a capacity function ¢ that associates with each ordered pair (z,y) of
distinct alternatives a number ¢(z, y) representing the strength of the dominance of x over y. That strength
may arise, for instance, from considering several evaluation criteria for alternatives, assigning a suitable
numerical weight to each criterion, and summing the weights of the criteria for which z is at least as good
as y. The resulting network (X, ¢) encodes all the relevant information about the decision problem. The
problem of finding a sensible method to select a set of alternatives for any given network then naturally
arises. Note that, since any digraph can be identified with a 0-1-network, namely a network whose capacity
has values in the set {0, 1}, any such method, which takes the name of network solution, induces a solution
for abstract decision problems when restricted to the set of 0-1-networks. Several network solutions have
also been introduced and studied (Laslier 1997, Langville and Meyer 2012, Gonzélez-Diaz et al. 2014,
Fischer et al. 2016, Vaziri et al. 2018), most of them assigning a score to each vertex of a network and
then selecting the vertices with maximum score.?

One way to construct a network solution is obtained by using the notion of the weight of a digraph in a
network. Given a network and a digraph with the same vertex set, the weight of the digraph in the network
is defined as the sum of the capacities of its arcs. We consider a class of digraphs in which each digraph
is endowed with a distinguished vertex, called its root. Given a network, we then consider the family of
digraphs in this class having the same set of vertices as the network and we determine in that family the
digraphs with maximum weight. The alternatives that are roots of such digraphs are finally selected. The
Kemeny network solution is a prominent example fitting this scheme: in this case, the class of digraphs
consists of those corresponding to transitive tournaments, where the root is the unique maximal element.
Another important example based on the same rationale is the outdegree network solution. In this case,
the class of digraphs is given by outstars, namely digraphs whose arcs are exactly the arcs leaving a given
vertex, which serves as the root.

In this paper, we propose a new network solution built according to the described scheme, focusing on
the class of arborescences. An arborescence is a digraph (X, R) satisfying the following properties: there
exists a vertex r € X such that no arc of (X, R) enters r; for every vertex x € X different from r, there exists
a unique arc of (X, R) entering x; for every vertex x € X different from r, there exists a path in (X, R)
from r to x. The vertex r is called the root of (X, R). Since every outstar is an arborescence, and every
arborescence is a subdigraph of a transitive tournament, arborescences occupy a natural intermediate
position between outstars and transitive tournaments. Following the general scheme described above,
given a network, we consider all the arborescences having the same set of vertices as the network, we
determine the ones with maximum weight in the network, and we finally select the alternatives that are
roots of such arborescences. We call the resulting network solution the maximum-weight arborescence
network solution, denoted by <.

We prove that o/ fulfills several desirable properties. In particular, it satisfies neutrality, namely
invariance under relabeling of the vertices; cancellation, meaning that every vertex is selected in symmetric
networks, that is, networks such that the capacity of an arc (z,y) equals the capacity of the arc (y, ) for
every pair of distinct vertices x and y; invariance under translation and positive rescaling of capacities; and
a monotonicity property according to which a selected vertex remains selected when the capacities of its
outgoing arcs do not decrease, the capacities of its incoming arcs do not increase, and all other capacities
remain unchanged. Notably, &/ can be computed efficiently using the well-known Chu-Liu/Edmonds
algorithm, which runs in polynomial time in the number of vertices (Chu and Liu 1965, Edmonds 1967).
We also prove that o7, when restricted to the set of digraphs, induces a special solution for abstract
decision problems. Specifically, it coincides with the admissible set previously mentioned, namely the
solution that, given a digraph (X, R), selects an alternative z if and only if, for every alternative y, the
existence of a path from y to x implies the existence of a path from x to y. This fact provides a new
characterization of the admissible set in terms of arborescences.

Any network solution induces a method for aggregating individual preferences over a set of alterna-
tives. Indeed, given a preference profile, one can associate with it the weighted majority digraph (Laslier
1997) and then apply the network solution to obtain a subset of alternatives. Under the assumption that

2In fact, most of the existing analysis and axiomatic characterizations concern ranking methods, that is, methods that
associate with each network a ranking of its vertices, mainly based on scores assigned to the vertices. Any ranking method
naturally induces a network solution by selecting the vertices that are ranked first.



individual preferences are expressed as linear orders, applying this procedure to the maximum-weight
arborescence network solution yields a new social choice correspondence, called the maximum-weight ar-
borescence social choice correspondence and denoted by A. Interestingly, A is proved to satisfy several
remarkable properties. In particular, we prove that A satisfies the Condorcet and Smith principles, the
Condorcet loser principle, anonymity, neutrality, homogeneity, monotonicity, and Pareto efficiency. More-
over, we prove that A satisfies independence of clones (Tideman 1987). Finally, in the case of three
alternatives, we prove that A coincides with both the Simpson and the Schulze social choice correspon-
dences (Simpson 1969, Schulze 2011).

The paper is organized as follows. Section 2 introduces the necessary preliminaries on relations,
digraphs, and networks. In Section 3, we define the maximum-weight arborescence network solution and
study its main properties. Section 4 establishes the connection between the proposed network solution and
the admissible set. Section 5 introduces a new preference aggregation method based on the maximum-
weight arborescence network solution and investigates its properties. The proofs of all stated results are
deferred to the appendix.

2 Relations, digraphs and networks

We denote by N the set of positive integers and we set Ng = N U {0}. The set of nonempty and finite
subsets of N is denoted by P¢(N).

Given a finite set X, we denote by |X| the size of X, by X2 the set {(z,y) € X?: 2z =y}, by X? the
set X2\ X2, by P(X) the set of subsets of X, by P,(X) the set of nonempty subsets of X. We denote by
Sym(X) the set of permutations of X. Given 1,19 € Sym(X), we denote by 1211 the composition of g
and 11, namely the permutation of X defined, for every = € X, by (¢2¢1)(z) = ¥2(¢1(x)). The identity
function in Sym(X) is denoted by idx.

2.1 Relations

Let X be a finite set. A relation on X is a subset of X2. The set of relations on X is denoted by R(X).
Let R € R(X). Given z,y € X, we sometimes write x = y instead of (z,y) € R; x > y instead of
(z,y) € Rand (y,z) ¢ R. We say that R is reflexive if, for every z € X, (z,z) € R; irreflexive if, for every
z € X, (z,x) ¢ R; asymmetric if, for every z,y € X, (x,y) € R implies (y,z) ¢ R; transitive if, for every
z,y,2 € X, (z,y) € R and (y,2) € R imply (z,2) € R; antisymmetric if, for every z,y € X, (z,y) € R
and (y,z) € R imply = = y; quasi-complete if, for every z,y € X with = # y, (z,y) € R or (y,z) € R;
complete if, for every z,y € X, (x,y) € R or (y,x) € R; an order if R is complete and transitive; a linear
order if R is complete, transitive and antisymmetric. The set of orders on X is denoted by O(X); the set
of linear orders on X is denoted by L(X). The set of maximal elements of R is

Max(R) ={r € X :Vy € X, y ¥r z}.
Given ¢ € Sym(X), we define RY = {(z,y) € X? : (¢ *(z),v"'(y)) € R}. Observe that, for every
1,1 € Sym(X), (R¥1)¥2 = R¥2¥1. We also define R" = {(=,y) € X?: (y,x) € R}.
There are several ways to represent an order on a finite set X. For instance, if X = {1,2,3,4}, the
tables

1 [1,2,4 (1)

R1: 2737 R2: 3 :|a R3:

represent orders on X according to the following rule: for every x,y € X, (z,y) € R; if and only if x is
above or at the same level as y in the corresponding table. Thus, for example, (1,1) € Ry, (2,4) € Ry,
(4,3) € Ry, (1,2) € R3. Note that R3 represents a linear order.

We can also encode these tables on a single line by writing each level as a set, omitting curly brackets
for singletons; levels are separated by commas and are listed from left to right in the same order as from
top to bottom in the table. Thus, we can write the orders in (1) as

Ry =[1,{2,3},4], R2=1[{1,2,4},3], R3=1[1,4,3,2].
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Figure 1: The digraph D; in (2).
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Figure 2: The digraph D in (2).

2.2 Digraphs and arborescences

Let X € P¢(N). A digraph on X is a pair (X, R), where R is an irreflexive relation on X. We say that X
is the set of vertices of (X, R), and R is the set of arcs of (X, R). The set of digraphs on X is denoted by
D(X). A digraph is an element of the set

p= |J DpX).

XePy(N)

Given D € D, we denote by Ve(D) the set of vertices of D and by Ar(D) the set of arcs of D. Thus,
D = (Ve(D), Ar(D)) € D(Ve(D)). Of course, if D € D(X), then Ve(D) = X.

A digraph D can be graphically represented in the plane by points and arrows: the elements of Ve(D)
correspond to distinct points in the plane, and each arc (z,y) € Ar(D) corresponds to an arrow from x
to y. The pictures in Figures 1 and 2 respectively represent the digraphs

D, =({1,2,3,4,5,6,7,8,9},{(1,2),(1,3),(2,6),(2,7),(3,1),(3,4), (4,1), (5, 3),(5,9), (6,5)}),
(2)
Dy = ({1,2,3,4,5,6,7,8,9},{(1,4),(2,3),(2,6), (4,2), (4,5), (4,8),(8,7),(8,9)}).

Let D € D. If (z,y) € Ar(D), then (z,y) is said to leave z and enter y. A path in D is a sequence
(z;)7y, where m > 2, x1,...,2y, are distinct elements of Ve(D) and (zj,z;41) € Ar(D) for all j €
{1,...,m —1}. If 2,y € Ve(D) are distinct, a path from z to y in D is a path (x;)7; in D such that
r1 = x and z,, = y. If there exists a path in D from z to y, then we say that y is reachable from x in D.

A cycle in D is a sequence (z;)L,, where m > 3, x1,..., 2,1 are distinct elements of Ve(D), z,, = z1,



and (zj,2j41) € Ar(D) for all j € {1,...,m —1}. If D does not admit any cycles, it is called acyclic. For
instance, referring to the digraphs D; and Ds in (2), we have that the sequence (1,3,4,1) is a cycle in
Dy, and the sequence (1,4,8,9) is a path from 1 to 9 in Dy. Given now z € Ve(D), we set

7P(z) = {y € Ve(D) : (y,x) € Ar(D)},
7P (x) ={y € Ve(D) : (z,y) € Ar(D)},
aP(z) = {y € Ve(D) : there exists a path from y to z in D},
§P(x) = {y € Ve(D) : there exists a path from z to y in D}.

The sets 72 (z), vP(x), oP(x), and 6P (x) are called, respectively, the sets of parents, children, ancestors,
and descendants of x in D. Of course, y € 7P (x) if and only if z € vP(y), and y € oP(z) if and
only if z € §P(y). Moreover, 7°(z) C oP(z), yP(z) C §°(z), 7P(z) = @ implies o (z) = @, and
7P (z) = @ implies §7 (z) = @. Referring to the digraphs Dy and Dy in (2), we have that 721 (1) = {3, 4},
aPr(3) = {1,2,4,5,6}, vP1(5) = {3,9}, 6P1(6) = {1,2,3,4,5,7,9}, nP2(2) = {4}, aP2(2) = {1,4},
2P2(2) = 6P2(2) = (3,6},

Given 1 € Sym(Ve(D)), we define D¥ = (Ve(D), Ar(D)¥). Of course, by the preceding discussion
about relations, for every 11,19 € Sym(Ve(D)), (D¥1)¥2 = D¥2¥1, We also define D" = (Ve(D), Ar(D)").

Let D € D. We say that D is an arborescence if there exists ¢ € Ve(D) such that

o for every y € Ve(D), (y, o) ¢ Ar(D),
e for every y € Ve(D) \ {0}, there exists a unique x € Ve(D) such that (z,y) € Ar(D),
o for every y € Ve(D) \ {zo}, there exists a path from zg to y in D.

The element xq is a root of D. The set of arborescences is denoted by A.3

Let D € A. It is well known that D is acyclic, and |Ar(D)| = |Ve(D)| — 1. Moreover, D admits a
unique root, which is then called the root of D and denoted by r(D); for every x € Ve(D) \ {r(D)}, there
exists a unique path from r(D) to z in D; 7P (r(D)) = oP(r(D)) = @; for every x € Ve(D) \ {r(D)},
|7P(x)| = 1. We also have that the set {x € Ve(D) : v (z) = @} is nonempty: its elements are called the
leaves of D. For example, the digraph D5 in (2) is an arborescence with r(D3) = 1 and whose leaves are
the vertices 3, 5, 6, 7 and 9.

Given X € P¢(N) and 2o € X, we denote by A(X) the set of arborescences whose set of vertices
is X, and by A;,(X) the set of the arborescences in A(X) whose root is xo. It can be checked that if
D € Ay, (X) and ¢ € Sym(X), then DY € Ay(z,)(X).

Let D € D. We say that D is an outstar if there exists zg € Ve(D) such that Ar(D) = {(zo,y) : y €
Ve(D) \ {zo}}. The element xy is called a root of D. The set of outstars is denoted by O. Given D € O,
it admits a unique root, again denoted by (D). Given X € P¢(N) and z¢ € X, we denote by O(X) the
set of outstars whose set of vertices is X, and by O, (X) the set of outstars in O(X) whose root is z.
Note that O,,(X) has a unique element.

Let D € D. We say that D is a transitive tournament if Ar(D) is transitive, quasi-complete and
asymmetric. The set of transitive tournaments is denoted by 7. Given D € T, there exists a unique
xo € Ve(D) such that, for every y € Ve(D) \ {zo}, (z0,y) € Ar(D). We call such a vertex the root of D
and we again denote it by (D). Given X € P¢(N) and z¢ € X, we denote by 7(X) the set of transitive
tournaments whose set of vertices is X, and by T, (X) the set of transitive tournaments in 7 (X) whose
root is xg.

We finally note that, for every X € P¢(N) and zg € X, Oy (X) C Ay (X). Moreover, due to
Szpilrajn’s extension theorem (Szpilrajn 1930), if D € A, (X) (resp. D € Oy (X)), then there exists
E € T, (X) such that Ar(D) C Ar(E).

3The terminology is not uniform in the literature. The term arborescence is used, for example, by Berge (1962), Edmonds
(1967), and Deo (1974), whereas Harary (1969) uses the term out-tree. In the context of spanning subdigraphs of a prescribed
digraph, Bang-Jensen and Gutin (2007) use the term out-branching.
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Figure 3: The network Nj.

2.3 Networks

Let X € P¢(N). A network on X is a pair (X, ¢), where c is a function from X2 to R. We say that X
is the set of vertices of (X, c), X2 is the set of arcs of (X,c), and ¢ is the capacity of (X,c). The set of
networks on X is denoted by N (X). A network is an element of the set

N= |J Nx).

XePs(N)

Given N € N, we denote by Ve(N) the set of vertices of N and by ¢V the capacity of N. Thus,
N = (Ve(N),cN) € N(Ve(N)). Of course, if N € N(X), then Ve(N) = X.

A network N can be graphically represented in the plane by points and arrows with numbers attached:
the elements of Ve(IV) correspond to distinct points in the plane, each arc (z,y) € (Ve(V))2 corresponds
to an arrow from z to y, and the value ¢V (z,y) is written next to the arrow representing (z,y). We also
adopt the convention that if an arc has capacity zero, it is not drawn; if an arc has capacity one, the
capacity is not written. The picture in Figure 3 represents a network, which we denote by N;. From the
picture, we see that Ve(N;) = {1,2,3,4,5,6,7,8,9}, and that, for example, ¢V1(1,2) = 0, ¢V1(2,3) = 7,
and ¢ (4,2) = 1.

Let N € N. We say that N is a 0-1-network if Im(c") C {0,1}. We say that N is balanced if there
exists k& € R such that, for every z,y € Ve(N) with 2 # y, ¢V (x,9) + N (y,2) = k. Given k € R, we
denote by N + k the element of N such that Ve(N + k) = Ve(N) and, for every z,y € Ve(N) with z # y,
cNtE(z,y) = N (z,y) + k; we denote by kN the element of A" such that Ve(kN) = Ve(N) and, for every
x,y € Ve(N) with z # y, *(x,y) = keM (z,y). Given ¢ € Sym(Ve(N)), we define NV as the element of
N such that Ve(N¥) = Ve(N) and, for every z,y € Ve(N) with z # y, N (,y) = N (Y~ Hx), v (y)).
Observe that, for every 1,1y € Sym(Ve(N)), (N¥1)¥2 = N¥2¥1, We define N as the element of A/ such
that Ve(N") = Ve(N) and, for every x,y € Ve(N) with = # y, ¢V (z,y) = ¢V (y,x). A path in N is a
sequence (z;)7L, where m > 2, x1,...,,, are distinct elements of Ve(V). If z,y € Ve(V) are distinct, a
path from x to y in N is a path (z;)72; in N such that x; = x and z,, = y.

0-1-networks can naturally be identified with digraphs. Indeed, let AVpy; be the set of 0-1-networks and
consider ® : Ngp; — D defined, for every N € Np1, by ®(N) = (Ve(N), RY) € D, where

RN = {(x,y) € (Ve(N))i : CN(xvy) = 1}'

It is a simple exercise to verify that ® is a bijection and that, for every D € D, ®~1(D) = (Ve(D),cP) €
No1, where cP is defined, for every (z,y) € (Ve(D))2, by ¢P(z,y) = 1if (z,y) € Ar(D) and by ¢ (z,y) =0
if (z,y) ¢ Ar(D). Throughout the paper, we identify the sets D and Ny; so that D C N. Observe that,
for every N € No; and ¢ € Sym(Ve(N)), ®(N¥) = &(N)¥ and ®(N") = ®(N)".



Figure 4: The network Ns.

Consider now N € N. For every D € D with Ve(N) = Ve(D), we set
NoD = Z Nz, y).
(z,y)€Ar(D)

The number N o D is called the weight of the digraph D in the network N. We also set

AN = argmax NoD, ON = argmax NoD, TV = argmax NoD.
DEA(Ve(N)) DEO(Ve(N)) DET (Ve(N))

Since the sets A(Ve(N)), O(Ve(N)), and T (Ve(N)) are nonempty and finite, the sets AY, OV and TV
are nonempty and finite.

As an example, let us consider X = {1,2,3} and Ny € N/(X) represented in Figure 4 and compute the
sets AV2, ON2 and T2,

The elements of A(X) are the digraphs

B = ({1a273}7 {(172)7 (273)})a By = ({17273}’ {(153)’ (3’2)})7 Es = ({1’2’3}7{(172)a (153)})a

Ey = ({15273}7 {(27 1)7 (173)})a Es = ({17273}’ {(253)’ (37 1)})7 Eg = ({172’3}7 {(2? 1)5 (253)})a
Er = ({1’273}7 {(37 1)7 (172)})a Eg = ({17273}5 {(352)7 (27 1)})7 Ey = ({172’3}7{(37 1)’ (352)})

Moreover, we have
NyoEy =2, NyoE;=0, NyokE3z=2,

.7\/720E‘4:47 N20E5:1, N20E6:4,
N20E7:3, N20E8:4, N20E9:1.

Thus, we conclude that AYN? = {E,, Eg, Es}.

The elements of O(X) are the digraphs Es3, Fg, and Eg. Using the computations above, we conclude
that ON2 = {Eﬁ}

The elements of T(X) are the digraphs

Hy = ({1,2,3},{(1,2),(2,3),(1,3)}), H2=({1,2,3},{(1,3),(3,2),(1,2)}),

Hs = ({17 2’3}7 {(2a 1)’ (1’ 3)’ (273)})7 Hy= ({17273}’ {(2’ 3)’ (37 1)7 (27 1)}))
Hs = ({17 273}v {(35 1)5 (1’ 2)7 (37 2)})7 Hg = ({17273}’ {(3’ 2)7 (27 1)7 (37 1)})

Moreover, we have that
N20H1:2, N20H2:2’ ]\720[1’3:47

N20H4=5, N20H5=3, N20H6=5.
Thus, we conclude that 7™2 = {H,, Hg}.



3 A new network solution

Let £ C N. A network solution (Ns) on K is a function .# from K to P,(N) such that, for every N € K,
F(N) C Ve(N). Thus, a Ns on K is a procedure that associates with any network belonging to K a
nonempty subset of its vertices. A NS on N is simply called a NS. Several notable Nss have been proposed
in the literature. The following are particularly interesting and rich in desirable properties.

e The outdegree Ns (van den Brink and Gilles 2009), denoted by &, is the Ns that associates with
each N € N the set
O(N) = argmax Z N (z,y).
r€Vel) yeve(N)\{z}

e The net-outdegree Ns (Bouyssou, 1992; Bubboloni and Gori, 2025), denoted by .47, is the Ns that
associates with each NV € N the set

e/V(N) _ argmax Z (CN(:C’ y) — CN(ya -%')) .
z€Ve(N) \ cvie(N)\{x}

e The maximin NS, denoted by .#Z*, is the NS that associates with each N € N the set
. N .
argmax min c(z,y if [Ve(IV)| > 2
%* (N) — z€Ve(N) yEVe(N)\{z} ( ) | ( )‘
Ve(N) if [Ve(N)| =1

e The minimax NS, denoted by .#,, is the NS that associates with each N € N the set

. N .
argmin max ¢ (y,x) if |[Ve(IN)| > 2
%*(N) _ z€Ve(N) yEVe(N)\{z}

Ve(N) if [Ve(N)| = 1

e The Schulze Ns (Schulze, 2011, 2018), denoted by ., is the NS that associates with each N € A the
set
S(N) = {x € Ve(N): ¥, > sV, for all y € Ve(N) \ {x}},

where, for every z,y € Ve(N) with x # y, siY, = max{\"(y) : v € T(N,z,y)}. Here T(N,z,y)
denotes the set of the paths from x to y in N and, for every v = (z;)7L; € I'(N,z,y), AN(y) =
min{cN(zj,zj41):j € {1,...,m —1}}.

e The Kemeny Ns (Kemeny, 1959), denoted by ¢, is the NS that associates with each N € A/, the set

H(N)={r(D)eVe(N):DeTN}.

We observe that, given N € A balanced, we have #*(N) = .#,(N) and O(N) = A4 (N).
Note that the rationale behind ¢ and J¢ is similar. Indeed, it is simple to verify that, for every
N € N, we have
O(N)={r(D) e Ve(N): D e O"}.

This shows that both & and J# focus on a special family of digraphs, each element of which is characterized
by the presence of a distinguished vertex, namely the root. Among the digraphs in the family, they consider
those with maximum weight and then select their roots. In this paper, we introduce a new NS based on the
same principle, but focusing on a different family of digraphs. Specifically, instead of considering outstars
or transitive tournaments, we focus on arborescences.

We are now ready to define the main object of the paper. The maximum-weight arborescence Ns,
denoted by ., is the NS that associates with each N € A the set

o/ (N)={r(D) € Ve(N): De AV}.



Since A" is nonempty, it follows that o7 (N) # @; hence, <7 is well defined.
Given N € N, we define, for every = € Ve(N),

N (z) = max{NoD: D e A, (Ve(N))}.
Using the function u, we can equivalently write

A (N) = argmax p (z). (3)
z€Ve(N)

The value of ™V (x) can be computed efficiently using the well-known Chu-Liu/Edmonds algorithm, which
runs in polynomial time in the number of vertices. Consequently, o/ (N) can also be computed in poly-
nomial time in the number of vertices. The same holds for &(N), whereas the computation of JZ(N) is
known to be computationally hard (Fischer et al. 2016).

Considering the network N; in Figure 4 and the computations made in Section 2.3, we obtain o7 (Ng) =
{r(E4),r(Es),m(Es)} = {2,3}. Note also that

1™?(1) = max{Ny o Ey, Ny 0 E5, Ny 0 E3} = 2,

,MNZ (2) = maX{Ng 9] E4,N2 o E5, N2 o Eﬁ} = 4,

uN2(3) = max{Ny o F7, Ny o Eg, Ny o Eg} = 4.
We also have 0(Ns2) = {2} and J#(N2) = {2, 3}.

3.1 Properties of &

This section is devoted to analyzing the properties of the maximum-weight arborescence NS.

Propositions 1, 2, and 3 describe regularity and invariance properties of the maximum-weight arbores-
cence NS. In particular, Proposition 1 establishes the neutrality property: any permutation of the vertices
affects the outcome only through a relabeling of the alternatives induced by the same permutation. Propo-
sition 2 states that adding the same constant to the capacity of every arc does not change the outcome.
Finally, Proposition 3 shows that </ is homogeneous, in the sense that multiplying all arc capacities by
the same positive constant leaves the outcome unchanged.

Proposition 1. Let N € N and ¢ € Sym(Ve(N)). Then, o/ (N¥) = (< (N)).
Proposition 2. Let N € N and k € R. Then, «/(N + k) = </ (N).
Proposition 3. Let N € N and k € R with k > 0. Then, o/ (kN) = </ (N).

Propositions 4, 5, 6, 7, and 8 provide conditions under which an alternative is either necessarily selected
or necessarily excluded. Note that Propositions 6 and 8 specifically refer to balanced networks.

Proposition 4. Let N € N and xg, yo € Ve(N) with xo # yo-
(i) Assume that N (zo,v0) > N (2,20) for all z € Ve(N) \ {zo}. Then yo € o/ (N) implies vg € o/ (N).
(ii) Assume that N (z9,y0) > N (z,20) for all z € Ve(N) \ {zo}. Then yo & </ (N).

Proposition 5. Let N € N, and xo,yo € Ve(N) with zo # yo.

(i) Assume that ¢ (wo,y0) > ¢ (yo,70), and that, for every z € Ve(N)\ {zo,y0}, ¢~ (z0, 2) > N (3o, 2)
and N (z,y0) > N (z,20). Then yo € </ (N) implies v9 € </ (N).

(ii) Assume that ¢ (zo,10) > ¢ (yo, z0), and that, for every z € Ve(N)\ {zo,vo}, ¢V (z0,2) > N (yo, 2)
and ¢ (z,y0) > N (z,20). Then yo & </ (N).

(iii) Assume that cN (xo,90) > ¢V (yo, o), and that, for every z € Ve(N)\ {zo,y0}, ¢ (w0, 2) > N (o, 2)
and N (z,y0) > N (2,20). Then yo & </ (N).



Proposition 6. Let N € N be balanced, and xq,yo € Ve(N) with xo # yo.

(i) Assume that cN (zo,y0) > N (yo,z0), and that, for every z € Ve(N)\{zo,vo}, ¢V (z0,2) > N (yo, 2).
Then yo € </ (N) implies xy € ' (N).

(ii) Assume that cN (z0,90) > ¢V (yo, o), and that, for every z € Ve(N)\{zo,yo}, ¢V (z0,2) > N (yo, 2).
Then yo ¢ </ (N).

Proposition 7. Let N € N with |Ve(N)| > 2 and ¢ € Ve(N).

(i) If min{c" (20,2) : z € Ve(N) \ {zo}} > max{c™ (z,z0) : 2 € Ve(N) \ {zo}}, then z¢ € & (N).
(i) If min{cN (o, 2) : z € Ve(N) \ {zo}} > max{cN (z,20) : 2 € Ve(N) \ {xo}}, then o/ (N) = {x0}.
(i) If min{cN (2, 0) : 2 € Ve(N) \ {zo}} > max{cN (z0,2) : 2 € Ve(N) \ {x0}}, then zo ¢ o/ (N).

Proposition 8. Let N € N be balanced with |Ve(N)| > 2 and zo € Ve(N).
() If N (o, y) > N (y,x0) for all y € Ve(N) \ {xo}, then zo € &/ (N).
(it) If ¢N (z0,y) > N (y, x0) for all y € Ve(N) \ {zo}, then o (N) = {x}.

(iti) If N (0, y) < N (y,m0) for all y € Ve(N)\ {zo}, then zo ¢ o (N).

The following proposition, also concerning balanced networks, states that the alternatives selected by
o/ are contained in every set of vertices satisfying a specific property.

Proposition 9. Let N € N be balanced and S C Ve(N) with S # &. Assume that, for every x € S and
y € Ve(N)\ S, we have N (z,y) > ¢N(y,z). Then o/ (N) C S.

The next result is a monotonicity property with respect to all arcs incident to a selected vertex. It
shows that the vertex remains selected when the capacities of its outgoing arcs do not decrease, the
capacities of its incoming arcs do not increase, and all other capacities remain unchanged.

Theorem 10. Let N, M € N with Ve(N) = Ve(M) and xo € </ (N). Assume that
e for every y € Ve(N) \ {zo}, M (x0,y) > N (20,y) and N (y,z0) > M (y, x0),
o for every (z,y) € (Ve(N)\ {zo})?, M (z,y) = NV (z,y).

Then o € o/ (M).

The next proposition shows that the maximum-weight arborescence NS satisfies a property known as
cancellation.

Proposition 11. Let N € N be such that N = N". Then o/ (N) = Ve(N).

Let N € NV, let uy € Ve(N), and let C' € P¢(N) be such that C' N Ve(N) = @. A network M € N is
said to be obtained from N by adding the set C' of clones of ug if Ve(M) = Ve(N) U C and

o for every (z,y) € Ve(N)3, M (z,y) = ¥ (z,y),
e for every x € C and y € Ve(N) \ {uo}, M (z,y) = N (ug,y),
e for every x € C and y € Ve(N) \ {uo}, M (y,z) = N (y,uo),

while no restriction is imposed on ¢ (z,y) for distinet z,y € C' U {uo}.
The next result describes how the maximum-weight arborescence Ns behaves when a set of clones of a
vertex is added to a network.

Theorem 12. Let N,M € N, ug € Ve(N), and C € P;(N) be such that C N Ve(N) = &. Suppose that
M is obtained from N by adding the set C of clones of ug. Then:
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Figure 5: The network Nj.

(i) for every mog € Ve(N) \ {uo}, zo € & (N) if and only if xg € o/ (M);
(ii) up € &(N) if and only if (CU{up}) N/ (M) # @.

While for networks with at most two vertices all previously introduced network solutions select the
same vertices, differences begin to emerge when there are three or more vertices. The following result
shows that, when there are exactly three vertices, the maximum-weight arborescence NS coincides on
balanced networks with the maximin NS, the minimax NS, and the Schulze Ns.

Proposition 13. Let N € N be balanced with |Ve(N)| = 3. Then o/ (N) = #.(N) = .#*(N)=.7(N).

The balanced network N3 in Figure 5 shows that, when the number of vertices exceeds three, the
equality in Proposition 13 generally fails for balanced networks. Indeed, &7 (N3) = {3}, whereas ., (N3) =
M*(N3) = .#(N3) = {1}. Network Ny in Figure 4 further shows that, if networks are not required to be
balanced, the equality in Proposition 13 may fail even when the vertices are three. Indeed, <7 (N2) = {2, 3},
M*(Ny) ={1,2,3}, M,(N2) =7 (N2) = {3}.

4 Application to abstract decision problems

A digraph (X, R) is called an abstract decision problem when X is interpreted as a set of alternatives
from which a society has to choose, and R is interpreted as a dominance relation among the alternatives.
The relation R is meant to capture the idea that, if an alternative y is currently being considered by the
society during the decision process, the existence of another alternative x such that (x,y) € R provides
a valid reason to reject y in favor of x. Conversely, if (z,y) ¢ R for all alternatives x, then the society
continues to consider y, since there is no reason to reject it.

A Ns on D is also called a solution for abstract decision problems: it represents a method for selecting,
for any abstract decision problem, a subset of alternatives, interpreted as the potential outcomes of the
decision process. Several solutions for abstract decision problems have been proposed in the literature.
The admissible set is a well-known solution introduced by Kalai et al. (1976) and Kalai and Schmeidler
(1977).* Such a solution, here denoted by ¢, is defined, for every D € D, by

(D) = {z € Ve(D) : Vy € Ve(D) \ {z}, y € aP(x) implies = € aP(y)} .

In other words, given D € D and z € Ve(D), we have that z € & (D) if and only if, for every y €
Ve(D) \ {z}, the existence of a path from y to z in D implies the existence of a path from z to y in D.

The next result shows that the admissible set coincides with the maximum-weight arborescence NS
restricted to D.

4Schwartz (1972, 1986) and Shenoy (1979, 1980) gave equivalent definitions of this concept.
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Theorem 14. Let D € D. Then, o (D) = </ (D).

As proved by Gori (2023, Proposition 6), @ (D) = #(D) for all D € D, where . is the Schulze Ns.
Theorem 14 provides a further characterization of the admissible set. In particular, we understand that
both &7 and . can be seen as extensions of the admissible set from the set of digraphs to the whole set
of networks.

5 Application to preference aggregation

5.1 Preference profiles

Consider a countably infinite set whose elements are to be interpreted as potential voters and a countably
infinite set whose elements are to be interpreted as potential alternatives. For simplicity, we identify both
sets with N, as no confusion may arise. We then define the set

= J U x)r

X€ePs(N) IeP¢(N)

An element of L* is called a preference profile. Given p € L*, there exists a unique pair (X,I) € P;(N)?
such that p € L(X)!: the set X, the set of alternatives, is denoted by Al(p) and the set I, the set of
individuals, is denoted by In(p). For every i € In(p), p(i) € L(Al(p)) is interpreted as the preference
relation of individual 7 on the set of alternatives Al(p). Typically an element p of L* is represented by
means of a table where in the first row there are the elements of In(p) and below the name of each
individual 4 there is the preference of 7 on Al(p), that is p(i), represented as a ranking of the elements of
Al(p). For instance, the table

3 4 8 11 17 21|
T2 7 2 3 7
3
2

0 3 3 2 3 (4)
7 10 7 10 2
10 3 2 10 7 10

represents the element p of L* such that Al(p) = {2,3,7,10}, In(p) = {3,4,8,11,17,21}, and such that
p(3) is the unique linear order such that 7 >,y 3 >p3) 2 >=p3) 10, p(4) is the unique linear order such
that 2 =4y 10 =,u4) 7 >p4) 3, and so on. The order of the columns is irrelevant.

Let p € L*. Given 1 € Sym(Al(p)), we denote by p¥ the element of L* such that Al(p¥) = Al(p),
In(p¥) = In(p) and, for every i € In(p), p¥ (i) = p(i)¥. The preference profile p¥ is then obtained from p
by renaming each alternative x € Al(p) as ¢(x). Given ¢ € Sym(In(p)), we denote by p, the element of
L* such that Al(p,) = Al(p), In(p,,) = In(p) and, for every i € In(p), p,(i) = p(¢~'(i)). The preference
profile p,, is then obtained from p by renaming each individual i € In(p) as ¢(i). Given ¢ € L* and n € N,
we say that ¢ is an n-fold replication of p if Al(g) = Al(p) and there exists a partition {I1,...,I,} of
In(q) such that, for every k € {1,...,n}, there exists a bijection ¢ : In(p) — Ij such that, for every
i € In(p), we have q(¢x(i)) = p(i). Given ¢ € L*, we say that p and ¢ are disjoint if Al(p) = Al(g) and
In(p)NIn(q) = @. If p,q € L* are disjoint, we denote by p+¢ the element of L* such that Al(p+q) = Al(p),
In(p + q) = In(p) UIn(g), (p + q)(¢) = p(i) for all i € In(p), and (p + q)(i) = ¢(i) for all i € In(q). Note
that if p, ¢ € L* are disjoint, then p+ ¢ = ¢ + p. Given ¢ € L* with In(q) = In(p) and Al(q) = Al(p), and
x € Al(p), we say that x improves its position from p to ¢ if

e for every i € In(p) and y € Al(p), v =,y y implies x =) ¥;
o for every i € In(p) and y1,y2 € Al(p) \ {z}, y1 =p) ¥2 if and only if y1 =40 2.

Given g € L*, ug € Al(p), and C € Ps(N) such that C N Al(p) = @, we say that ¢ is obtained from p by
adding the set of clones C of ug if In(¢) = In(p), Al(¢) = Al(p) U C and

e for every (z,y) € Al(p)? and i € In(p), = =4(;) y if and only if @ =) v,

12



o for every x € C, y € Al(p) \ {uo} and i € In(p), x =4 v if and only if ug =y ¥,
o for every x € C, y € Al(p) \ {uo} and i € In(p), y =4(;) z if and only if y =, uo,

while no restriction is imposed on ¢(z) for distinct z,y € C' U {up} and ¢ € In(p).

In other words, ¢ € L* is obtained from p by adding the set of clones C of ug if, for every individual
i, the linear order ¢(7) is obtained from p(i) by replacing uy with a consecutive block whose elements are
precisely those of C'U{ug}, arranged in an arbitrary order. The relative order of the alternatives in Al(p)
remains unchanged. For instance, the following two tables represent preference profiles obtained from the
profile in (4) by adding the set of clones {6,31} of T:

3 8 11 17 21| [3 4 8 11 17 21|
31 2 7 2 3 7 7 2 31 2 3 6

6 10 31 3 2 6 31. 10 7 3 2 31

7 6 6 7 10 31 7 6 6 10 7
3
2
10

6
31 3 31 6 3 3 31 3 31 6 3
7 10 6 7 2 2 6 10 7 31 2
3 2 10 31 10 10 3 2 10 7 10

5.2 Social choice correspondences
Given p € L*, we denote by N(p) the network such that Ve(N(p)) = Al(p) and such that, for every
(z,y) € (Al(p))%,

NP (z,y) = [{i € In(p) : @ =p) y}| = [{i € In(p) : @ =p05) y}.

The network N(p) is called the weighted majority digraph associated with p. Note that N(p) is balanced
and if ¢ € Sym(Al(p)), then N(p¥) = N(p)".

A social choice correspondence (scc) is a function F from L* to P.(N) such that, for every p € L*,
F(p) C Al(p). There are many SCCs in the literature. The following well-known SCCs originate from the
network solution introduced in Section 3:

e The Borda scc is the scc denoted by Bor and defined, for every p € L*, as Bor(p) = O(N(p)) =
A (N(p))-

e The Schulze scc is the scc denoted by Sch and defined, for every p € L*, as Sch(p) = 7 (N (p)).

e The Simpson scCC is the scc denoted by Sim and defined, for every p € L*, as Sim(p) = .#*(N(p)) =

e The Kemeny scc is the scc denoted by Kem and defined, for every p € L*, as Kem(p) = & (N(p)).

Clearly, these sccs have the property that, for every p, ¢ € L* such that N(p) = N(g), the outcome is the
same. Hence, they are C2-functions in the sense of Fishburn (1977). Building on the same idea, we can
define a new C2 scC based on the NS 7.

The maximum-weight arborescence SCC is the scC denoted by A and defined, for every p € L*, as
A(p) = & (N(p)). To the best of our knowledge, A is a new sccC. In the next section, we investigate the
properties of A.

5.3 Properties of A
Let F be a scc. We say that F satisfies

e anonymity if, for every p € L* and ¢ € Sym(In(p)), F(p,) = F(p);

e neutrality if, for every p € L* and + € Sym(Al(p)), F(p¥) = ¥(F(p));
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e Pareto efficiency if, for every p € L* and z,y € Al(p) distinct, we have that {i € In(p) : y =) =} =
In(p) implies x ¢ F(p);

e monotonicity if, for every p, ¢ € L* with In(p) = In(q) and Al(p) = Al(g) and = € F(p), the fact that
2 improves its position from p to ¢ implies that = € F(q);

e homogeneity if, for every p,q € L* and n € N, the fact that ¢ is an n-fold replication of p implies
F(q) = F(p);

e independence of clones® if, for every p € L*, ug € Al(p), C € P¢(N) with C N Al(p) = @, and g € L*
obtained from p by adding the set of clones C' of ug, we have that

— for every xo € Al(p) \ {uo}, zo € F(p) if and only if z¢ € F(q).
— ug € F(p) if and only if (C'U{ue}) NF(q) # &,

e the Condorcet principle if, for every p € L*,

F(p) = {:Jc € Al(p) : N @) (z,y) > w for all y € Al(p) \ {x}},

whenever the set on the right hand side is nonempty;

e the inclusive Condorcet principle® if, for every p € L*,

{x € Al(p) : V@ (z,y) > O for all y € Al(p) \ {x}} C Fp);

e the Smith principle” if, for every p € L* and S C Al(p) with S # & and such that ¢¥®) (z, ) > W
for all x € S and y € Al(p) \ S, we have F(p) C S;

e the Condorcet loser principle if, for every p € L* with |Al(p)| > 2,

F(p) N {x € Al(p) : NP (z,y) < PN for all y € Al(p) \ {x}} = o;

e cancellation® if, for every p € L* such that N(p) = N(p)", we have F(p) = Al(p);

The aforementioned properties are classical. Note that the Smith principle implies the Condorcet principle.
The next proposition shows that the maximum-weight arborescence sCC satisfies all the aforementioned
properties and hence, in particular, is a Condorcet scc.

Proposition 15. A satisfies anonymity, neutrality, Pareto efficiency, monotonicity, homogeneity, inde-
pendence of clones, the Condorcet principle, the inclusive Condorcet principle, the Smith principle, the
Condorcet loser principle, and cancellation.

Condorcet sccs form a central class of methods in voting theory. Numerous Condorcet sccs have
been introduced and studied in the literature (e.g., Fishburn 1977; Zwicker 2016). For example, the
Schulze scc, the Simpson scc, and the Kemeny scc are Condorcet sCCs, whereas the Borda SCC is not.
Recently, several new Condorcet scCs have been proposed, including Split Cycle (Holliday and Pacuit
2023a), Stable Voting (Holliday and Pacuit 2023b), the maximum flow value scc (Gori 2024), and the
River voting method (Déring et al. 2026). The maximum-weight arborescence SCC is a new member of this
family. As stated above, it satisfies further desirable properties. In particular, it satisfies independence of
clones, a property shared by few sccs, including Ranked Pairs, Schulze, Split Cycle, Stable Voting, and
the River voting method.

We emphasize that arborescences also play a role in the construction of the River voting method.
However, its underlying rationale differs from ours, and the two methods do not coincide. For example,
consider p € L* such that Al(p) = {1,2,3,4}, In(p) = {1, ..., 23}, and such that

5Tideman (1987).

6Fishburn (1977, p.479).

7Smith (1973, p.1038) and Fishburn (1977, p.478).
8Young (1974).
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for i € {1,2,3,4,5,6,7}, p(i) = [1,3,4,2],
for i € {8}, p(i) = [1,4,3,2],

for i € {9,10}, p(i) = [2,1,4,3],

for i € {11,12,13,14}, p(i) = [3,2,1,4],

for i € {15,16,17,18,19}, p(i) = [4,2,3,1],

for i € {20,21,22,23}, p(i) = [4,3,2,1].

A computation shows that A(p) = {3}, whereas the River voting method determines the set {4}.
The following result establishes that, when the alternatives are at most three, the maximum-weight
arborescence SCC coincides with both the Simpson and the Schulze sccs.

Proposition 16. Let p € L* with |Al(p)| < 3. Then A(p) = Sch(p) = Sim(p).

In general, the equality in Proposition 16 may fail for p € L* with |Al(p)| > 4. As an example, we can
consider p € L* such that Al(p) = {1,2,3,4}, In(p) = {1, ..., 32}, and such that

e fori e {1,2,3}, p(i) =[1,2,3,4],

for i € {4,5,6,7}, p(i) = [1,3,2,4],

for i € {8,9,10,11,12,13}, p(i) = [2,1,4,3],

for i € {14,15,16}, p(i) = [2,4,1,3],

for i € {17,18,19,20, 21,22}, p(i) = [3,1,2,4],

for i € {23}, p(i) = [4,3,1,2],

for i € {24,25,26,27,28,29,30,31,32}, p(i) = [4,3,2,1].

We have that N(p) coincides with the network N3 in Figure 5, and then A(p) = {3}, whereas Sch(p) =

Sim(p) = {1}.
The following result establishes an additional property satisfied by A.

Proposition 17. Let p € L* and let x,y € Al(p) with x # y. Assume that, for every z € Al(p) \ {z},
N0 (2,y) > NP (z,x). Then, y ¢ Ap).

It can be verified that the Simpson and the Schulze sccs satisfy this property, whereas other Condorcet
sccs, such as the Copeland scc, do not.

A  Proofs

A.1 Proofs of Propositions 1, 2, 3,4, 7, 8,9, 11, and 13

Proof of Proposition 1. Let X = Ve(N) = Ve(N¥). Let D € D(X). First, note that N¥ o DY = N o D.
Indeed,

NYoD'= 3 M@y = Y N0 w)

(z,y)€Ar(DY) (z,y)EAr(D)¥
= Y AR o) = Y. M) =NoD.
(u,v)EAr(D) (u,v)€Ar(D)

Consider now z € X and prove that u? (z) = N (¢(z)). Indeed, let D € A,(X) be such that pV (z) =
N o D. We know that D¥ € Ay, (X) and then

pN (Y(x)) > NV o DY = N o D = N (x).
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Now let D € Ay (5)(X) be such that 1N ()(z)) = NY o D. We know that D¥ ' € A,(X) and then
NN(I) > NoD¥ "= N%o (Dw*)w —NYo DWW I NYopidx — NY oD = MNw(l/f(fE))-

The above inequalities imply p(z) = uNw (¥(x)).
In order to prove that o/ (N¥) = ¢(</(N)), consider x € X and the following facts:

(a1) = € &/ (NV¥);
for every y € X, uv (1‘) > ,UN¢ (v);

for every y € X, puv (1/1(1/)71(96))) > N’ (W~ (Y)));

(az)
)
(ag) for every y € X, u™N (=1 () > 1N (¥ 1(y));
)
) W
)

(a3

(az) for every y € X, uN (v=1(z)) > N (y);
(ag) ¥~ (z) € #(N);
(a7) = € Y((N)).

We have that (a;) is equivalent to (a;41) for all ¢ € {1,...,6}. Then (a;) is equivalent to (a7), as
desired. O

Proof of Proposition 2. Let X = Ve(N). First, observe that, for every D € A with Ve(D) = X, (N +k)o
D = (NoD)+k(]X|—1). Indeed, since |[Ar(D)| = |X| — 1, we have
(N+kjoD= Y (Nay+k= >  Nay+ D k=(NoD)+k(X[-1).

(z,y)€Ar(D) (z,y)€Ar(D) (z,y)€Ar(D)

Thus, for every z € X, uN*t*(z) = N (z) + k(| X| — 1). Indeed, consider z € X. Let D € A,(X) be such
that uN**(z) = (N 4+ k) o D. Then

pM (@) + k(X[ = 1) > (N o D) + k(|X] = 1) = (N + k) o D = ¥ (a).
Now let D € A,(X) be such that x4~ (z) = N o D. Then
PN () 2 (N + k)0 D = (N o D) + K(IX| = 1) = ¥ (2) + k(1 X] - 1).

The above inequalities imply then pV*(z) = uN(z) + k(| X| - 1).
In order to prove that o/ (N + k) = &/ (N), consider z € X and the following facts:

(a1) z € (N +k);
(ag) for every y € X, uN*F(z) > pN*tE(y);

)
)
(as) for every y € X, pN**(x) — k(|X] = 1) > pNH*(y) — k(|X] - 1);
(ag) for every y € X, pN(z) > u™ (y);

)

(as) =z € F(N).

We have that (a;) is equivalent to (a;11) for all ¢ € {1,...,4}. Then (a;) is equivalent to (as), as
desired. =
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Proof of Proposition 3. Let X = Ve(N). First, observe that, for every D € A with Ve(D) = X, kNo D =
k(N o D). Indeed,

kENoD = Z kN (z,y) =k Z N (z,y) = k(N o D).

(z,y)€Ar(D) (z,y)€Ar(D)

Thus, for every x € X, p*N(z) = ku™(x). Indeed, consider z € X. Let D € A,(X) be such that
u*N(z) = kN o D. Then, recalling that k > 0,

Eu™N(x) > k(N o D) = kN o D = u*N ().
Now let D € A,(X) be such that u¥(2) = N o D. Then
pFN(z) > (EN) o D = k(N o D) = ku™ (z).
The above inequalities imply then p*V (z) = ku® ().
In order to prove that «7(kN) = &/ (N), consider z € X and the following facts:
(a1) z € Z(kN);
(ag) for every y € X, u*N(x) > pu*N (y);
N (

Y);

)
)
(ag) for every y € X, kuN(x) > kuN (y);
(ag) for every y € X, uV(z) >
)

(35 JZE%(N)

Recalling that k& > 0, we have that (a;) is equivalent to (a;11) for all ¢ € {1,...,4}. Then (a;) is equivalent
to (as), as desired. O

Lemma 18. Let X € P¢(N), zo,y0 € X with o # yo, and D € Ay, (X). Let E € D(X) be such that

Ar(E) = (Ar(D) \ {(20,20)}) U {(z0,0)},
where 2o € T (2¢). Then E € A, (X).

Proof. Since D € A, (X), we have that, for every y € X, (y,z0) € Ar(D) if and only if y = 2. Thus, for
every y € X, (y,z9) ¢ Ar(E). Consider now y € X \ {zo}. If y = yo, then the unique € X such that
(z,y) € Ar(E) is ¢ = xo. If instead y # yo, then the unique x € X such that (z,y) € Ar(E) is the unique
element in 7 (y).

We are then left with proving that, for every z € X \ {zo}, there exists a path in E from z¢ to z.
The sequence (z¢,o) is a path from g to yo in E. Consider now z € X \ {zo,v0}. If z € §°(z¢), then

consider the path o = (z;)7", in D from zo to x. We have that, for every j € {1,...,m}, z; # z since,
otherwise, we would have a path in D from zg to 2y that, together with the arc (zo,wo), would form a
cycle in D, a contradiction. Then, o is also a path from zg to z in E, since, for every j € {1,...,m — 1},
(zj,2j41) # (20,70). If z ¢ 0P (x0), consider a path (z;)71 in D from yo to z. Of course, for every
j € {l,...,m—1}, z; # xo, otherwise, * would be an element of §(xg). Moreover, we know that
To # T = Zy,. Thus,
(.’Eo,.%'l, c. ,xm)
is a path in F from z( to x. O

Lemma 19. Let X € Py(N), xo,y0 € X with g # yo, and D € Ay (X) with (yo,x0) ¢ Ar(D). Let

(z7)7ey with m > 3 be the unique path from yo to xo in D. Let E € D(X) be such that

Ar(E) = (Ar(D)\ {0, 73), (@51, 70)} ) U { (@0, 23): (1, 30) -

Then E € Ayy(X).
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Proof. Since D € A,,(X), we have that, for every y € X, (y,x9) € Ar(D) if and only if y = «,_,. Thus,
for every y € X, (y,z0) ¢ Ar(E).

Consider now y € X \ {zo}. If y = yo, then the unique = € X such that (z,y) € Ar(E) is ¢ =z, _;.
If y = 3, then the unique x € X such that (z,y) € Ar(E) is z = z¢. If instead y # yo and y # x5, then
the unique 2 € X such that (z,y) € Ar(E) is the unique element in 7 (y).

We are then left with proving that, for every € X \ {zo}, there exists a path in E from z to z.

o If x € 6P(xy), there is a path (xj)§:1 from xo to x in D. For every j € {1,...,t — 1}, we have
(x5, 2551) ¢ {(vo, 23), (25,1, 0)}. Then (2;)_; is also a path in E from z¢ to z.

o If x = x5, we have that (zg,z3) is a path in E from z to z.

o If 2 € 6P(x3) \ 07 (20), there is a path (z;)%_, from 3 to x in D. For every j € {1,...,t — 1}, we
have (x;,2j+1) ¢ {(vo,23), (},_1,%0)}. Then (z;)}_; is also a path from 23 to  in E. We then
conclude that

(o, T1,- .-, 2p)

is a path in E from zq to x.

o If o ¢ 07 (x5) U {x3,y0}, there is a path (z;)5_, from yo to z in D. We have that
{wjrjef{l,..t=1}n{zj:je{2,....,m}} =2,
and, in particular, (x;,z;+1) € {(y0,23), (z},_1,%0)}. If m = 3, we conclude that the sequence
(zo,25,21,...,2¢)
is a path in E from z( to z. If m > 3, we conclude that the sequence
(T, X5y ey Xy 1, X1y ey Tt)

is a path in E from zq to x.

e If z = yg, we have that the sequence
(o, @5, .. @ _1,%0)
is a path in E from zq to yo.
O
Proof of Proposition 4. Let X = Ve(N).

(i) Assume yo € o/ (N). We prove that z¢ € o/ (N) showing that u™ (zg) > uV(yo). Let D € Ay, (X)
be such that u™ (yo) = N o D. Let E € D(X) be such that

Ar(E) = (Ar(D) \ {(z0, 0) }) U {(20,y0)},

where 29 € 77 (z¢). By Lemma 18, E € A,,(X). Thus, u¥(29) > No E = (N o D) — N (29, 20) +
cN(zo,90) > N oD = pN(yp), as desired.

(ii) In order to prove that yo ¢ </ (N) we prove that pu (zo) > p¥(yo). Let D € A, (X) be such that
uN(yo) = NoD. Let E € D(X) be such that

Ar(E) = (Ar(D) \ {(20,20)}) U{(20,0)},

where z9 € 77 (z¢). By Lemma 18, E € Ay, (X). Thus, u¥(29) > No E = (N o D) — N (29, 20) +
cN(zo,40) > N oD = pN(yp), as desired. O
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Proof of Proposition 5. Let X = Ve(N).

(i) Assume yo € @7(N). We prove that z¢ € o/ (N) showing that u™ (zo) > NV (yo). Let D € Ay, (X)
be such that g™ (yo) = N o D.

Assume first (yo, o) € Ar(D) and so yo € 7P (xg). Let E € D(X) be such that

Ar(E) = (Ar(D) \ {(yo, z0)}) U {(z0,0)}-

By Lemma 18, E € A, (X). We get uV (v¢) > NoE = (NoD)—c" (yo, o) +c™ (x0,y0) > NoD = N (yo),
as desired.

Assume now (yo, o) ¢ Ar(D). Consider the path (2})7L; from yo to 2o in D. Since (yo,z0) ¢ Ar(D),
it must be m > 3. Let E € D(X) be such that

Ar(E) = (Ar(D)\ {(yo, 23), (x3, 1, x0)}) U { (0, 23), (27,1, %0) }-

By Lemma 19, we know that E € A, (X). Thus, u (v¢) > NoE = (NoD)—cN(yo,x3)—cN (2}, _1,20) +
N (zo,23) + N (xk,_1,90) > N oD = u(yo), as desired.

(ii) We prove that yo ¢ «/(N) showing that pu(z¢) > p™(yo). Let D € A, (X) be such that
1N (yo) = N o D.

Assume first (yo, 7o) € Ar(D) and so yo € 7P (xg). Let E € D(X) be such that

Ar(E) = (Ar(D) \ {(yo, z0)}) U {(z0,0)}-

By Lemma 18, E € A,,(X). We get u (v9) > NoE = (NoD)—c" (yo, w0)+c™ (x0,y0) > NoD = ™ (yo),
as desired.

Assume now (yo, o) ¢ Ar(D). Consider the path (27)72; from yo to xo in D. Since (yo,z0) ¢ Ar(D),
it must be m > 3. Let E € D(X) be such that

Ar(E) = (Ar(D)\ {(yo, 23), (7,1, 20)}) U{(0, 23), (27, 1,%0) }-

By Lemma 19, we know that E € A, (X). Thus, u (v¢) > NoE = (NoD)—cN(yo, x3)—cN(zf,_1,20) +
N (zo,23) + N (xk,_1,90) > N oD = ™ (yo), as desired.
(iii) The proof is analogous to that of (ii). O

Proof of Proposition 6. Let X = Ve(N).

(i) Since N is balanced, we also have that, for every z € X \ {zo,y0}, ¢V (2,50) > cN(2,20). As a
consequence, we can apply Proposition 5(i).

(ii) Since N is balanced, we also have that, for every z € X \ {zo,v0}, ¢V (2,50) > ¢V (z,70). As a
consequence, we can apply Proposition 5(ii). O

Proof of Proposition 7. Let X = Ve(N).

(i) Since &7 (N) # @, there exists yo € &/ (N). If zg = yo, then we conclude. Assume then zg # yo.
By assumption, we know that ¢V (zg,yo) > ¢V (2,z0) for all z € X \ {z}. By Proposition 4(i), we deduce
X € JZf(N)

(ii) By (i), we know that o € &/(N). Fix then yo € X with yo # xo. By assumption, we know that
cN(zo,y0) > N (z,z0) for all z € X \ {z0}. By Proposition 4(ii), we then deduce yo ¢ </(N). We then
conclude that &/ (N) = {xo}.

(iii) Assume by contradiction that xg € &/ (N). Thus, ¢V (z,z0) > ¢V (xg,2) for all z € X \ {x0}.
Consider D € A,,(X) such that u”(x¢) = N o D. There exists yo € X \ {w¢} such that (zg,y0) € Ar(D)
and so zg € 7P (yp). Let E € D(X) be such that

Ar(E) = (Ar(D) \ {(z0,y0)}) U {(yo, o)}
By Lemma 18, E € Ay, (X). We have that
1N (yo) > No E =N oD —c"(zo,y0) + ™ (yo,20) > N oD = p (o),

a contradiction. We then conclude that o ¢ &/ (N). O
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Proof of Proposition 8. Let X = Ve(N). Since N is balanced, there exists k& € R such that, for every
(z,y) € X2, N (z,y) + N (y,2) = k.

(i) Let y € X with y # 9. We know that ¢V (2¢,y) > ™ (y,z0) = k—c™ (20, y), that is, ¢V (x9,y) >
As a consequence, ¢V (y,z0) < g We conclude that

|

min{c" (zo,y) : y € X \ {zo}} > & > max{c" (y,20) : y € X \ {zo}}-

Thus, we can apply Proposition 7(i) and deduce that xg € &/ (N).
(ii) Let y € X with y # x9. We know that ¢V (zq,y) > ¢ (y, 20) = k—cN (20, y), that is, ™ (x9,y) >
As a consequence, ¢V (y,z0) < g We conclude that

[S1EN

min{c" (zo,y) : y € X \ {zo}} > & > max{c" (y,20) : y € X \ {zo}}-

Thus, we can apply Proposition 7(ii) and deduce that o/ (N) = {x¢}.
(iii) Let y € X with y # x9. We know that ¢V (zg,y) < ™ (y,x0) = k—c™ (20, y), that is, ™ (x0,y) <
As a consequence, ¢V (y,zo) > g Thus,

[SIES

min{c" (y, o) : y € X \ {zo}} > & > max{c" (zg,y) : y € X \ {zo}}-
Thus, we can apply Proposition 7(iii) and deduce that xo ¢ o7 (N). O

Proof of Proposition 9. Let X = Ve(N). Since N is balanced, there exists k& € R such that, for every
(r,y) € X2, N(z,y) + N (y,z) = k.

Assume by contradiction that there exists yo € X \ S such that yg € &/(N). Let D € A, (X) be such
that N o D = p™(yo). Pick ug € S. There exists a path (z;)7L, in D from yo to ug. Then there exists
jo € {1,...,m — 1} such that z;, ¢ S and z;,41 € S. Set zg = xj,41 and zo = zj, € 72 (zg). Observe
that 2o # yo. We know that ¢V (29, 20) > ¢V (20, 20) and ¢V (zo, y0) > ¢V (yo, o), that is, ¢V (20, 20) < %
and ¢V (zg,y0) > £. Let then E € D(X) be such that

Ar(E) = (Ar(D) \ {(20,20)}) U{(z0,0)}-

By Lemma 18, E € A,,(X). We have that No E = N o D — ¢V (29, 2z0) + ¢V (20, %0) > N o D = ™ (yo).
Thus, u™ (z0) > pN (yo) and so yo ¢ <7 (N), a contradiction. O

Proof of Proposition 11. Let X = Ve(N). Since &/ (N) # @, there exist yo € &/ (N) and D € AN such
that r(D) = yo.

Let 2o € X. We prove that zg € &7 (N). If 2y = yo, then zo € o/ (N). Assume that z¢ # yo, and let
(v;)72; be the unique path in D from v1 = yo to vy, = . In particular, m > 2. Let D" € D(X) be such
that

Ar(D') = (Ar(D) \{(wj,vj41) 15 €{1,...,m— 1}}) U{(j41,05) 15 € {1,...,m—1}}.

Let us prove that D’ € A, (X). The unique arc entering zo in D is (Up—1,Vm) = (Um—1,20). Thus, by
construction, 72 (z9) = @. Consider now y € X \ {z0}. If y = 3o, then no arc enters yo in D, whereas
(va,v1) = (v2,90) is the unique arc entering yo in D’. Hence 7" (yo) = {va}. If m > 3 and y = v; for
some j € {2,...,m—1}, then the unique arc entering v; in D is (vj_1,v;), whereas (vj+1,v;) is the unique
arc entering v; in D’. Hence 72 (v;) = {vj41}. Finally, if y € X \ {v1,...,0,}, then 72 (y) = 7P (y).
Therefore, every vertex of X \ {xo} has a unique entering arc in D’.

It remains to prove that every vertex of X \ {zo} is reachable from zy in D’. Assume first that
y € {v1,...,vm—1}. Then y = v; for a unique j € {1,...,m — 1}. For every t € {j,...,m — 1}, the arc
(v441,ve) belongs to Ar(D’) by construction. Since vy, ..., vy, are distinct, it follows that

(’Um, Um—1y++-y ’UJ)
is a path in D’ from g = v, to y = v;. In particular, if m = 2, then necessarily j = 1, y = v = yo, and

the displayed path is simply (ve,v1) = (o, ¥o)-
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Assume now that y € X \ {v1,...,vm}, and let (z;)f_, be the unique path in D from yy = z; to y = 2.

Since z; = vy, the set
{Z € {1,...,[}:21' S {Ul,...ﬂ)m}}

is nonempty. Set
io=max {i€{l,....0}:z €{vi,...,vm}},

and let & € {1,...,m} be such that z;, = vx. Since y ¢ {v1,...,vm}, we have iy < ¢, so that z;,+1 is
well defined. By the definition of ig, 2j,41,...,2¢ & {v1,...,Vm}. Since (2;){_, is a path in D, we have
(Vk, Zig+1) = (Zig, 2ig+1) € Ar(D). This arc does not belong to

{('Ut7vt+1) cte{l,...,m— 1}}7

because z;,+1 does not belong to {v1,...,v,}. Hence (vk, ziy4+1) € Ar(D’). For the same reason, all the
arcs between consecutive vertices among z;,4+1, .. ., z¢ belong to Ar(D’). If ig + 1 = £, there are no such
additional arcs, and this assertion is vacuous. If k¥ < m, then, by the construction of D’,

(Umvvm—la vy Uk Zig+41y - - ~5Z€)

is a path in D’ from zg to y. If kK = m, the corresponding path is

(Vm, Zig+1y - -+ 20)-

Indeed, in either case, the vertices in the part coming from (v;)7L; are distinct, the vertices z;,41,. .., 2¢

are distinct, and no vertex of the first part belongs to the second part.

Since N = N", we have that, for every j € {1,...,m — 1}, ¢™(v;,v;41) = ¢™ (vj4+1,v;). Therefore,
m—1 m—1
N o D/ =NoD — Z CN(Uj,’Uj_;,_l) + Z CN(’UJ'_;,_l,Uj) =NoD.
j=1 j=1

Since D € AV, it follows that D' € AN. Since r(D') = xo, we conclude that zo € &/ (N). As x¢ was
arbitrary, &/ (N) = X. O

Proof of Proposition 13. Let N € N be balanced with constant k € R and let X = Ve(IN). We know that
M*(N) = M.(N).

Let a = max{c™ (x,y) : (z,y) € X2} and let (20,y0) € X2 such that ¢"V(zg,10) = a. Let z9 € N be
the unique element of X \ {zo, yo0}-

Of course, a > &. Ifa = &, tl}:en N (x,y) = & for all (z,y) € X2. Then &/ (N) = #*(N) = .#(N) =

{z0,%0,%0}. Assume then a > 5. There are several cases to discuss. They are all listed below. The

computations related to each case are simple and then omitted.

o If N (yo, 20) = & and ¢V (20, 20) = &, then & (N) = .4*(N) = #(N) = {z0, 20}
o If M (yo, 20) = & and ¢V (20,20) > &, then &/ (N) = #*(N) = S (N) = {z}.
o If N (yo, 20) = & and ¢V (29, 20) < &, then &/ (N) = #*(N) = Z(N) = {zo}.
o If N (yo, 20) > £ and cN (20, 20) = £, then &/ (N) = .#*(N) = /(N) = {x,}.
o If M (yo,20) > & and ¢V (29, 20) > %, then there are six subcases:
— if a = N (yo, 20) = ™ (20, 20), then &/ (N) = #*(N) = /(N) = {x0, 0, 20},
— if a = N (yo, 20) > ™V (20, 20), then & (N) = . #*(N) = . (N) = {x0},

N(

— if a = ¢V (20, 70) > N

— if a > N (yo, 20) = ™ (20, 20), then &/ (N) = .#*(N) =
(20,20), then &/ (N) = A#*(N) =

{z0},
{0, 20},
{zo},

N
N

) Z(N)

) (V)

Yo, 20), then &/ (N) = A*(N) = .7 (N)

) Z(N)

if a > N (yo, 20) > N ) Z(N)

21



— if a > ¢V (20,20) > ¢V (yo, 20), then & (N) = #*(N) = .#(N) = {2}

o If M (yo, 20) > g and ¢V (29, z0) <

N
¢ (Yo, 20

and ¢V (29, 2o

A
[SIES

AN
[SIE

(40, 20) )< 3% (N)

If ¥ (yo, z0) )=13% (V)
o If ¢V (yo, 20) and ¢V (20,20) > &, then &/(N) = .#*(N) = Z(N) = {z}.

(0, 20) ) <35 (V)

o If ¢V (yo, 20) < & and ¢V (20, zo

A.2 Proof of Theorem 10

Lemma 20. Let X € P¢(N), zo,90,20 € X, D € Ay (X), and E € Ay (X) with (x9,20) € Ar(E).
Then there exist D' € A, (X) and E' € Ay, (X) such that (z9,20) € Ar(D’) and, for every N € N with
Ve(N) = X,

NoD'+ NoE' =NoD+ NokE.

Proof. If (xg, z0) € Ar(D), it is sufficient to set D’ = D and E’ = E. If yo = xo, it is sufficient to set
D’ = FE and E' = D. Assume then that yg # z¢ and (zg, z0) ¢ Ar(D). Since (zg, z9) € Ar(F), we have
that xg # z9. Moreover, yo # 2o, since yo = r(F) and no arc enters r(E). Thus, xo, Yo, 20 are distinct.
Let
S = {Zo} @] 5E(ZQ)

We have g ¢ S. Indeed, assume, by contradiction, that o € S. Since z¢ # zo, there exists a path in
E from zy to zo. This path, together with the arc (zg, z0), determines a cycle in F, a contradiction. We
also have yo ¢ S. Indeed, assume, by contradiction, that yo € S. Since yog # 2o, there exists a path in E
from zg to yo. In particular, there exists an arc of E entering yy. This is a contradiction since yq is the
root of F.

Consider (u,v) € Ar(E) with u ¢ S and v € S. If v # 7, then the unique arc entering v in E belongs
to the path from zy to v, and hence u € S, a contradiction. Thus, v = zy and, since (zg, zo) is the unique
arc entering zo in F, we have that (u,v) = (2, 2¢). Furthermore, if (u,v) € Ar(E) and u € S, then v € S,
by the definition of S. We have therefore proved that

{(u,v) € Ar(E):u & S, ve St ={(xo,20)},

{(u,v) € Ar(E):ue S, v¢g S} =02. 5)
Let D', E' € D(X) be defined by
Ar(D") = {(u,v) € Ar(E) : v € S} U {(u,v) € Ar(D) : v ¢ S}, ©)

Ar(E') = {(u,v) € Ar(D) : v € S}U{(u,v) € Ar(E) : v ¢ S}.
Let us prove that D’ € A,,(X). Since 29 ¢ S and D € A,,(X), we have that 72’ (z0) = @. Moreover,
for every v € X \ {z0},

WD/(U):{T(E(’U) ifves,
mPw) ifvé¢S.

Therefore, |72 (v)| = 1 for every v € X \ {20}. Observe also that, from (5) and (6), we have (zq, z0) €
Ar(D').

Let us prove that, for every v € X \ {xo}, there exists a path in D’ from z( to v.

Assume first that v € S. There exist t € N and distinct vertices wy,...,w; € S such that w; = zp,
wy = v, and (w;,wj+1) € Ar(E) for every j € N with j < t. If v = 29, take t = 1. For every j € N
with j < ¢, we have that w;41 € S, and hence (6) implies that (w;,w;4+1) € Ar(D’). Since zyp ¢ S and
(z0,20) € Ar(D’), it follows that

(zo, w1, ..., w;)
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is a path in D’ from zq to v.
Assume now that v ¢ S, and let (vj);-”:l be a path in D from vy = z¢ to v, = v. If

{v1,...,0m} NS =9,

then vj 11 ¢ S for every j € {1,...,m — 1}, and (6) implies that (v;)72, is a path in D" from z¢ to v.
Assume instead that {vq,...,v,} NS # &. Since v1 =z ¢ S and v, = v ¢ S, we have that m > 3. Set

k=max{j e {1,...,m}:v; € S},
and note that 1 < k < m. There exist ¢ € N and distinct vertices wy,...,w; € S such that wy = 2z,

wy = vg, and (w;,wj1) € Ar(E) for every j € N with j < t. If v, = 29, take ¢t = 1. By the definition of
k, Vkt1,-..,Um & S. Therefore,

(T, W1, -y Wiy Vgt 1y« -+ s Um)
is a sequence of distinct vertices. Indeed, wi,...,w; € S, whereas xg,Vgt1,...,0m ¢ S; moreover,
20, V41, - - -, U are distinct because they belong to the path (vj)§”=1 in D.

We have that (zo,w1) = (20, 20) € Ar(D’). Moreover, (wj, wjt1) € Ar(D’) for every j € N with j < ¢,
since (wj, w;y1) € Ar(E) and wjyq € S. Furthermore,

(we, Up41) = (vk, Vet1) € Ar(D),

since (vg,vi41) € Ar(D) and vi11 ¢ S. Finally, (vj,vj41) € Ar(D’) for every j € Nwith k+1 < j <m,
since (vj,vj4+1) € Ar(D) and vj41 ¢ S. Thus,

(I07w17 sy Wy Vg1, - - 7vm)

is a path in D’ from zg to v.

That completes the proof that D' € Ay, (X). As already observed, (o, 20) € Ar(D’).

Let us now prove that E' € A, (X). Since yo ¢ S and E € Ay, (X), we have that 77 (yy) = 2.
Moreover, for every v € X \ {yo},

E’()f aPv) ifves,
= nBv) ifv ¢S

Therefore, |75 (v)| = 1 for every v € X \ {yo}.

Let us prove that, for every v € X\ {yo}, there exists a path in E’ from yo to v. Assume first that v ¢ S,
and let (v;)7; be a path in E from v1 = yo to v, = v. We have that v; ¢ S for every j € {1,...,m}.
Indeed, if v; € S for some j, the second equality in (5) would imply that vy, € S, a contradiction. Thus,
vj+1 ¢ S for every j € {1,...,m — 1}, and (6) implies that (v;)jL, is a path in E’ from yo to v.

Assume now that v € S, and let (vj);”:l be a path in D from vy = zg to v, = v. Set

k=max{j € {l,...,m} :v; ¢ S}.

This maximum is well defined, since vy = xg ¢ S, and k < m, since v, = v € S. By the definition of k,
Vkt1y .-, Um € S. There exist t € N and distinct vertices wy,...,ws € X \ S such that wy = yo, wr = vy,
and (wj,w;y1) € Ar(E) for every j € N with j < ¢. If v = yo, take t = 1. Indeed, a path in E from yq
to v, ¢ S cannot meet S, by the second equality in (5). Therefore,

(Wi, Wiy Vpet 1y -+ -5 Um)

is a sequence of distinct vertices. Indeed, wy,...,w; € X \ S, whereas vgi1,..., v, € S; moreover, the
vertices in each of the two sequences are distinct, the first by construction and the second because (vj);-”:l
is a path in D.
For every j € N with j < ¢, we have that (w;, w;41) € Ar(E’), since (w;, w;41) € Ar(E) and w;qq1 ¢ S.
Moreover,
(we, vrg1) = (v, vrg1) € Ar(E'),
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since (vg,vk41) € Ar(D) and vity € S. Finally, (vj,vj41) € Ar(E’) for every j € Nwith k+1 < j < m,
since (vj,vj41) € Ar(D) and vj41 € S. Thus,

(W1, Wiy Vi 1y -+ -5 Upm)

is a path in £’ from yq to v.

This completes the proof that E' € A, (X).

It remains to prove the last part of the statement. Let N € N be such that Ve(N) = X. By (6) and
the definition of N o D, we have

NoD' +NoE = Z N (u,v) + Z N (u,v) + Z N (u,v) + Z N (u,v)
(u,v)EAr(E) (u,v)EAr(D) (u,v)€Ar(D) (u,v)EAr(E)
veS vgS veS vgS

= Z N (u,v) + Z N(u,v) =NoD+ NoE.
(u,v)€Ar(D) (u,v)EAr(E)
O

Proposition 21. Let N,M € N be such that Ve(N) = Ve(M). Let xg € &/ (N) and zy € Ve(N) \ {zo}.
Assume that cM (g, 20) > N (0, 20), and that M (z,y) = N (z,y) for every (z,y) € (Ve(N))2\{(x0, 20)}
Then xg € o/ (M).

Proof. Set X = Ve(N) and A = c¢M(x¢,29) — ¢V (20, 20). Of course, A > 0. Let
Z=max{NoF:F e AX)}

and
v=max{NoF:F e A(X), (zo, 2) € Ar(F)}.

The second maximum is well defined since Fyy € D(X) such that
Ar(Fo) = {(zo,7) : v € X\ {zo}}

belongs to Az, (X) and contains (o, 2o)-

Since z¢p € &/ (N), there exists D € A,,(X) such that No D = Z. Let E € A(X) be such that
(z0,20) € Ar(E) and No E = v.

By Lemma, 20, there exist D’ € A, (X) and E' € A, (g)(X) such that (o, 20) € Ar(D’) and

NoD +NoE =NoD+ NokE. (7)
Since D is a maximum-weight arborescence in N, we have that N oD > N o E’. By (7),
NoD'=(NoD—-NoE )+ NoE>NoE=vw.

On the other hand, (zg, z9) € Ar(D’), and hence the definition of v implies that N o D’ < v. We conclude
that No D' = v.
For every F' € A(X), we have

Mo — {NoF+A if (0, 20) € Ar(F), )

NoF if (xo, z0) ¢ Ar(F).
From the definitions of Z and v, we deduce that, for every F' € A(X),
Mo F <max{Z,v+ A}. 9)
Moreover, since NoD =Z, No D' =v and (8), we get M oD > Z and M o D' = v+ A. Consequently,
max{M o D, M o D'} > max{Z,v + A}.

Combining this inequality with (9), we deduce that either D or D’ is a maximum-weight arborescence in
M. Since both D and D’ are rooted at xo, we conclude that z¢ € o/ (M). O
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Proposition 22. Let N,M € N be such that Ve(N) = Ve(M). Let xy € o/ (N) and zo € Ve(N) \ {zo}.
Assume that ¢ (20, z0) > ¢M (20, 0), and that ™ (z,y) = N (z,y) for every (z,y) € (Ve(N))2\{(20,20)}-
Then xg € o (M).

Proof. Let X = Ve(N). For every D € A(X), we have that N o D > M o D, with equality if (zq,z0) ¢
Ar(D).
For every x € X, ™V (x) > pM(x). Indeed, fix x € X and let D € A,(X) be such that M oD = pM(z).
Thus,
pN(z) > NoD > MoD = pM).

Consider now D € A,,(X) such that N o D = " (z0). Since no arc enters the root zo in D, we have
that (z0,x0) ¢ Ar(D). Thus,
pM(z0) > M oD =NoD = pu"(x).

Since zo € &/ (N), we have that, for every z € X, u™(x¢) > ™ (x). Therefore, for every x € X,
pM(xo0) > pM (wo) = p (z) > pM ().
We then conclude that z¢ € &/ (M). O

Proposition 23. Let N, M € N be such that Ve(N) = Ve(M). Let xg € &/ (N) and 2o € Ve(N) \ {zo}-
Assume that ¢M(zg,20) > N (o, 20), N (20,70) > M (20,70), and that cN(z,y) = M(z,y) for all
(x,y) € (Ve(N))2\ {(x0, 20), (20,%0)}. Then zo € & (M).

Proof. Let N’ € N be such that Ve(N') = Ve(N), ¢V (xq,20) = ¢ (x0,20), and, for every (z,y) €
(Ve(N))2\ {(z0, 20)}, V' (z,y) = N (z,y). Since ¢V (20, 20) > ¢N (20, 20), Proposition 21, applied to N
and N’, implies that xy € &/(N').

Moreover, N’ and M differ only in the capacity of (zo,zo), and ¢V (20, 20) = ¢ (20, 20) = M (20, x0).
Proposition 22, applied to N' and M, implies that x¢ € &/ (M). O

Proof of Theorem 10. If Ve(N) = {zo}, then N = M, and the conclusion is immediate. Assume therefore
that Ve(N) \ {zo} # @, and let z1,...,2; be an enumeration of its elements, where £ > 1. Consider
the sequence (Nj);?zo of networks in N (Ve(NN)) recursively defined as follows: Ny = N and, for every

jed{l,... k},
o Ni(zg,2;) = M(x0,2j) and i (25, 20) = M (25, 20),
o for every (z,) € (Ve(N))Z\ {(20,2)), (), 20)}, ¢V (w,y) = i1 (2, y).
For every j € {0,...,k — 1}, we can apply Proposition 23 to the networks N; and N;;; and deduce
that, if g € &/(Nj), then zy € &/ (N;41). Since g € &/ (Ng) = &/ (N), we therefore conclude that
xo € o (Ny) = o/ (M). O
A.3 Proof of Theorem 12
Proof of Theorem 12. Set O = Ve(N) \ {uo} and K = C' U{up}. Thus, we have that
for every (z,y) € 02, cM(x,y) = N (x,y),
for every d € K and x € O, ¢M(d, x) = ¢V (ug, ), (10)

for every d € K and x € O, ™ (x,d) = ¢V (z,up).

If O = @, then Ve(N) = {up} and hence &/ (N) = {up}. Since Ve(M) = K and &/ (M) # &, part (ii) of
Theorem 12 follows, while part (i) of Theorem 12 is vacuous.
Assume henceforth that O # @. Set

h = max{c" (z,up) : € O}.
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Let s € N\ Ve(M) and set

K= Z M(e,d) + (WP (s)| — )b p . (11)

= max
Be A (KU{s}) (c,d)€Ar(B)NK?2

First part. We first prove that

for every x € O, p™(z) > u™ (z) + &, (12)
and that
mane i () > i (o) + . (13)

Let us introduce some objects that will be used in both proofs.
Let B € A,(K U{s}) attain the maximum in (11), and write

vB(s) = {ri,...,m},

where t > 1 and rq,...,r; are distinct elements of K. In what follows, a set or a sum or a union indexed
by j € {2,...,t} is understood to be empty if t = 1. Number these vertices so that r; is the second vertex
of the unique path in B from s to ug. For every j € {1,...,t}, set

Kj = {TJ}U(SB(’FJ‘).
We prove that K, ..., K; form a partition of K.
e For every j€{l,...,t}, r; € K; and so K; # .

e Let d € K, and consider the unique path in B from s to d. Its second vertex is an element 7; of
vB(s). If d = rj, then d € K. If d # rj, the part of this path beginning at 7; is a path in B from
7; to d, and hence d € §%(r;) C K;. Therefore,

t
K= U K;.
j=1

e Suppose now by contradiction that K;NK; # & for some distinct ¢, € {1,...,t}, andlet d € K;NK;.
If d ¢ {r;,r;}, a path in B from r; to d, together with the arc (s,r;), determines a path in B from
s to d. Similarly, a path in B from r; to d, together with the arc (s,r;), determines another path
in B from s to d. These paths are distinct, since their second vertices are respectively r; and r;, a
contradiction. If d = r;, then d # r;. Since d € Kj, there exists a path in B from r; to d. This
path, together with the arc (s,7;), determines a path in B from s to d distinct from the path (s, r;),
a contradiction. The case d = r; is symmetric. In every case, this contradicts the uniqueness of the
path in B from s to d. Therefore, K; N K; = @ whenever i # j.

We record a further useful fact, namely,

t

Ar(B) = {(s,rj) :j € {1,....t}} U | J (Ax(B) N (K;)2). (14)

j=1

The inclusion from right to left in (14) is immediate. To prove the opposite inclusion, let (¢,d) € Ar(B).
If ¢ = s, then d € v5(s), and hence d = r; for some j € {1,...,t}. Thus,

(¢,d) € {(s,75) 5 €{L,...,t}}.

Assume now that ¢ # s. Since no arc enters s in B, we have ¢,d € K. Let j € {1,...,t} be the unique
index such that d € K;. We have d # r;, since the unique arc entering r; in B is (s,r;) and ¢ # s. Hence
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there exists a path in B from r; to d. Together with the arc (s,r;), this path determines the unique path
in B from s to d. Since (¢, d) is the unique arc entering d in B, the last arc of this path is (¢, d). Therefore,
either ¢ = r; or the part of the path from r; to c is a path in B. In both cases,

ce{r;yudP(r)) = K;.

Consequently, (¢,d) € Ar(B) N (K;)?2, which proves the opposite inclusion in (14).
Let z € O be such that
N (z,up) = h.

Fix € O. We prove that u™ (x) > u(x) + k by constructing an arborescence T € A, (Ve(M)) such
that M o T = ™ (x) + .

Let H € A,(Ve(N)) be such that N o H = p¥ (). Since x # ug, the vertex ug has a unique parent in
H. Let vy € O be the unique element of 7 (ug). Define T' € D(Ve(M)) by

Ar(T) = (AY(H) N Of) U{(r1,y) : (uo,y) € Ar(H)} U {(vo,71)}

. (15)

U (Ar(B)NK2) U{(z,1;) 1 j €1{2,....t}}.
We prove that T' € A, (Ve(M)). We verify separately the three conditions in the definition of an arbores-
cence.

First, no arc enters x in T. Indeed, no arc of H enters x. Therefore, neither of the first two sets on
the right-hand side of (15) contains an arc entering x. All the arcs in the remaining three sets have their
terminal vertices in K, whereas x € O and O N K = @. Hence no arc enters x in 7.

We now prove that every y € Ve(M) \ {z} has a unique parent in 7.

e Assume that y € O\ {z}. Let ¢ be the unique element of 7 (y). Only the first two sets on the
right-hand side of (15) contain arcs whose terminal vertices belong to O. If ¢ € O, then (q,vy)
belongs to Ar(H) N O? and hence to Ar(T). In this case, no other arc enters y in 7. If ¢ = ug, then
(r1,y) € Ar(T), and no other arc enters y in T. Therefore, y has a unique parent in T, namely ¢ if
q € O and r if ¢ = uyg.

e Assume that y = r1. The arc (vg,r1) belongs to Ar(T). The first two sets on the right-hand side of
(15) contain only arcs whose terminal vertices belong to O. Moreover, the unique arc entering 71 in
B is (s,71), which does not belong to Ar(B) N K2. Finally, the last set in (15) contains only arcs
entering 7o, ..., ;. Therefore, 77 (ry) = {vo}.

e Assume that y € K \ {r1,...,r:}. Since Ki,...,K; form a partition of K, there exists a unique
j€A{1,...,t} such that y € K; \ {r;}. The unique arc entering y in B has both vertices in K, by
(14), and hence belongs to Ar(B) N K2 C Ar(T). The first two sets on the right-hand side of (15)
contain only arcs whose terminal vertices belong to O, while the third and fifth sets contain only
arcs entering, respectively, r1 and the vertices rs, ..., ;. Therefore, the unique arc entering y in B
is also the unique arc entering y in 7.

e Finally, assume that y € {rq,...,7;}. There exists a unique j € {2,...,t} such that y = r;, and
(z,7;) € Ar(T). The first two sets on the right-hand side of (15) contain only arcs whose terminal
vertices belong to O, while the third set contains only the arc (vg,r1). Moreover, the unique arc
entering r; in B is (s, r;), which does not belong to Ar(B) N K?2. The only arc in the last set of (15)
entering r; is (z,7;). Therefore, 77 (r;) = {z}.

The preceding cases exhaust Ve(M) \ {z}. Hence every vertex distinct from z has a unique parent in T
We next prove that, for every y € Ve(M) \ {z}, there exists a path in T from z to y.

o Let y € O\ {z}. Consider a path (z;)/*; in H from x; = z to z,, = y. If this path does not contain
ug, then all its vertices belong to O and all its arcs belong to the first set on the right-hand side of
(15). Hence it is a path in 7.
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Suppose now that the path contains ug, and let k be the unique index such that z; = ug. Since
z,y € O, we have 1 < k < m. Moreover, z;_1 = vg, and

(T1y ey 1,71, Tt 1y -+ s Ton) (16)

is a path in T from z to y. Indeed, (zr_1,71) = (vo,r1) belongs to the third set on the right-hand
side of (15), (71, xk+1) belongs to the second set, and all the remaining arcs belong to the first set.
Furthermore, the vertices in (16) are distinct: the vertices z;, with i # k, are distinct elements of
O, whereas 1 € K and ONK = @.

Let y = r;. Consider a path (z;)", in H from z1 =  to &, = up. Then x,,—1 = vg, and

(T15- ooy Tm—1,71) (17)

is a path in T from z to r1. Indeed, x1,...,z,,,_1 € O, the arcs between consecutive vertices among
them belong to the first set on the right-hand side of (15), and the last arc (vg,r1) belongs to the
third set. The vertices in (17) are distinct, since r; € K and ON K = @.

Let y € Ky \ {r1}. By the definition of K, there exists a path in B from 7 to y. All the arcs of
this path belong to Ar(B) N (K1)? and hence to Ar(T). Concatenating the path in (17) with the
path in B from r; to y gives a path in T from = to y. Indeed, the first path has all its vertices in
O U {r1}, while the second has all its vertices in K7, and these two sets intersect only at r;.

Let y € K; for some j € {2,...,t}. If z # z, consider the path in T from x to z constructed in the
first case, and concatenate it with the arc (z,r;). If z = x, consider the path (z,7;). In either case,
we obtain a path in T from z to r; whose vertices different from r; belong to O U {r}.

If y = r;, the required path has been obtained. If y # r;, append the path in B from r; to y. All
the arcs of this latter path belong to Ar(B) N (K;)? C Ar(T). Moreover, its vertices belong to K,
whereas all the preceding vertices, except r;, belong to O U {r1}. Since K; NO = @ and r ¢ Kj,
the resulting vertices are distinct. Thus, the resulting sequence is a path in T from z to y.

The preceding cases exhaust Ve(M) \ {x}. Therefore, every vertex distinct from x is reachable from x

in 7. This completes the proof that T € A, (Ve(M)).
We now compute the weight of T'. Since ug # x and vy is the unique parent of ug in H, we have

Ar(H) = (Ar(H) N O2) U{(uo,y) € Ar(H) : y € O} U{(vo,u0)}.

The three sets on the right-hand side are pairwise disjoint.

In the construction of T, every arc in Ar(H) N O? is retained, every arc (ug,y) of H is replaced by

(r1,y), and the arc (vg,ug) is replaced by (vg,71). By (10),

for every (a,b) € Ar(H) N O?, ¢M(a,b) = N (a,b),
for every (ug, ) € Ar(H), M (r1,) = ¥ (uo, ),

M (vg,r1) = N (vo, up).

Consequently,

Z C]M(avb)_'— Z C]w(rlvy)—i_CM(varl) =NoH.
(a,b)eAr(H)NO2 yeO
(uo,y)€Ar(H)

The remaining arcs of T' are the arcs in Ar(B) N K2 and the arcs (z,7;), with j € {2,...,t}. These
sets of arcs, together with the three sets considered above, are pairwise disjoint. Moreover, for every
jef{2,...,t} M(z,rj) = N (2,up) = h. Therefore,

> M(zry) = (t = Dh.

Jj=2
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Since |y2(s)| =t and B attains the maximum in (11), we also have

K= > M(c,d) + (t — 1)h.
(¢,d)EAr(B)NK?2
It follows that
t
MoT = Z CM(a’b> + Z CM(Tl’y) + CM(v(th) + Z CM(C7d) + ZCZW(Z77’]')

(a,b)€Ar(H)NO?2 ( %22 ) (c,d)eAr(B)NK?2 j=2
uo,Yy r

=NoH + Z Me,d) + (t—1)h = pN(z) + k.
(c,d)eAr(B)NK?2

Since T' € A, (Ve(M)), the definition of u™ (z) and equality just proved yield
pM (@) > Mo T = p®(2) + k.

Thus, (12) is finally proved.
We now prove (13). Let H € A,,(Ve(N)) be such that N o H = u™¥(ug). Define T € D(Ve(M)) by

Ar(T) = (Ar(H) N O2) U{(r1,y) : (uo,y) € Ar(H)} U (Ar(B) N K2) U{(z,7;) : j € {2,...,t}}.

We prove that T € A,, (Ve(M)). We verify separately the three conditions in the definition of an arbores-

cence.

First, no arc enters 1 in 7. Indeed, the first two sets on the right-hand side of (18) contain only arcs
whose terminal vertices belong to O. Moreover, the unique arc entering r1 in B is (s,71), which does not
belong to Ar(B) N K2. Finally, the last set in (18) contains only arcs entering 7o, ...,7;. Hence no arc

enters r1 in 7.
We next prove that every y € Ve(M) \ {r1} has a unique parent in T

e Assume that y € O. Let ¢ be the unique element of 7 (y). Only the first two sets on the right-
hand side of (18) contain arcs whose terminal vertices belong to O. If ¢ € O, then (g,y) belongs
to Ar(H) N O?% and hence to Ar(T); in this case, no other arc enters y in T. If ¢ = ug, then
(r1,y) € Ar(T), and no other arc enters y in T. Therefore, y has a unique parent in 7', namely ¢ if

q € O and ry if ¢ = ug.

e Assume that y € K \ {r1,...,r:}. Since Ki,..., K; form a partition of K, there exists a unique
j€{1,...,t} such that y € K; \ {r;}. The unique arc entering y in B has both vertices in K, by
(14), and hence belongs to Ar(B) N K2 C Ar(T). The first two sets on the right-hand side of (18)
contain only arcs whose terminal vertices belong to O, while the last set contains only arcs entering

ro,...,T+. Therefore, the unique arc entering y in B is also the unique arc entering y in 7.

e Finally, assume that y € {rs,...,r}. There exists a unique j € {2,...,t¢} such that y = r;. The
first two sets on the right-hand side of (18) contain only arcs whose terminal vertices belong to O.
Moreover, the unique arc entering r; in B is (s, r;), which does not belong to Ar(B) N KZ2. The only

arc in the last set of (18) entering r; is (z,r;). Hence z is the unique parent of r; in T

The preceding cases exhaust Ve(M)\ {r1}. Hence every vertex distinct from r; has a unique parent in 7T

We now prove that, for every y € Ve(M) \ {r1}, there exists a path in T from r; to y.
e Let y € O, and consider a path
(ug, T2y .-y Tm)
in H from ug to z,, =y. Then
(ri,@2, ..., &m)

is a path in T from r to y. Indeed, (r1,z2) belongs to the second set on the right-hand side of (18),
while all the remaining arcs belong to the first set. Moreover, the vertices in (19) are distinct, since

To, ..., Ty, are distinct elements of O, whereas ry € K and ON K = &.
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e Let y € Ki\ {r1}. By the definition of K1, there exists a path in B from 71 to y. All its arcs belong
to Ar(B) N (K1)? and hence to Ar(T). Therefore, this is also a path in 7" from r; to y.

e Let y € K; for some j € {2,...,t}. Consider the path in T from ri to z constructed in the first
case, and concatenate it with the arc (z,7;). This gives a path in T from r; to r;. Indeed, all its
vertices preceding r; belong to O U {r1}, whereas r; € Kj; hence its vertices are distinct.

If y = r;, the required path has been obtained. If y # r;, append the path in B from r; to y. All
the arcs of this latter path belong to Ar(B) N (K;)? C Ar(T). Moreover, its vertices belong to K,
whereas all the preceding vertices, except r;, belong to O U {r1}. Since K; NO = & and r; ¢ Kj,
the resulting vertices are distinct. Thus, the resulting sequence is a path in T from r; to y.

The preceding cases exhaust Ve(M) \ {r1}. Therefore, every vertex distinct from r; is reachable from
ry in T. This completes the proof that T € A, (Ve(M)).
We finally compute the weight of T. Since no arc enters the root ug in H, we have

Ar(H) = (Ar(H) N O2) U{(uo,y) € Ar(H) : y € O},

where the two sets on the right-hand side are disjoint.
In the construction of T, every arc in Ar(H) N O? is retained, while every arc (ug,y) of H is replaced
by (r1,y). By (10), we have that

for every (a,b) € Ar(H) N O?, ¢M(a,b) = cN(a,b)
for every (uo,y) € Ar(H), M (r1,y) = N (uo,y)

Consequently,

S Ment ¥ Meu-nen
(a,b)eAr(H)NO? yeOo
(uo,y)€Ar(H)

The remaining arcs of T are the arcs in Ar(B) N K2 and the arcs (z,7;), with j € {2,...,t}. These
sets of arcs, together with the two sets considered above, are pairwise disjoint. As proved above,

t

> M(zry) = (t - 1)h

Jj=2

and

K= Z M(e,d) + (t —1)h.

(c,d)eAr(B)NK?2

It follows that

t
MoT = Z cM(a,b)+ Z M(ry,y) + Z cM(c,d)+
(a,b)eAr(H)NO? yeO (c,d)eAr(B)NK?2 j=2
(uo,y)EAT(H)

cM(z, ;)

=NoH + ZCM(C,d)+(t—1)h:ﬂN(uO)+/€.
(c,d)€Ar(B)NK?2

Since r; € K and T € A,, (Ve(M)), the definition of u™ (r;) and the above equality yield

ma p () > g () > Mo T = i (u) + .
xE

Thus, (13) is proved.
Second part. We now prove that

for every x € O, p™(z) < u™(z) + &, (20)
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and that
ma M () < i (o) + . (21)

Let z € Ve(M) and T € A;(Ve(M)). Define
F = (K,Ar(T)NK}) € D(K)

and set
R={reK:x"(r)=2}, m=[R|, w= Z M, d).
(e,d)EAL(F)
By the definition of F', Ar(F) C Ar(T). Since at most one arc enters each vertex in T, it follows that, for
every d € K, |7f'(d)| < 1. Moreover, F is acyclic.
We now prove the following property, which will be used to construct an arborescence on K U {s}:

for every d € K, there exists r € R such that d = or d € §F'(r). (22)

Let d € K. If d € R, the conclusion follows by taking r = d. Suppose then that d ¢ R. Recall that
every vertex in K \ R has a unique parent in F, and that this parent belongs to K. Define recursively
dp = d and, whenever d; ¢ R, let d;+1 € K be the unique vertex such that (d;y1,d;) € Ar(F'). We claim
that there exists ¢ > 1 such that dy € R. Otherwise, the recursion would define an infinite sequence of
vertices in the finite set K. Hence, there would exist indices 0 < ¢ < j such that d; = d; and such that
di,dit1,...,d;_1 are distinct. Since, for every k € {4,...,5 — 1}, (dk+1,dr) € Ar(F), the sequence

(dj,djfl, e 7d,)

would determine a cycle in F', contradicting the acyclicity of F'. Therefore, let ¢ be the least index such
that dy € R. The vertices dy, ..., d, are distinct, and

(dfydefla .. '7d0)

is a path in F from d; to d. Taking r = dy proves (22).

Since K # @, (22) implies that R # @ and hence m > 1. In what follows, a set or a sum indexed by
j €42,...,m} is understood to be empty if m = 1.

Let E € D(K U {s}) be such that

Ar(E) = Ar(F)U{(s,r) : r € R}.

We prove that E € A;(K U {s}).

No arc enters s in E. Every r € R has s as its unique parent in F, while every d € K \ R has in E the
same unique parent as in F'. Finally, let d € K, and let » € R be such that either d = r or there exists a
path in F from r to d. If d = r, then (s,r) is a path in F from s to d. If d # r, the arc (s,r), together
with the path in F' from r to d, determines a path in F from s to d. It follows from the definition of an
arborescence that E € A (K U {s}).

Since E € A;(K U {s}), the value associated with E in the maximization problem defining x cannot
exceed k. Therefore,

> M(e,d) + (7B (s)| — 1)h < k.

(c,d)EAr(E)NK?2

Now,
Ar(E) N K? = Ar(F), vE(s) =R, |R| =m.

Moreover, by the definition of w,

Z M(e,d) = w.

(¢, d)eAr(F)

Substituting these equalities into the preceding inequality, we obtain

w+ (m—1)h < k. (23)
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We now distinguish the two possible locations of the root of T.

Assume first that € O. Every element of R is distinct from the root x and hence has a unique parent
in T. This parent belongs to O. Indeed, if an element of R had a parent in K, an arc of F' would enter
it, contrary to the definition of R.

Consider a path (aci)fozl in T from 21 =z to x4, = ug, and set

iozmin{ie {1,...,50}:1@ EK}

Since z; = x € O and xy, = up € K, the integer iy is well defined and satisfies 2 < iy < fy. By its
definition, z1,...,2;,—1 € O and z;, € K. Moreover, z;, € R since the unique parent of x;, in T is
Zio—1 € O. Consequently, no arc of F' enters x;,.

Since z;, € R, we may number the elements of R so that

R={p1,---,pm} and p; =z,.

If m = 1, this notation simply means that R = {p1}. As said, a set or a sum or a union indexed by

Jj €42,...,m} is understood to be empty if m = 1, while a statement concerning every j € {2,...,m} is
understood to be vacuous. For every j € {1,...,m}, let p; be the unique element of WT(pj). As observed
above, for every j € {1,...,m}, p; € O and, in particular, py = z;,_1.
We observe now that
{(p,d) e Ax(T):pe O, de K} ={(pj,p;): j €{1,...,m}}. (24)

Indeed, from what already proved about p;, the right-hand side is included in the left-hand side. To prove
the opposite inclusion, let (p,d) € Ar(T) with p € O and d € K. Since (p,d) is the unique arc entering d
in T, no arc with both vertices in K enters d. Hence 7'(d) = @ and d € R. Therefore, d = p; for a unique
j € {1,...,m}; the uniqueness of the parent of p; in T then implies that p = p;. Thus, (p,d) = (p;, p;)-
That completes the proof of (24).

Let G € D(Ve(N)) be such that

Ar(G) = (Ar(T) N O?) U{(uo,y) : y € O, (d,y) € Ax(T) for some d € K} U {(p1,uo)}. (25)

Thus, the arcs of T having both vertices in O are retained, every arc of T' from a vertex in K to a vertex
y in O is replaced by an arc from ug to y, and the arc (p1, p1) is replaced by (pi1,up). The other arcs
entering K from O are not included in G.

We prove that G € A, (Ve(N)).

First, no arc enters = in G. Indeed, an arc in either of the first two sets on the right-hand side of (25)
entering x would correspond to an arc of T entering x. This is impossible because «x is the root of T'. The
arc in the third set enters ug, which is distinct from z.

We now prove that every y € Ve(IV) \ {} has a unique parent in G.

e Let y = ug. The arc (p1,up) belongs to Ar(G), and neither of the first two sets on the right-hand
side of (25) contains an arc entering ug. Hence p; is the unique parent of ug in G.

e Let y € O\ {z}, and let p be the unique parent of y in 7. If p € O, then (p,y) belongs to Ar(T)NO?
and hence to Ar(G). In this case, no other arc enters y in G. If p € K, then (ug,y) € Ar(G), and no
other arc enters y in G. Therefore, y has a unique parent in G, namely p if p € O and ug if p € K.

The preceding cases exhaust Ve(IN) \ {z}. Hence every vertex distinct from z has a unique parent in G.
We next prove that, for every y € Ve(N) \ {«}, there exists a path in G from z to y.

e Let y = ug. Recall that (9[:,-)f°:1 is the path in T from z7 = x to x4, = ug, and that z;, is its first
vertex belonging to K. The sequence

(xla"'vxitl—l?uo) (26)
is a path in G from z to up. Indeed, x1,...,2;,—1 € O, and hence the arcs between consecutive
vertices among them belong to Ar(T)NO? C Ar(G). Moreover, (z;,_1,u0) = (p1,u0) € Ar(G). The
vertices in (26) are distinct, since 1,...,z;,—1 are distinct elements of O, whereas ug ¢ O.
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e Let y € O\ {}, and consider a path (y;)¢_; in T from y; = = to y, = y. If this path does not meet
K, then all its vertices belong to O and all its arcs belong to Ar(T) N O? C Ar(G). Hence it is a
path in G from z to y.

Suppose now that this path meets K, and set
ip =max{i € {1,...,0}:y; € K}.

Since y3; =z € O and yp =y € O, we have 1 <i; < f and y;;+1,...,y¢ € O.
We prove that

(o1, Tig—1 ) WYy 41, Yo} = 9. (27)
Suppose, by contradiction, that d belongs to the intersection in (27). The part of the path (xi)fozl
from x to d has all its vertices in O, because d occurs before x;,. On the other hand, the part of the
path (y;)¢_, from x to d contains y;, € K, because d occurs after y;,. Thus, these parts determine
two distinct paths in 7' from x to d. This contradicts the uniqueness of the path from the root = to
d in T, and proves (27).
It follows that

(l‘l, e 7'ri()—17 U, yi1+17 ey yl)

is a path in G from z to y. Indeed, its vertices are distinct by (27) and because ug ¢ O. The arcs
between consecutive vertices among zi,...,2;,—1 belong to the first set on the right-hand side of
(25); the arc (z;,—1,u0) = (p1,uo) belongs to the third set; the arc (ug,y;,+1) belongs to the second

set because (yi,, yi,+1) € Ar(T), vi, € K, yi,+1 € O; and all the remaining arcs belong to the first
set.

The preceding cases exhaust Ve(N) \ {z}. Hence every vertex distinct from z is reachable from z in G.
This completes the proof that G € A, (Ve(N)).
We now compare the weights of T' and G. By (24), the following four sets form a partition of Ar(T):

Ar(F), {(pj,pj):ief{l,....m}}, Ax(T)nO?, {(d,y) € Ar(T):d€ K, y < O}.

The arcs in Ar(T) N O? are retained in G. Every arc (d,y) of T with d € K and y € O is replaced
by (up,y), while (p1,p1) is replaced by (p1,u0). By (10), corresponding arcs have the same capacities.
Therefore,

MoT=NoG+w+Y Mpjp;).
=2

For every j € {2,...,m}, we have ¢™ (p;, p;) = ¢ (pj, uo) < h. Consequently, by (23),
MoT<NoG+w+(m—-1)h<NoG+r<pu(x)+r.

Since T' € A, (Ve(M)) was arbitrary, it follows that u™ (x) < u®(x) + k. Thus, (20) is proved.
Assume now that x € K. Since no arc enters the root 2 in T', we have x € R. Thus,

R={p1,-.-,pm} and p; =uz.

For every j € {2,...,m}, the vertex p; is distinct from the root « and hence has a unique parent p; in 7.
Since p; € R, this parent belongs to O. Moreover,
{(p.d) € Ax(T) : p€ O, de K} ={(pj,p;) : 5 €1{2,...,m}}. (28)

Indeed, every arc on the right-hand side belongs to the set on the left-hand side. Conversely, if (p,d) €
Ar(T) with p € O and d € K, then d # x and no arc of F enters d. Hence d € R \ {z}, which proves the
opposite inclusion.

Define G € D(Ve(N)) by

Ar(G) = (Ar(T) N O2) U{(uo,y) : y € O, (d,y) € Ar(T) for some d € K}. (29)
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Thus, the arcs of T having both vertices in O are retained in GG and every arc of T from an element of K
to y in O is replaced by the arc from wug to y.

We prove that G € A, (Ve(N)).

First, no arc enters ug in G, since both sets on the right-hand side of (29) contain only arcs whose
terminal vertices belong to O.

Let y € O, and let p be the unique parent of y in T. If p € O, then (p,y) belongs to Ar(T) N O? and
hence to Ar(G); in this case, no other arc enters y in G. If p € K, then (ug,y) € Ar(G), and no other arc
enters y in G. Therefore, every vertex of O has a unique parent in G.

We next prove that every y € O is reachable from g in G. Consider a path (y;)¢_, in T from y; = z
to y¢ = vy, and set

a=max{i € {1,...,0}:y; € K}.

Since y; = ¢ € K and y, = y € O, the integer a is well defined and satisfies 1 < a < ¢. Moreover,
Yat1s---,Ye € O. Therefore,
(405 Yat1s---»Ye)

is a path in G from up to y. Indeed, its vertices are distinct, since ug ¢ O and Y441, ...,ys are distinct
elements of O. Its first arc belongs to the second set on the right-hand side of (29), because (yq, Ya+1) €
Ar(T) and y, € K, while all its remaining arcs belong to the first set. This completes the proof that
G e Ay (Ve(N)).

We now compare the weights of T and G. By (28), the following four sets form a partition of Ar(T):

Ar(F), {(pj,pj):j€f2,...,m}}, Ax(T)nO?, {(d,y)€Ar(T):de K, y < O}.
The arcs in the last two sets correspond, by (29), to arcs of G having the same capacities. Therefore,
MoT:NoG+w+icM(pj,pj).
j=2
For every j € {2,...,m}, ¢™(pj, p;) = N (p;,uo) < h. Thus, by (23),
MoT<NoG+w+(m—-1)h<NoG+r < p(u) + .

Since T' € A,(Ve(M)) was arbitrary, we obtain u* (z) < u™¥(ug) + k. Since this relation holds for every
z € K, (21) follows.

Third part. Combining (12) with (20), and (13) with (21), we deduce that

for every x € O, p™(z) = p™N(z) + K (30)
and
ma () = i (o) + . (31)

In order to complete the proof of the theorem, define now

A= N(z).
Jdnax g (z)

Since Ve(M) = OU K and ON K = @, (30) and (31) imply that

M M M N N
ma(x )/L (x) = max {maxu (.’L‘), max (b ((L’)} max {max,u (x), )2 (UQ)} R R ( )

Let g € O. Consider the following facts:
(a1) xo € H (M),

M _ M
(az) p (xo)—xgg(%u (),
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(ag) g™ (z0) = A + 5,
(ag) uN(wo) + Kk =X+ kK,
(as) u"(zo) = A,

(ag) w0 € (N).

By the definition of <7 (M) and p, (a;) is equivalent to (ag); by (32), (ag) is equivalent to (a3); by (30),
(ag) is equivalent to (a4); by an obvious algebraic fact, (as4) is equivalent to (as); by the definition of
A (N), ™V, and A, (a5) is equivalent to (ag). We deduce then that (a;) is equivalent to (ag) which proves
part (i) of Theorem 12.

Finally, consider the following facts:
(br) Kna/(M) £,

M

(b2) maxp™(y) = max Y)s

yeK yeVe(M)

(bs) max p () = A+ k,

(ba) N (uo) + K =X +~,
(bs) 1™ (uo) = A,
(bﬁ) Ug € eQf(]\f)

By the definition of &/ (M) and p™, (by) is equivalent to (bs); by (32), (bs) is equivalent to (bs); by (31),
(bs) is equivalent to (by); by an obvious algebraic fact, (bs) is equivalent to (bs); by the definition of
@ (N), pV, and A, (bs) is equivalent to (bg). We deduce then that (by) is equivalent to (bg) which proves
part (ii) of Theorem 12. O

B Proof of Theorem 14

Let X € P¢(N) and (X, R) € D(X). Let R™ be the relation on X defined as
R =X2U {(w,y) €eX2:yc 6(X’R)(ac)} .
We have that R™ corresponds to the transitive and reflexive closure of R. The relation
Er={(z,y) € X*: (2,9) € R" and (y,x) € R™},

is an equivalence relation on X. We denote by SC(X, R) the quotient set of X by Egr. The elements of
SC(X, R) are called strong components of (X, R) and, as well known, they form a partition of X. We set

ISC(X,R)={Y € SC(X,R) :Vx e X\Y VyeY,(x,y) ¢ R"}.

The elements of ISC(X, R) are called initial strong components.
The proof of Theorem 14 is based on several preliminary results. Theorem 24 and Lemma 25 are well
known.?

Theorem 24. Let X € P¢(N) and (X,R) € D(X). Then ISC(X,R) # @ and

d(X,R)= | V¥
Y€eISC(X,R)

9Theorem 24 corresponds to Theorem 5 in Kalai and Schmeidler (1977) (see also Theorem 9 in Gori, 2023); Lemma 25
corresponds to Lemma 12 in Gori (2023).
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Lemma 25. Let X € P¢(N), (X,R) € D(X), and x € X. Then there exists y € (X, R) such that
(y,xz) € R".

Lemma 26. Let X € P¢(N) and (X, R) € D(X). The following two facts are equivalent:
(a) [ISC(X, R)| =1;
(b) there exists y € X such that, for every x € X, (y,z) € R".

Proof. (a)=(b). Assume that [ISC(X,R)| = 1. Then, there exists ¥ C X nonempty such that
ISC(X,R) = {Y} and so, by Theorem 24, < (X,R) = Y. Pick any y € Y and prove that, for ev-
ery ¢ € X, (y,z) € R". Consider then x € X. By Lemma 25, there exists y* € Y such that (y*,z) € R".
Since y,y* € Y, we have (y,y*) € R". By transitivity of R", we conclude (y,x) € R".

(b)=(a). Assume that there exists y € X such that, for every z € X, (y,z) € R”. Let Y be the unique
element in SC(X, R) such that y € Y. Of course, y € & (X, R) and then, by Theorem 24, Y C & (X, R)
and Y € ISC(X, R). Suppose by contradiction that |[ISC(X, R)| > 1. Then there exists Z € ISC(X, R)
with Y # Z. Given now z € Z, we know that (y,z) € R™. Since Y N Z = &, we have y ¢ Z and that
contradicts the fact that Z € ISC(X, R). O

Proposition 27. Let X € P;(N) and (X, R) € D(X). Assume that ISC(X,R) = {Y'}. Then, for every
z €Y, there exists (X,T) € Ax(X) such that T C R.

Proof. Since 1SC(X, R) = {Y'}, by Lemma 26, we deduce that (X, R) is connected, that is, SC(X, R U
R™) = {X}. The second part of the proof of Proposition 1.6.1 in Bang-Jensen and Gutin (2007) proves
the desired result. O

Lemma 28. Let X € P¢(N), (X,R) € D(X), k € N with k > 2. Assume that |ISC(X,R)| = k and
ISC(X,R) = {Y1,..., Y&}, where Y1,....Yy, C X. Let y1,...,yx € X be such that y; € Y; for all
jef{l,...,k}, and

Then |[ISC(X,R,)| =1 and y1 € (X, R,).

Proof. Let us prove that, for every z € X, (y1,2) € R]. Consider z € X. By Lemma 25, we know that
there exists y* € (X, R) such that (y*,z) € R™ and so (y*,z) € R]. If y* € Y3, then (y1,3*) € R™ and
so (y1,y*) € RY. By transitivity of R], we conclude that (y1,2) € R]. If y* € Y} for some j € {2,...,k},
then (y;,y*) € R™ and so (y;,y*) € RY; (y1,y;) € Ro and so (y1,y;) € R}. By transitivity of R], we
conclude that (y1,z) € R]. By Lemma 26, we deduce |[ISC(X, R,)| = 1. Of course, what has been proved
about y; guarantees that y; € 2 (X, R,). O

Proposition 29. Let X € P¢(N) and (X,R) € D(X). Assume that [ISC(X,R)| =k with k € N. Then,
(i) for every xo € (X, R), there exists (X,T) € Ay, (X) such that [T\ R| =k —1,
(i) for every xp € (X, R) and (X,T) € Ay (X), we have [T\ R| > k — 1,

(iii) for every xg € X \ & (X, R) and (X,T) € Ay, (X), we have [T\ R| > k.

Proof. (i) Consider zg € o (X, R). If k =1, simply apply Proposition 27. Assume then that & > 2. Let
Y1,...,Y, € X be such that ISC(X, R) = {Y1,...,Y:}. Without loss of generality, we can suppose that
xo € Y1. Consider then yi, ...,y such that y1 = zo and, for every j € {2,...,k}, y; € Y. Let

Ro=RU{(y1,yj)) e XZ:j€e{2,....k}}.

Observe that RN {(y1,y;) € X2:j€{2,....k}} =@ and |{(y1,y;) € X2:j€{2,...,k}}|=k—1. By
Lemma 28, [ISC(X, R,)| =1 and y; € #.(X, R,). By Proposition 27, there exists (X,T) € A, (X) such
that T' C R,. Thus,

T\RCR,\R={(y1,y;) € X2:j€{2,....k}}.
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We conclude proving that also the opposite inclusion holds true. Assume by contradiction that
{(ylvyj) € Xf .7 € {277k}} J@T\R

Since {(y1,y;) € X2:j €{2,...,k}} N R = 2, that is equivalent to

{(yl,yj)éXf :je{2,...,k}} ZT.

Thus, there exists j* € {2,...,k} such that (yi,y;-) ¢ T. We know that there exists a path (z)i_;
from y; to y;- in (X, T). There exists then i* € {1,...,r — 1} such that (z;, z4+41) € T, 2= ¢ Yj- and
Zix41 € Yj». Since Y« € ISC(X, R), we have that (z;+,z;«41) € T'\ R and so, recalling that (y1,y;+) ¢ T,
we deduce

(25 zi=41) € {(y1,95) € XZ G € {2, kI \ {"}}.

If k = 2, then j* = 2 and the set {(y1,y;) € X2:j€{2,...,k}\ {j*}} is empty, which leads to a
contradiction. If k > 3, since Y7, ..., Y} are pairwise disjoint, we have that, for every j € {2,...,k}\ {j*},
y; ¢ Yj~, which is a contradiction.

(ii) Consider zp € (X, R) and (X,T) € Ay, (X). We have to show that |T'\ R| > k — 1. Consider
Y1,..., Y C X such that ISC(X, R) = {Y1,...,Y:} and without loss of generality assume that z¢ € Y;.
Moreover let ya, ...,y be such that y; € Y; for all j € {2,...,k}. Let j € {2,...,k}. Since (X,T) €
Ao (X), there exists a path (z{):ijl) from zg to y; in (X,T). There exists then i(j) € {1,...,7(j) — 1}
such that zg(j) ¢ Y; and zg(j)ﬂ €Y;. Since Y; € ISC(X, R), we have that (zg(j), zg(j)ﬂ) € T\ R. Thus

. . .
T\R 2 {(Zg) 2y 0) € X2 e {2, k).

N(?te also that if 4,5 € {2,...,k} with j # j/, then (zg(j),zf(j)ﬂ) =+ (zf(/j,yz{(/j,)ﬂ) since zf(j)ﬂ €y,
Zjinp € Yy and Y NYj = @. Thus, we conclude [T\ R| > k — 1.

(iii) Consider zp € X \ Z (X, R) and (X, T) € A;,(X). We have to show that |7\ R| > k. Consider
Y1,...,Y, € X such that ISC(X,R) = {Y1,...,Ys} and let y1,...,yx be such that y; € Y for all
j€{l,....,k}. Let j € {1,...,k}. Since (X,T) € Ay (X), there exists a path (zf)fijl) from x¢ to
y; in (X,T). There exists then z(]) € {1,...,7(j) — 1} such that zg(j) ¢ Y; and 2] € Y;. Since
Y; € ISC(X, R), we have that (zg(j),zg(j)ﬂ) € T\ R. Thus

(J)+1

T\RD {(zg‘(j),z{(jm) eXf:je{l,...Jz}}.

Note also that if 7,5’ € {1,...,k} with j # j/, then (zf(j),zg(j)ﬂ) #* (zf(/j,),zg(/j,)H) since zf(j)ﬂ €y

zg(j,)ﬂ €Y, and Y; NY;s = @. Thus, we deduce |T'\ R| > k. O

Proof of Theorem 14. Let D = (X, R) € D and set k = |[ISC(X, R)|. Observe that, for every € X and
(X,T) € A, (X), we have that

Do(X,T) = [RNT| = [T\ (T'\ R)| = |T| - [T\ R| = |X| =1 |T'\ R,

Counsider € #(X,R). By Proposition 29(i)-(ii), we know that there exists (X,T™*) € A,(X) such
that |[T* \ R| = k — 1, and that, for every (X,T) € Ay(X), [T\ R| > k — 1. As a consequence,
uP(z) =|X|—1— (k—1) = |X|— k. Consider now v € X \ @ (X, R). By Proposition 29(iii), we know
that, for every (X,T) € A,(X), T\ R| > k. As a consequence, u?(z) < |X|—1— k. By (3), we finally
conclude that <7 (D) = o (D). O
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C Proofs of Propositions 15, 16, and 17

Proof of Proposition 15. The fact that A satisfies anonymity simply follows from the fact that A is a scc
of type C2.

Let us prove that A satisfies neutrality. Let p € L* and ¢ € Sym(Al(p)). We must show that A(p¥) =
¥(A(p)). By Proposition 1, we have that A(p?) = o/ (N(p")) = &/ (N(p)") = (o (N(p))) = »(A(p)), as
desired.

Let us prove that A satisfies homogeneity. Let p,q € L* and n € N, and assume that ¢ is an n-
fold replication of p. We must show that A(g) = A(p). We have that N(q) = nN(p) and therefore, by
Proposition 3, we have A(q) = & (N(q)) = &/ (nN(p)) = &/ (N(p)) = A(p), as desired.

Let us prove that A satisfies Pareto efficiency. Let p € L* and zg, yo € Al(p) be distinct and such that,
for every i € In(p), zo =p(iy Yo- We must show that yo ¢ A(p). We know that ¢V (z¢,y0) = [In(p)| and
then ¢V (®)(yg, 29) = 0. Consider the set

S={x e Al(p) : x =pq) xo for all i € In(p)} U {zo}.

e Assume first that S = {z}. We claim that ¢N®)(zg,y0) > VW) (z,20) for all z € Al(p) \ {zo}.
Indeed, if by contradiction there existed z* € Al(p) \ {wo} such that ¢¥N®)(zg,y0) < NP (2* 20),
then it would be ¢¥®)(z*,z9) = |In(p)|. Thus, for every i € In(p), z* =, =o and then z* € S, a
contradiction. Then, by Proposition 4(ii), we conclude that yo ¢ &/ (N(p)) = A(p).

e Assume now that S # {zp}. Consider the relation R on S defined as
R= {(x,y) €S?:z =piy y for all i € In(p)}.

It is simple to show that R is transitive and asymmetric. Then there exists * € S that is a maximal
element of R. Note that, since S # {xo}, o is not a maximal element of R and then x* # x. Since
r* € S and z* # o, we know that, for every i € In(p), 2* =, zo. Then, for every i € In(p),
¥ =, Yo We claim that N@ (2% ) > NP (2, 2*%) for all z € Al(p) \ {z*}. Indeed, if by
contradiction there existed z* € Al(p) \ {z*} such that ¢V ®) (2% y5) < NP (2% 2*), then it would
be ¢N®)(z* 2*) = |In(p)|. Thus, for every i € In(p), z* =p(i) ©* and then z* >,y xg. Thus, 2* € S
and (z*,2*) € R, which contradicts the fact that x* is maximal. Then, by Proposition 4(ii), we
conclude that yo ¢ &7 (N(p)) = A(p).

Let us prove that A satisfies monotonicity. Let p, ¢ € L* with In(p) = In(q) and Al(p) = Al(g). Assume
that xo € A(p) and that xo improves its position from p to q. We have to show that ¢ € A(g). Observe
now that

e N(p) and N(q) are such that Ve(N(p)) = Ve(N(q)) = Al(p),
o for every y € Al(p) \ {zo}, VD (z0,y) > NP (z0,y) and VP (y,20) > N D (y, x0),
o for every (z,y) € (Al(p) \ {x0})2, N (z,y) = N @) (z,9).

Since z¢ € A(p) = /(N (p)), by Theorem 10, we finally get zo € &/ (N(q)) = A(g), as desired.
Let us prove that A is independent of clones. Let p € L*, ug € Al(p), C € P(N) with C N Al(p) = &,
and g € L* obtained from p by adding the set of clones C of ug. We must prove that

o for every zg € Al(p) \ {uo}, zo € A(p) if and only if zy € A(q),
e uy € A(p) if and only if (C U {uo}) NA(g) # 2.

It is simple to check that N(q) is obtained from N(p) by adding the set of clones C' of ug. Thus, by
Theorem 12(i), we deduce that, for every xo € Al(p) \ {uo} = Ve(N(p)) \ {uo}, o € A(p) = &/ (N(p)) if
and only if zp € A(q) = /(N (q)); by Theorem 12(ii), we deduce that uy € A(p) = &/ (N (p)) if and only
if (C'U{uo}) NA(g) = (CU{uo}) N/ (N(q)) # 2.
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Let us prove that A satisfies the Smith principle, and so also the Condorcet principle. Let p € L* and

S C Al(p) with S # @ and N (z,y) > % for all x € S and y € Al(p) \ S. We must prove that

A(p) € S. We know that N(p) is balanced with constant [In(p)|. Thus, ¢N®) (z,y) > % > NP (y, 2)
for all x € S and y € Al(p) \ S. By Proposition 9, we conclude that A(p) = &/ (N(p)) C S.

Let us prove that A satisfies the inclusive Condorcet principle. Let p € L*. If |Al(p)| = 1, the property
is trivially satisfied. Assume then that |[Al(p)| > 2 and let 2 € Al(p) be such that ¢V (z,y) > W for
all y € Al(p) \ {x}. We must show that z € A(p). We know that N(p) is balanced with constant [In(p)].
Thus, V@) (z,y) > M > cN@)(y, x) for all y € Al(p) \ {z}. By Proposition 8(i), we conclude that
z € d(N(p)) = Alp).

Let us prove that A satisfies the Condorcet loser principle. Let p € L* with |[Al(p)| > 2 and x € Al(p)
be such that ¢N®)(z,y) < M for all y € Al(p) \ {z}. We must prove that = ¢ A(p). We know that
N(p) is balanced with constant |In(p)|. Thus, cN®) (2, ) < W < NP (y, x) for all y € Al(p)\ {z}. By
Proposition 8(iii), we conclude that = ¢ o7 (N(p)) = A(p).

Finally, let us prove that A satisfies cancellation. Let p € L* satisfty N(p) = N(p)". Proposition 11
applied to N(p) yields A(p) = & (N(p)) = Al(p). O

Proof of Proposition 16. If [Al(p)| < 2, the proof is immediate. If |Al(p)| = 3, then we have that N(p) € N'
is balanced and |[Ve(N(p))| = 3. Therefore, we immediately conclude by applying Proposition 13 and
recalling the definitions of A, Sch, and Sim. O

Proof of Proposition 17. Apply Proposition 4(ii) to N(p), and the definition of A. O
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