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In the recent decades, the empirical literature on auctions has emphasized the relevance of participation costs

and the ensuing endogeneity of the number of bidders that take part in an auction. Therefore, a seller should
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Abstract

This paper is about a two-bidder auction setting with endogenous and costly entry in which, before
the bidders’ entry decisions, the seller may release information about the object on sale. This information
affects each bidder’s belief about the own distribution of value for the object on sale, hence it affects the
bidder’s incentive to enter. The seller uses a second price auction and we consider the class of unrestricted
information structures using the techniques of information design in which the seller sends private messages
to the bidders. We characterize the optimal information structure, which optimally trades off providing
rents to the bidders in favorable (to the bidders) states of the world against inducing entry of all bidders
in other states of the world (in order to generate a positve auction revenue). We compare the optimal
information structure with some specific information structures examined in the literature and then show
that a restriction to public messages hurts the seller significantly. We also show that using a first price
auction allows the seller to earn the same revenue as when a second price auction is used. We then allow the
seller to use an entry fee and jointly optimize, under some restrictions, with respect to the entry fee and the
information structure. In this case the seller does not need to induce entry of all bidders to earn a positive
revenue, and indeed induces entry of a single bidder, who is required to pay a high entry fee, if the entry
cost is not small. But if the seller can also use a reserve price, then it is optimal to (almost) fully subsidize
the entry cost and use the reserve price to extract all the bidders’ rents while inducing the socially optimal
entry.

Keywords: Second-Price Auction, First-Price Auction, Endogenous Entry, Information Design, Entry Fee,

Reserve Price.

Introduction

take into account how a particular auction procedure affects the entry decisions of potential bidders.

theoretical literature on auctions with endogenous entry emphasizes how the optimal auction strongly depends

on the information available to bidders when they choose whether to enter or not, but most of these papers try
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to identify the optimal auction for a given information regime. That is, they neglect the possibility for the seller
to increase the revenue by influencing the bidders’ information.

This paper tries to fill this gap by considering a specific two-bidder setting in which the seller offers the
object through a second price auction and in which entry is endogenous and costly. Each bidder’s value for the
object on sale is either low (0) or high (1), and h; denotes the probability of a high value for bidder . No bidder
knows hi, hs, but the ex ante probability distribution of hy, he is common knowledge. Upon entry, a bidder
privately learns the own valuation. Before the bidders’ entry decisions, the seller may transmit information
which affects the bidders’ incentives to enter, for instance by disclosing some details about the object on sale
which allow each bidder to refine his beliefs about h; and/or about hg. In fact, we apply the techniques of
Information Design and assume that the seller commits ex ante to an information transmission mechanism,
called information structure, which sends a message to each bidder as a function of hq, he (the state of the
world). We rely on Taneva (2019) to restrict attention to direct information structures, in which the seller’s
possible messages to each bidder consist of a recommendation to enter, or not to enter, and such that each
bidder has incentive to follow the recommendation he receives. This enables us to formulate the seller’s problem
directly in terms of distributions over entry recommendations subject to incentive constraints. We characterize
the optimal information structure, which needs to induce entry of both bidders to generate a revenue in the
auction. However, except in trivial cases, this often leads to a negative utility for bidders due to incomplete
recovery of the entry cost. Thus the optimal information structure also needs to induce entry of a single bidder
in some states of the world in order to make the bidder earn a non negative expected utility upon entry. We
describe the optimal information structure as a function of the environment parameters, and in particular as a
function of the entry cost ¢ > 0 by determining the states of the world in which it is optimal to reduce entry as
c increases.

We then examine the limits associated to the adoption of a specific information structure as No Disclosure
(ND), Partial Disclosure (P D), Full Disclosure (F'D), that in the economic literature are frequently investigated
as potential options for the information designer.! Although these information structures are intuitive and simple
to interpret, they are optimal only when c is small enough that entry of each bidder occurs even without any
information transmission from the seller to the bidders. If instead entry of each bidder is infeasible, the optimal
information structure is superior as it leaves no rent and induces more frequent entry by both bidders. We
also show that requiring the seller to use public messages significantly restrict the set of feasible information
structures, and prove that by using the first price auction the seller can earn the same revenue as when se uses
the second price auction .

We extend our initial setting by allowing the seller to use an entry fee f and derive first the optimal
information structure as a function f, then we optimize jointly with respect to the information structure and
with respect to f. For the case of the specific information structures, ND is optimal when ¢ is small, jointly
with a suitable entry fee which extracts each bidder’s expected surplus. Conversely, F'D is optimal for large ¢
as it induces just one bidder to participate, but the seller can tailor f suitably and earn more than under PD
because under PD the bidders are on a symmetric footing and each bidder knows he may face competition in
the auction; this reduces his incentive to enter. Thus, on one side we have entry of a single bidder; on the other
side we have two bidders, each of whom is less likely to enter; in our setting the first alternative is superior
as the latter induce too little entry. However, PD is optimal for intermediate ¢ when the likelihood that h;
is high for each bidder i as this determines a high expected auction price. As a general result, the amount of

information to release decreases as ¢ increases. We also determine the optimal information structure in the set

1See for instance Gal-or et al. (2007) in a procurement context and Lu et al. (2018) and Serena (2022) in an all-pay auction

setup.



of unrestricted information structures for given f, and then provide a specific result about revenue optimization
with respect to f.

Finally, we examine the case in which the seller can use both an a reserve price, denoted with r, and the
entry fee, denoted with f. We show it is profitable for the seller to pick 7 close to the high valuation 1 and f
close to —c, which means that the entry cost is almost entirely subsidized by the seller. Therefore each bidder
faces an almost zero net entry cost ¢ + f but earns a small rent from playing the auction since r is high. As a
consequence, the seller extracts (almost) completely the bidders’ rents and his revenue (almost) coincides with
social welfare. Moreover, it is possible for the seller to induce bidders’ entry as in the social optimum, which
yields the seller the maximal social welfare. To this purpose, for instance, the simple information structure F'D
can be used.

In the rest of the introduction we explain how our paper is related to the existing literature. Then, in Section
2 we illustrate the model we analyze and in Section 3 we examine the optimal information structure, and some

extensions. In Section 4 we introduce an entry fee, and in Section 14 we allow an entry fee and a reserve price.

1.1 Related Literature

This paper bridges different strands of the auction literature. First, we draw on models with endogenous entry,
which typically investigate optimal auction design under an exogenous information structure. This literature
considers various informational environments at the entry stage. McAfee and McMillan (1987) and Levin
and Smith (1994) analyze settings in which bidders only know the distribution of their own valuation (and of
their rivals’ valuations), while Samuelson (1985) and Menezes and Monteiro (2000) study the opposite case in
which each bidder privately observes his valuation before entry. More recent research examines intermediate
environments in which bidders observe a signal statistically linked to their valuation before entry and learn the
exact value only after paying the entry cost.? Gentry et al. (2017) provide a theoretical analysis of this case
under standard auction procedures.® Finally, Ye (2004) considers a setting in which, after entry, bidders learn
their valuation and receive signals about rivals’ valuations.

In these contributions, bidders are symmetric ex ante and revenue equivalence holds despite endogenous
participation. As a result, the analysis focuses on how reserve prices and/or entry fees can be used to maximize
revenue for a given informational regime. By contrast, we treat the information structure itself as a design
instrument and analyze how it can be optimally chosen to shape entry behavior and how this aspect interacts
with the optimal entry fee or reserve price.

Second, our paper relates to the literature on information design in auctions with exogenous participation.
Bergemann and Pesendorfer (2007) analyze optimal auctions when the seller can jointly design the mechanism
and bidders’ information structures. Ivanov (2021) characterizes optimal signal structures within fixed incentive-
compatible mechanisms, including second-price auctions. Bergemann et al. (2022) study optimal information
disclosure in second-price auctions with initially uninformed bidders and show how disclosure trades off efficiency
and information rents.* In all these papers, information primarily affects bidding behavior within the auction
stage (the intensive margin). In contrast, we study how optimal information design influences entry decisions
(the extensive margin), and through this channel, competition and revenue.

2See, for instance, Ye (2007), Marmer et al. (2013), Roberts and Sweeting (2013), Gentry and Li (2014), Bhattacharya and
Sweeting (2015), and Lu and Ye (2021).

3Gentry et al. (2017) study simultaneous and unregulated entry. Other contributions analyze alternative selection mechanisms.
Bulow and Klemperer (2009) consider sequential entry, while Ye (2007) and Bhattacharya et al. (2014) study regulated entry via
bidding mechanisms. Bhattacharya and Sweeting (2015) compare these mechanisms in terms of efficiency and revenue.

4Similar themes appear in Ganuza (2004), Ganuza and Penalva (2010), and Es6 and Szentes (2007).



Interestingly, almost no paper has investigated the interaction between endogenous information released by
the seller and endogenous bidders’ participation in a standard auction setup.® The only exception is Vagstad
(2007), which considers two alternative information settings. The first one is such that at the entry stage no
bidder knows the own valuation, as in McAfee and McMillan (1987) and Levin and Smith (1994). The second
one is such that each bidder (privately) observes the own valuation, as in Samuelson (1985) and Menezes and
Monteiro (2000). Before the entry decisions, the seller can release information which converts the information
regime from the first one to the second one. Vagstad (2007) shows that with only two bidders, if the entry cost
is low (high) then information disclosure decreases (increases) entry, and gives an example in which information
disclosure is revenue decreasing (increasing) when the entry cost is sufficiently low (high). Our paper departs
from the assumptions in Vagstad (2007) in several ways. First, although the information revealed by the seller
allows each bidder to have a more precise estimate of the own value, we assume that in no case a bidder learns
the own value before entry. Second, the seller’s transmission of information affects the beliefs of each bidder
also about his rival’s valuation. Third, we generalize the information disclosure policies available to the seller
and we let him adopt further instruments to extract buyers’ surplus (i.e. entry fee or reserve price).

Finally, we contribute to the literature on information design.® Our setting combines Bayesian persuasion
(Kamenica and Gentzkow, 2011) with endogenous entry into a second-price auction. Our main methodological
reference is Taneva (2019)7 who extends persuasion to environments with multiple interacting receivers using
Bayes Correlated Equilibrium (BCE) as a characterization tool.® We adopt this approach and allow the auc-
tioneer to commit ex ante to private (and potentially correlated) entry recommendations. To our knowledge,
ours is the first analysis of optimal information design in a standard second-price auction environment in which

the primary strategic channel operates through endogenous entry rather than bidding behavior.

2 The model

2.1 Information and preferences

A (female) seller owns an object which is worthless to her and which she offers for sale through a second price
auction (SPA henceforth). There are two (male) bidders who may be interested in buying the object: bidder 1
and bidder 2, who have independently distributed valuations for the object. For ¢ = 1,2, v; denotes the value

of bidder ¢ and the probability distribution for v; is characterized as follows by a parameter h; € (0, 1):
Pr{v, =1} = h; and Pr{v;, =0} =1—h;

That is, v; has Bernoulli distribution in which h; is the probability that v; is equal to 1. Bidder ¢ is risk neutral
and wants to maximize v; times his probability to win the object minus his expected outlay.

Bidder i needs to incur an entry cost ¢ > 0 in order to participate in the auction, but at the time of his
entry decision he does not observe v; nor h;. However, it is c.k. that hi, ho are realizations of stochastically

independent random variables and that there exist A", h®, a such that

Pr{h;=h"} =« and Pr{h;=h’}=1-«

5Feng (2023) investigates how the information design may influence the participation and the effort of contestants in an all-pay
auction context.

6See, e.g., Kamenica (2019), Bergemann and Morris (2019).

"Taneva (2019) is one of the main references also for Antsygina and Teteryatnikova (2023) who study an information design
problem in an all-pay auction in which contestants effort may be influenced by the information structure.

8This type of methodology is based on the paper of Bergemann and Morris (2016).



with 0 < ¥ < h® <1 and a € (0,1). That is, each bidder i is either weak or strong in terms of the distribution
of v;, depending on whether h; is equal to h* or to h®, and there exists four states of the world in terms of
(h1,ha), that is (h1,ha) € {(K*,h"), (A", h%), (R, h"), (h®, h®)}. In the following, sometimes the states of the
world are denoted, respectively, as ww, ws, sw, ss.

Before the bidders’ entry decisions, the seller observes the state of the world (hq,h2) and sends a private
message my to bidder 1, mo to bidder 2 in order to influence the bidders’ entry decisions. The message is
based upon the state of the world according to an information transmission rule, called information structure
in the following, to which the seller has committed before observing (hi, he). Bidder ¢ knows the information
structure, and after receiving a message from the seller he decides whether to enter the auction or not. If he
enters, then he incurs the cost ¢ but learns the own valuation v; (thus, ¢ can be interpreted as the bidder’s cost
of evaluating the object) and then bids the own valuation as that is a weakly dominant strategy in the SPA.
We are interested in determining the information structure which maximizes the seller’s expected revenue. We

later consider cases in which the seller can use an entry fee and/or a reserve price.

2.2 Direct information structures

Proposition 2 in Taneva (2019) establishes that for each Bayes-Nash Equilibrium (BNE in the following) of
the entry game augmented with the information structure designed by the seller, there exists an information
structure for which the message each bidder receives is in the set { E, NE}, and in the resulting game there exists
a BNE in which each bidder i enters when m; = F, does not enter when m; = N E. This means that without
loss of generality we can focus on information structures for which {E, NE} is the set of possible messages® and
such that a BNE exists with the property that each bidder obeys the indication of the message he receives.
Since {E, NE} is the set of possible messages, it follows that we can view the information structure as

consisting of the following four probability distributions over messages:

Zo,T1, T2, T12 is the message distribution when (h1,he) = (h",h")
Yo, Y1, Y2, Y12 i the message distribution when (hy,hs) = (A", h%)
20, 21, 22, 212 18 the message distribution when (hy, he) = (h*, A")

wo, w1y, Wa, w1z is the message distribution when (hy, hy) = (h% h%)

For instance, the distribution zg, 1, z2, 212 refers to the state of the world (hy, hy) = (R, k") and x; is the
probability that m; = F, mo = NFE, that is the probability that the seller sends message E only to bidder 1
when (hi, he) = (h¥, h"). Likewise, x5 is the probability that the sellers’ messages are (my, ms) = (NE, E), and
xzg = Pr{(my,ms) = (NE, NE)|(h1,hs) = (R, h")}, x12 = Pr{(m1,m2) = (E, E)|(h1, ha) = (h*,h™); hence
To+ 1 + x2 + 212 = 1. Similar interpretations apply to the 4-tuples yo, y1, Y2, Y12, 20, 21, 22, 212, Wo, W1, Wa, W12
which refer to the states of the world (hq, he) = (b, h®), (h1, h2) = (h®, h™), (h1, ha) = (h®, h®), respectively.
About the condition that there exists a BNE in which each bidder obeys the message he receives, we begin
with bidder 1. We normalize to 0 the utility from staying out of the auction, while entering yields expected
utility hi(1 — ha) — ¢ because of the entry cost and because bidder 1’s utility in the SPA is 0 if v; = 0 or
ifvg =wv; =1, but is 1 is v; = 1, v9 = 0, and the latter event has probability hi(1 — hs). Then consider
bidder 1 who has received message m; = F, and expects that bidder 2 obeys message mo. First notice that
pie = a?(z1 +212) + (1l — a)(y1 +y12) + (1 — @)a(z1 + 212) + (1 — @) (wy +wi2) denotes the probability that

9 An information structure with this feature is said to be ”direct”.



bidder 1 receives m; = . Then we let

wp = o (zi(h—c)+212(h(1 —h) =) +a(l —a) (yi(h — ) + y12(h* — ¢))
t+a(l—a) (a1l =h—c)+ 212((1 = h)* = ¢)) + (1 — @) (w1 (1 — h — ¢) + wi2((1 — h)h — ¢)) (1)

In case p1g > 0, the quotient gi—g is bidder 1’s expected utility from entering given m; = E. Since Zi—;f >0is

equivalent to u1g > 0, from now on we label the latter inequality as IC;z:'°
up >0 (ICik)

Likewise, entering is a best reply for bidder 2 when ms = F if and only if usp below is non-negative (provided
that the seller sends my = E with positive probability) with

usp = o (za(h—c)+z12(h(1 —h) —¢)) +a(l —a) (y2(1 —h—c)+ya((l —h)? - c))
+a(l —a) (22(h—c) + z12(h* — ¢)) + (1 — @)? (wa(1 = h — ¢) + wi2((1 — h)h — ¢))

In the following we label the inequality uop > 0 as ICyg.

When bidder i’s receives message N E, staying out of the auction needs to be a best reply for bidder i, a
condition we label as IC; yg. But in fact, it turns out IC;yg and ICon g do not affect the optimal information
structure, hence we leave them to the proof of Proposition 1 in the appendix

The seller’s revenue is equal to 1 if both bidders enter and both turn out to have value 1, but is equal to 0
in each other circumstance. Hence the expected revenue is

R =o’h%z15 + a(l — a)h(1 — h)y1a + (1 — a)a(l — h)hzio + (1 — @)?(1 — h)*wis (2)

In the following we maximize R subject to ICig, ICop, but since the bidders are ex ante symmetric it
turns out that without loss of generality we can restrict to symmetric information structures, that is such that
T1 = To, Y1 = 29, Y2 = 21, Y12 = 212, w1 = wy. Under these conditions ICyg is equivalent to IC;g and our
problem can be stated as

max R s.t. ICig (3)

3 The optimal information structure

We begin by introducing an information structure which provides the bidders with no information, but never-

theless is optimal when no information is needed to decide to enter.

3.1 The no-information information structure

At one extreme, it is immediate that the seller induces entry of no bidder if ¢ > 1 — h because in such a case
the coefficients of z1,x12,v1,v12, 21, 212, w1, w12 in IC;g are all negative, that is even in the most favorable
circumstance — bidder 1 is strong and bidder 2 does not enter — the entry cost c is higher than bidder 1’s utility
in the SPA, 1 — h. Hence the only way to satisfy IC;g is to set all these variables equal to 0 and by symmetry
it follows zg = 1, yo = 1, z9g = 1, wg = 1. Therefore in the following we assume ¢ < 1 — h.

At another extreme, since R is increasing in x12,y12, 212, W12 it is intuitive that it is optimal to set x12 = 1,

y12 = 1, 210 = 1, wyo = 1 if ¢ is small, as then the coefficients of 12, y12, 212, w12 in IC1 g are all positive. Hence

10If py g = 0, then m; = E never occurs and there is no constraint IC1z.



IClE is satisfied at T12 = Y12 = 212 = W12 = 1. Precisely, IClE holds when T12 = Y12 = 212 = W12 = 1 if and
only if
c<ca=h(1-h%

in which h® = ah + (1 — @)(1 — h) denotes the expectation of both hq and hs. In the following we denote with
S 4 the information structure such that x1o = 410 = 212 = wyo = 1.

It may be worthwhile to notice that for some parameters, S4 induces excessive entry from the social point
of view in each state of the world. Indeed, assuming hy > ho to fix the ideas (without loss of generality), social

welfare in state hq, ho is equal to
SW12 =1- (1 — hl)(l — hg) —2c

if both bidders enter, and
SWl = h1 —C

if only bidder 1 enters.!* Hence SWi5—SW; = (1—hy)ha —c, which highlight that entry of bidder 2 contributes
to social welfare just when v; = 0 and v = 1, an event with probability hi(1 — hz).

The following figures describe the socially optimal entry pattern as a function of h,c and the set of (h,c)
which satisfy ¢ < cy4 for the case of a = %: this is the rectangle with bold edges. Such set strictly includes the
set in which entry of both bidders is socially optimal. This reveals that the seller’s revenue is maximized by
socially excessive entry when ¢ < c4. The reason is that entry of both bidders in each state of the world reduces
the bidders’ expected utility but increases the seller’s revenue, even though the former decrease is greater the

latter increase.1?

Figure 1: Socially optimal entry depending on the state of the world
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3.2 The optimal information structure when cy <c<1—-h

We determine below the optimal information structure when cy < ¢ <1 — h. Then S, is infeasible because it
violates ICq g, hence the seller needs to reduce below 1 one or more among the variables x12, Y12, 212, w12, that
is in at least one state of the world at least one bidder does not enter. For instance, wio < 1 means that in state

1Since h1 > ha, entry of only bidder 2 does not maximize social welfare as it generates a social welfare no higher than SWi.
12Rigures 1(a-c) illustrate this result for the case of o = %, but in fact the result holds for each « € (0,1) because for states ww
and ss, h®(1 — h®) > h — h?, for state sw, h®(1 — h®) > h2.



ss with positive probability the seller induces entry of a single bidder if w; = ws > 0, or induces entry of no
bidder if wy > 0. It is important to stress that given wio < 1, the values of wg, w1, ws do not affect the revenue
in (2), but only IC;g; hence they are optimally chosen in order to help satisfy IC;g. More in detail, in state
ss entry by a single bidder is (at least weakly) preferable for the bidder to no entry as the coefficient of w; in
IC1g, 1 — h — ¢, is non-negative; hence, given wiy < 1, it is optimal to set w; = we > 0 and wy = 0 to help
satisfy ICyg. Likewise, in states sw, ws the strong bidder earns a non-negative utility if he enters alone, and
higher than the utility of the weak bidder if the latter enters alone.'® Hence, given yi2 = 212 < 1, it is optimal
toset yo =1 —y12 (and yo =0, y1 = 0), 21 = 1 — 212 (and zg = 0, 25 = 1). Conversely, in state ww matters are
less straightforward as the utility of a single entrant is h — c¢. This is negative if h < ¢, and then z; = x5 = 0,
2o = 1 —x19 when x15 < 1. If instead h > ¢, then 15 < 1 implies 1 = x9 = %f %$12, zo = 0. As these remarks
suggest, determining the optimal information structure when ¢ > c4 boils down to reducing x1s, Y12, 212, W12
the least below 1, while choosing zg, x1, z2, ..., wo, w1, wo in the best way to satisfy IC;g. We show below that
this leads to entry of both bidders with positive probability at least in state ss for each ¢ <1 — h.

We list below in (4) seven information structures, S, ..., S¢ such that for each parameter values the optimal

information structure is one of them, as described in Proposition 1:'4

Satxiz=1Lye=1, 2z12=1, w2 =1
Spixia=1,y2€ (0,1),y12=1—y2, 21 =Yo,212=1—21, w2 =1
Scixo=1,y2€ (0,1),y12=1—y2, 21 =Y2,212=1—21, w2 =1
Sp:axg=1, y2=1, 21 =1, ’w1:1U2€(0,%),w12:1—2U}1 (4)
Spiwg €(0,1),212=1—m0, y12=1, z12 =1, w12 = 1,
Spiai=x2€(0,3),m2=1-231, y2=1, 21 =1, w2 =1

Sgiaxi=z2=2% yp=121=1, wi =ws € (0,1), w12 =1— 2wy

In order to earn some intuition, consider the case in which c is slightly greater than c4. Then Sj4 is
infeasible because uyp = —-, for some v > 0, when x15 = Y12 = 212 = wis = 1. Starting from Sy, one
change in the information structure which satisfies IC1g consists in reducing x15 by € > 0 and increasingly

2o by . The rationale is that ¢ > c4 implies that the coefficient of z12 in IC1g, h(1 — h) — ¢, is negative,®

hence Axq15 = —¢ increases uig and € needs to be equal to QQ(TVW in order to make IC;g satisfied. As
a result, the information structure Sg in (4) is identified and ARF = —%’y with respect to the revenue

obtained if both bidders enter in each state of the world. An alternative way to satisfy IC; g consists in reducing
Y12, 212 by € > 0 each, and increasing -, z; by € each. This increases u1g because the coefficient of z5 in IC; gis
positive and is greater than the sum of the coefficients of y;2 and of z15. Precisely, the resulting change in
urp is a(l — ) (—e(h* —¢) —e((1 = h)> —¢) +e(1 — h—¢)), or a1l — a)(c + h — 2h?)e, hence € needs to be
mlh_—%?) to satisfy IC;g. Then the information structure Sp in (4) is identified and ARE = —%y.

Comparing #ﬁ_h)v with %’y reveals that the first quotient is smaller (is greater) than the second
if h < ¢ (if h > ¢), thus Sg is superior to Sp when h < ¢, whereas the seller prefers Sp if h > c. It is intuitive
that a small h makes Sg superior to Sp, because if h is close to 0 then Az, in S is about equal to =+,

while Ayis and Azip in SB are both about equal to . Then the difference in the effect on the revenue

v
a(l—a)c
is determined by the fact that state ww has probability h2, the states ws, sw have probability 2h(1 — k), and
the former probability is much smaller than the latter for a small h; thus the revenue decrease under S¥ is less

than under SZ. Conversely if h > ¢ then the decrease in Az, is relatively large compared with the decrease

13 Actually, in some cases entry of the weak bidder alone reduces the latter’s utility.

14We specify only the terms of the information structure which differ from zero, but in some cases full details are left to the proof
of Proposition 1.

151f ¢ < h(1 — h), then the coefficients of 212, of w12, and of y12 + 212 in IC; g are all positive, hence S, is feasible.



in Ayjo and Azys because in state ww the utility of each bidder when both bidders enter is not too negative.
Then a large reduction in 215 is needed to satisfy 1C;z, which hurts the revenue significantly.!

Actually, when c¢ is just a bit larger than c4 Proposition 1 establishes that Sg or Sp is optimal overall.
But for c¢ significantly greater than ca, the optimal information structure is not Sg nor Sg, as further entry
reduction is needed. Precisely, the optimal information structure, depends on the comparison between ¢ and
the following thresholds

_ (1—=h)(h+a-2ha—a?+2ha?) _ h+a—3ha+3h%a — h?
cCp = y co =
1—a+a? 1+«
200 — 2h2a? + 4h2a — 2h? + 5ha? — 6ha + 2h — 202
= (1-h — =
cp ( )(h+ o — ha), CE et o

for which in the proof of Proposition 1 we show
ca <min{cp,cc} < max{cp,cc} <ecp<l—handeg<cg<l—h

Proposition 1 (The optimal information structure with no entry fee nor reserve price) The optimal
information structure is as follows;

(Z) Saifc<ca

(i) Sp if ca < c < min{cp, h}

(i11) Sc¢ if max{cc,h} <c<cp

(iv) Sp if max{cp,h} <c<1—h

(v) Sg if max{ca,h} <c<ce

(vi) Sp if cg < ¢ < min{cg, h}

(vii) Sg if cg < c < h.

The optimal information structure depends on whether h < ¢ or A > ¢ not only when c is slightly greater
than c4, as the sign of h — ¢ determines whether x15 < 1 should be accompanied by g > 0 and 1 = 25 = 0, or
by zog = 0 and x1 = 2 > 0. In detail, when h < ¢ and c is slightly larger than c4, Sg satisfies IC;g through a
reduction in x15 below 1, but when c is larger than cc even a reduction of x15 to 0 is not enough. Then S¢ is
optimal, in which z15 =0 (2o = 1) and also yi2, 212 are decreased below 1, with yo = z; > 0. As it is intuitive,
for greater ¢, larger than cp, in order to keep u;p from being negative it is necessary to reduce both y;2 and
z12 t0 0 (and y2 = 1, 21 = 1), and even w2 is reduced below 1, with w; = wy > 0; this is information structure
Sp. In this case bidder 1 is invited to enter if and only if he is strong, and he earns a positive (negative) utility
in case bidder 2 stays out (enters), in such a way that he breaks even in expectation.

When h > ¢, an increase in ¢ above c¢p makes Sg infeasible because reducing just yi2, 212 and increasing
Y2, 21 is not enough to satisfy IC,g. For ¢ > cp, it is optimal to reduce also x12 is reduced while increasing x;
and xs; this delivers the information structure Sp. When ¢ > cg, increasing x; and x5 up to % is not enough to
satisfy u1 g > 0 and it is necessary to reduce wi2 below 1, while increasing wi, wo. This is information structure

1

Sa, which differs from Sp because xo = 1 in Sp but x1 = 2 = 5 in Sg, as now h > ¢ makes it convenient to

induce entry of just one bidder in state ww in order to allow more frequently entry of both bidders in state ss.

The figure below describes the optimal information structure as a function of h and ¢ when a = %

Please insert here Figure 2, with the following caption

The optimal information structure as a function of h,c when o = %

161n fact, when h > ¢ a better alternative to Sg is such that Azi1s = —e, Azy = %5 = Az because it induces entry by a single
bidder with positive probability, which increases ujp more than Sg. In this case the change in u1 g given ¢ is a2(%€(h —c)—¢e(h—

2 _ 2
h ¢)), hence € = 4—(12(6_}1/_‘_%2).

than AR but is still smaller than ARB.

2
This identifies the information structure S¥ below, with ARF = —%, which is greater



3.3 Comparison with standard information structures

In order to understand better the features of the optimal information structure, it may be useful to compare
it with some ”standard” information structures already analyzed by the literature in different contexts. In
particular, we consider here three information structures examined in Gal-Or et al. (2007) in a procurement
context (see also Lu et al. (2018), Serena (2022)), which we call no disclosure (ND), full disclosure (FD),
partial disclosure (PD). The differences among these information structures lie in the information each bidder

1 receives about h; and about h;.

The information structure FD (full disclosure) Under F'D, the message m; to bidder 1 belongs to the
set of the states of the world, that is My = {(h™, h™), (™, h®), (R*, k"), (h*, h*)}, and likewise mo € My = M;.
In each state of the world (hy,hs), the seller’s messages are my; = (hy, h2), ma = (h1, ha); hence hy and hg
become common knowledge between the bidders. Bidder ¢’s expected utility in case of entry by both bidders
is hi(1 — hj) — ¢; his expected utility if he enters alone is h; — c¢. The entry game between the bidders in state
(h1, he) is therefore

1\2 E NE
E hl(l—hg)—c,hg(l—hl)—c hl—C,O
NE 0,hs — ¢ 0,0

and it is useful to keep in mind the following inequalities:
h* < h(1 —h) < min{h, (1 — h)*} <max{h,(1-h)*} <1—h

Proposition 2 (Equilibrium under FD) Under FD

(i) if ¢ < h?, then in each state of the world (E, E) is the unique equilibrium in the entry game;

(ii) if h* < ¢ < h(1 — h), then in states ww,ss the unique equilibrium is (E, E); in states ws,sw the only
equilibrium is such that only the strong bidder enters;

(iii) if h(1 —h) < ¢ < min{h, (1 — h)?}, then in states ww, ss the equilibria are (E, NE) and (NE, E); in states
ws, sw the only equilibrium is such that only the strong bidder enters;

() if h < ¢ < (1—h)? (this requires h < 0.382), then in state ww the only equilibrium is (NE, NE); in states
ws, sw the only equilibrium is such that only the strong bidder enters; in state ss the equilibria are (E, NE) and
(NE,E);

(v) if (1 —h)? < c < h (this requires 0.382 < h), then in each state the equilibria are (E, NE) and (NE, E);
(vi) if max{h, (1 —h)?} < ¢ < 1—h, then in state ww the unique equilibrium is (NE, NE); in states ws, sw the
only equilibrium is such that only the strong bidder enters; in state ss the equilibria are (E, NE) and (NE, E).

It is especially relevant for us that if ¢ > h(1 — h), then in no state of the world (E, F) is an equilibrium of
the entry game, and therefore the revenue is zero. The intuition for this result is that under F'D the bidders’
strength in terms of hq, hy is common knowledge among bidders, and ¢ > h(1 — h) makes it unprofitable that
both bidders enter when hy = ho = h and when hy = hy = 1 — h. When instead h; # ho, the weak bidder’s
expected utility under entry of both bidders is h?, smaller than h(1 — h), thus ¢ > h(1 — h) implies ¢ > h? and
no state of the world exists such that both bidders enter. Therefore R¥?, the revenue under FD, is equal to
zero for each ¢ > h(1 — h).

The information structure ND (no disclosure) Under ND, the bidders receive no information from the

seller, that is My} = My = {m} for an arbitrary m and m; = m, ms = m in each state of the world. Then
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bidder i’s expected utility if both bidders enter is the expectation of h;(1 — h;) — ¢, which is h°(1 — h®) — ¢, or
ca — c. If instead only bidder ¢ enters, then his utility is h° — ¢. Thus the entry game is

1\2 E NE
E ca—c,ca—c h®—c0
NFE 0,h —c 0,0

Proposition 3 (Equilibrium under ND) Under ND

(i) if ¢ < ca, then the unique equilibrium is (E, E);

(i) if ca < ¢ < h®, then the equilibria are (E,NE) and (NE, E);
(iii) if h® < ¢, then the unique equilibrium is (NE, NE).

Proposition 3(ii) establishes that N D generates the same outcome as S4 when ¢ < ¢4 — because N D provides

the same information to bidders as S4 — but generates zero revenue, that is RNP = 0, if ¢ > c4.

The information structure PD (partial disclosure) Under PD, each bidder i learns h; but not h;, that
is My = My = {h*,h*} and in each state of the world (h1, ho) the messages are m; = hy, ma = ho. Entering
by a weak bidder is less frequent than under N D because if bidder i learns that h; is equal to h* then he is
less willing to enter than if he has no information on h; and relies on h¢. However, PD induces more entry
by a bidder ¢ who learns h; = h® than when bidder ¢ relies on A€, as next proposition establishes. In order to
describe the equilibrium under PD, we use 8 = a+ (1 — a)h to denote the probability for an entrant bidder to
face no opponent in the SPA or an opponent with value 0, assuming that the other bidder stays out if weak,

enters if strong.

Proposition 4 (Equilibrium under PD) Let 8 = o + (1 — a)h. The unique symmetric equilibrium under
PD is as follows:

(i) if ¢ <h(1—he), then each bidder i enters for each h;;

(ii) if h(1—h®) <c<hpB, then each bidder i enters if h; = h®, enters with probability e,, = th{aC if hy =h";
(iii) if hB < c < (1—h)B, then each bidder i enters if h; = h®, does not enter if h; = h";

() if (1—"h)B < c<1—h, then each bidder i enters with probability e, = % if hi = h®, does not
enter if h; = h".

Ranking the revenue from FD,ND, PD The ranking between ND and F'D in terms of revenue is unam-
biguous as RNP > RFP for each c. In order to see why, notice that under ND no bidder can condition entry
on his signal, therefore either both types w and s of a bidder enter, or both stay out depending on the average
utility from entering. Assuming that one bidder enters, Such an average utility for the bidders is positive if
and only if ¢ < ¢4, hence this inequality is the condition under which entry of both bidders occurs under N D.
Conversely, under F'D each bidder observes hi,ho and can condition his entry on this information. In states
sw or ws, if the strong bidder enters then the weak bidder wants to enter if and only if ¢ < A%, and under this
condition both bidders enter also in states ss and ww, hence entry of both bidders occurs under F'D if and only
if ¢ < h2. Since h? < cy4, the inequality RND > RFD nholds for each ¢ smaller than cy.

In fact, RNP > RPP holds also for each ¢ < ¢4 since ND maximizes the revenue as it induces entry of both
bidders in each state of the world. If instead ¢ > ca, then the average utility does not allow the entry of two
bidders and Proposition 3(ii) reveals RNP = 0, but also R'P is zero as Proposition 2 implies that under FD

there is no state of the world in which both bidders enter since h(1 — h) < c4. However, PD is superior to
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both F'D and PD when ¢ > c because by Proposition 4 for each bidder type s enters with positive probability
es € (0,1] for each ¢ < 1— h, hence entry of both bidders occurs under PD with probability at least a®e2 which

RPP positive. Indeed, it is intuitive that some entry occurs for each

is positive for each ¢ < 1 — h. This makes
¢ < 1 — h, as if there was an equilibrium in which no type of a bidder i enters, then entering would be a best
reply for type s of bidder j as long as 1 — h > ¢ since he expects to face no competition in the auction.

The following proposition summarizes the revenue comparison above: It is profitable to give no information
when the conditions favor entry (c is small), in order to avoid that weak bidders stay out. But it is better to
give more information when conditions are unfavorable for entry (c is large) in order to induce entry at least of

strong bidders.

Proposition 5 (Ranking the revenue for R RNP RPD) RND > max{RFP RFP} if ¢ < ca; RFP >
RND — RFD — for each ¢ between c4 and 1 — h.

Direct information structures and FD, ND, PD From Proposition 2 in Taneva (2019) we know that for
each of the information structures FD, ND, PD there exists a direct information structure which delivers the
same outcome. Hence, for each parameter values our Proposition 1 determines on information structure which is
(weakly) superior to the best information structure among F'D, ND, PD. In particular, for ¢ < cy4, Proposition
1 identifies S4 as the optimal information structure, which essentially coincides with ND and generates the
same revenue.

However, for ¢ > c4 the optimal information structure in Proposition 1 is different from PD determined by
Proposition 5and generates a higher revenue. For instance, it is especially simple to see why this result holds
in the case covered by Proposition 4(iii), which is such that under PD bidder ¢ enters if and only if h; = A%,
hence entry of both bidders occurs only in state ss. Bidder ¢ with type s earns a positive utility if he enters
alone, a negative utility if also the other bidder enters, but in expectation his utility is positive as (1 —h)S > c.
The optimal information structure improves upon PD by inducing more often entry of both bidders in order
to increase the revenue. This increases the probability of a negative utility for each bidder, but in such a way
to satisfy ICyg. For instance, consider parameters such that Proposition 1(iii) and Proposition 4(iii) apply (for
%7 c= %) so that S¢ is the optimal information structure and PD is the best alternative
among FD,ND,PD. Then in S¢, in state ww no bidder enters (that is, o = 1) — this is the same as in PD;
in state ss, both bidders enter (that is w1 = 1) — this is the same as in PD; in states ws and sw, only the

instance, h = i, a=

strong bidder enters with a positive probability yo = z1 € (0,1), but both bidders enter with complementary
probability y15 = 212 = 1 — o, whereas under PD only the strong bidder enters with probability 1. The latter
difference is what makes S superior to PD as the revenue is the same in the states ww, ss, but is higher under
Sc in the states ws, sw since both bidders enter with positive probability. Precisely, under PD the revenue is
zero in states sw,ws as only one bidder enters, who earns a positive rent. Conversely, Sc makes the strong
bidder enter with probability less than one, which produces a rent to the bidder, but also makes both bidders
enter with positive probability, which produces a positive revenue. Even if the bidders have a negative utility
in the latter case, the probabilities of entry are such that the rent compensates the loss and the bidder breaks
even overall.!”

As another example, consider the case of ¢ slightly smaller than 1 —h. Under PD, Proposition 4(iv) applies
and a weak bidder does not enter, a strong bidder enters with a probability es; € (0,1). The optimal information

structure in this case in Sp, which in states ws, sw induces entry of the strong bidder with probability 1 rather

i,a: %,c: %), so that

only the strong bidder enters under PD, but the optimal information structure is such that both bidders enter in each state of the

17An even stronger example is the one in which Proposition 1(i) and 4(iii) apply (for instance, h =

world.
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than eg; this contributes to satisfy IC;g and allows to induce entry of both bidders in state ss with probability
greater than e2.

3.4 Public messages

Here we consider information structures in which the seller sends public messages, that is there is a set M such
that the message m; to bidder 1 is in M, the message mso to bidder 2 is in M, and the two messages are the
same, that is m; = mg, in each state of the world. For instance, FFD, ND are information structures in which
the seller sends public messages. We want to compare information structures with public messages with the
general information structures examined in Subsections 3.1, 3.2.

Proposition 2 in Taneva (2019) implies that for each information structure with public messages there exists
a direct information structure with private messages which leads to the same outcome as the original information
structure. Hence, whatever revenue the seller may earn through an information structure with public messages,
she can earn the same revenue through an information structure with private messages like the ones considered
in Subsections 3.1, 3.2. Our Proposition 1 determines the best information structure among all the information
structures with private messages, which delivers the following result, essentially a corollary of Proposition 2 in
Taneva (2019).

Proposition 6 (Public messages 1) For any given parameter values, no information structure with public

messages is superior to the information structure with private messages identified by Proposition 1.

Notwithstanding Proposition 6, we think it is interesting to characterize the set of direct information struc-
tures which can be derived from information structures with public messages, because that clarifies how public
messages restrict the space of information structures available to the seller with respect to the unconstrained
set of problem (3).

In the proof of Proposition 7 we show that for each public message, the entry game played by the bidders
has at least one pure-strategy equilibrium (although also mixed-strategy equilibria may exist). Then we assume
that after each public message, a pure-strategy equilibrium of the entry game is played by the bidders. Hence
in the direct information structure which is equivalent to the information structure with public messages, 12
coincides with the probability that the seller sends, in state ww, one of the messages after which both bidders
enter; x1 (2, o) is the probability that the seller sends a message, in state ww, after which only bidder 1 enters
(only bidder 2 enters, no bidder enters). The variables yo,y1, Y2, ..., w1, W, w12 are determined likewise.

Therefore x12,y12, 212, w12 need to satisfy the following inequalities (5) (about bidder 1) and (6) (about
bidder 2) establishing that after receiving a message which is supposed to induce both bidders to enter, (E, F)
is indeed an equilibrium in the entry game:

vV

x19(h(1 —h) —¢) + a(l — a)yia(h? — ¢) + a(l — @)z12((1 — h)? — ¢) + (1 — a)?wia(h(1 — h) —¢)
x1o(h(1 —h) —¢) + a1l — a)y1a((1 — h)? —¢) + a(l — a)zia(h? — ¢) + (1 — a)?wia(h(1 — h) —¢)

@5)
16)

Y

Likewise,

ri(h—c)+a(l—a)yi(h—c)+a(l—a)zy(1—h—c)+ (1 —a)®*wi(l-h—c) > 0 (7)
&z (h(1—h) —c) +a(l —a)y (1 —h)? —c) + a(l —a)z (h* —¢) + (1 — a)*wi (h(1 —h) —c) < 0 (8)

are the incentive constraints for the case in which the seller sends a message after which only bidder 1 is supposed
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to enter and

Pxy(h(1 —h) —c) +a(l —a)y2((1 = h)? —c) + a(l —a)z(h? —c¢) + (1 — a)*wa(h(1 —h) —c) < 0 (9)
Pza(h—c) +a(l —a)yx(1 —h—c)+a(l —a)zh——c)+ (1 —a)?wy(l —h—c)

V
o
~—
[
o
=

are the incentive constraints for the case the seller sends a message after which only bidder 2 is supposed to
enter (for brevity, we skip the case of messages after which no bidder is supposed to enter).

It is immediate that the sum of the two left hand sides in (5), (7) is equal to u;g in (1). Hence, when (5),
(7) are satisfied it follows that ;g > 0 holds. But if uyg > 0, then it is not necessarily the case that both (5),
(7) hold. A very similar argument applies to the two left hand sides in (6), (10) and ugp.'8

This reveals that information structures with public messages need to satisfy more restrictive constraints
with respect to IC1gp and ICyg. In particular (5) and (7) require that when m; = E, entry is a best reply
for bidder 1 both if mg = E and if mg = NE, and (6), (10) have a similar interpretation for bidder 2. In
IC1E, conversely, entry of bidder 1 when bidder 2 does not enter is more likely to generate a positive utility for
bidder 1 than when also bidder 2 enters and the former utility compensates the latter even though the latter is
negative, for suitable x1,z12, y1, Y12, 21, 212, W1, w12. This compensation does not apply when (5) and (7) both
need to hold

Even with public messages the seller may restrict to symmetric information structures without loss of general-
ity, hence y12 can be set equal to z15. It is still optimal to let all bidders enter, that is 10 = y12 = 212 = w12 = 1,
if ¢ < he(1— h°). If instead c is slightly greater than h°(1 — h®) then some of these variables must be reduces
below 1 to satisfy (5), (6), starting with z15 which delivers the lower utility to bidders and the lower revenue to
the seller. For brevity we do not provide the complete solution to the maximization problem, but it is immediate
to see that if ¢ > £h% + (1 — h)?, then the coefficients of 212, of y12 = 212, of w12 in (5), (6) are all negative
and these constraints can be satisfied only by 12 = y12 = 212 = w12 = 0. Therefore under public messages that
the revenue is zero for each ¢ > %hz + %(1 — h)?, whereas with unrestricted messages the revenue is positive for
each ¢ < 1—h.

Proposition 7 (Public messages 2) Under public messages, the seller’s revenue coincides with the revenue
under private messages if ¢ < h¢(1 — h®), but is strictly lower if ¢ > h®(1 — h®), and in particular is zero if
c>3h?+1(1-h)2

3.5 First price auction

We have assumed up to now that the seller offers her object through a SPA, but in this subsection we suppose
the seller uses a first price auction (FPA in the following) and that if a bidder enters the FPA, then before he
bids he observes whether the other bidder has entered or not. In the FPA, bidding is not as straightforward
as in the SPA, but the following lemma identifies a Bayes-Nash Equilibrium for the FPA given the following
arbitrary probability distribution over (v1,vs), in which +, 6, 7,0 are arbitrary non negative numbers which add
up to 1:'°
Ul\’l}g 0 1
0 vy 0 (11)
1 T 9

18 An analogous link exists for the constraints about non-entry.

19We consider a FPA with the ” Vickrey tie-breaking rule” introduced by Maskin and Riley (2000) which has the consequence
that if the two sellers submit the same bid, then the seller with the higher value wins and pays the other bidder’s value. See Maskin
and Riley for additional details on this tie-breaking rule.
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Lemma 1 (Equilibrium in the FPA) Given the probability distribution over (vyi,vs) in (11), the following
strategy profile is a Bayes-Nash Equilibrium in the FPA.

(i) Each bidder with type 0 bids 0.

(i) Type 1 of bidder i, for i = 1,2, bids according to a mized strategy with support [0, mLM] — in which
m = max{7,0} — and c.d.f. G; such that G1(0) > 0 = G2(0) if 7 > 6, G1(0) = G2(0) = 0 if T = 0,

G1(0) = 0 < G2(0) if T < 0. For each type 1, the equilibrium expected utility is 5.

We derive now the incentive constraint for bidder 1 after he has received message m; = E. First notice
that m; = FE is consistent with mo = E and with my = NFE, and bidder 1 does not observe my. However,
upon entering the auction bidder 1 learns whether bidder 2 has entered or not, thus concludes that ms = F
(that me = NE) if bidder 2 has entered (if bidder 2 has not entered). In the first case, bidder 1 can win
the good by bidding zero (or an arbitrarily small positive bid). Therefore the expected utility from entering
is as follows, in which p1p = a?(x1 + x12) + a(l — @)(y1 + y12) + (1 — a@)a(z; + 2z12) + (1 — @)?(wy + wi2)
is the probability that 1 receives message E, pp nvE = a?xy + a(l — a)yr + (1 — a)az + (1 — a)?w; is the
probability of (m1,ms) = (E,NE), pp g = &?z12 + a(l — a)y12 + (1 — @)aziz + (1 — a)?wy is the probability
of (my,mz2) = (E, E), and u;gg is bidder 1’s utility in the FPA given (my, ms) = (E, E):

[pe.NE (BY Pr{h1 = h¥|(m1,ma) = (E,NE)} 4+ h® Pr{hy = h°|(m1,m2) = (E, NE)} — ¢) + prEg (uige — ¢)]
(12)
In order to determine ujgpg, we need to determine the probabilities in (11) given m; = my = E, which yields

ME

v = ﬁﬁ with 4 = a?(1 — h)%z12 + a(l — a)(1 — h®)(1 — h*)y12 + a1l — @) (1 — k*) (1 — h¥)z12 + (1 — )*(1 — h*) %
0 = ﬁé with 6 = a?(1 — h*)h" 212 + a1 — a)(1 — h")h Y12 + a(l — @) (1 — h*)h" 212 + (1 — @) (1 — B )R w1z (
T p;E% with 0 = a2 (1 — B")a1s + a(l — )b (1 — h*)yiz + a1l — a)h*(1 = B)z10 + (1 — a)?h*(1 = h)wiz
5§ = ]ﬁﬁ with § = a2(h*)2212 + a(l — @)h"Ry1z + a(l — )RR 215 + (1 — @)2(h*)2w1s (

Using Pr{hy = h*|(m1,mz2) = (E,NE)} = o?z1 + a(l — a)y; and Pr{h; = h*|(mi,ms) = (E,NE)} =
a(l —a)z; + (1 — a)?w; we find that (12) reduces to
1

—— (0" = 0Py +a(l —ajyn) + (B~ (a(l = @)er + (1= afwn) +ppp((r +0) =g = )| 20 (17)

The incentive constraint for bidder 2 in case of ms = E is obtained likewise.

The revenue is zero unless both bidders enter, hence it coincides with the probability that both bidders
enter, times the revenue when both bidders participate in the FPA. The latter is equal to the expected social
surplus (that is, the probability that max{vi,v2}) minus the bidders’ utilities. Hence it is equal to

m m

== (6+0)——)

pE,E(@+T+0—(T+0) p——

m +

Next proposition establishes that by using the FPA, the seller can earn the same revenue as when using the
SPA.

Proposition 8 (Revenue with the FPA) Given any parameters h, a, ¢, let S* denote the optimal informa-
tion structure identified by Proposition 1 for the case in which the seller uses the SPA. Then S* yields the same
revenue if the seller uses the FPA.
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The argument for this proposition is very simple, as each information structure identified by Proposition 1
is such that y12 = z12. From (14), (15) we see that this implies 7 = 6 = m, hence pp, g((7 + )45 — ¢) in (17)
is equal to pg g(T —¢) = @®z12(h* (1 — h¥) — ¢) + a(1 — a)y12 (K (1 — h¥) — ¢) + a(l — ) (h*(1 — h*) — ¢)z12 +
(1 — a)?wi2(h*(1 — h*) — ¢). As a result, the left hand side in (17) has the same sign as u;g in (1), and since
uip > 0 at S* it follows that (17) is satisfied. Moreover, equalities 7 = § = m imply that the revenue reduces

to

>

+7A' + 8 — PE,ET —pE7E9
= §=0a?(h")%z12 + a(l — Q)h"h*y1a + a(l — )h*h¥z15 + (1 — a)?(h*) w1y

which is just the revenue in the SPA in (2). Therefore, when the seller uses the FPA, S* satisfies the constraints
and yields the same revenue as in the SPA.

4 Entry fee

In this section we suppose that the seller can use an entry fee f > 0. From a bidder’s perspective, f > 0 is
equivalent to an increase in the entry cost and makes entry less profitable. In particular, f needs to satisfy
c+ f <1 — h, otherwise no bidder will enter. From the point of view of the seller, f > 0 increases the revenue
when both bidders enter from hiho to 2f + hiho, and from 0 to f when a single bidder enters; in particular,
the revenue is positive even if just one bidder enters. We first examine the effect of entry fee on the information

structures F'D, ND, PD, and then consider the set of unrestricted information structures.

4.1 Entry fee for FD,ND,PD

It is immediate to derive results about the equilibrium when f > 0 under FD, ND, PD as it suffices to replace
¢ with ¢+ f in Propositions 2, 3, 4. Moreover, the new revenue is obtained by adding 2f to the old revenue
when both bidders enter, by adding f when only one bidder enters.

Proposition 9 (i) Under FD
(ia) If ¢ + f < h%, then in each state of the world the unique equilibrium in the auction is (E,E); RF'P =
2f + (h®)2.
(ib) If h? < ¢+ f < h(1 — h), then in states ww, ss the unique equilibrium is (E, E); in states ws,sw the only
equilibrium is such that only the strong bidder enters; RFP = o?(2f +h?) + (1 —a)?(2f + (1 —h)?) +2a(l—a)f.
(ic) If h(1 — h) < ¢+ f < min{h, (1 — h)?}, then in states ww, ss the equilibria are (E,NE) and (NE, E); in
states ws, sw the only equilibrium is such that only the strong bidder enters; RFP = f.
(id) If h < ¢+ f < (1 — h)? (this requires h < 0.382), then in state ww the only equilibrium is (NE,NE);
in states ws, sw the only equilibrium is such that only the strong bidder enters; in state ss the equilibria are
(E,NE) and (NE, E); RFP = (1 — a?)f.
(ie) If (1—h)? < c+ f < h (this requires 0.382 < h), then in each state the equilibria are (E, NE) and (NE, E);
RFD = f,
(if) If max{h,(1 — h)?} < ¢+ f < 1 — h, then in state ww the unique equilibrium is (NE, NE); in states
ws, sw, the only equilibrium is such that only the strong bidder enters; in state ss the equilibria are (E, NE)
and (NE,E); RFP = (1 — a?)f.

(i) Under ND
(iia) if c + f < h¢(1 — h®), then the unique equilibrium is (E,E); RNP = 2f + (h®)2.
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(iib) if h(1 — h®) < ¢+ f < hE, then the equilibria are (E,NE) and (NE,E); RNP = f.
(iic) if h® < ¢+ f, then the unique equilibrium is (NE,NE); RNP = 0.

(ii) Under PD, let B = a+ (1 — a)h. Then
(iiia) if ¢ + f < h(1 — h®), then the unique equilibrium is such that each type of each bidder enters; RFP =
2f + (h®)2.
(i4ib) if h (1 — h) < c+ f < h@, then the unique equilibrium is that each type s enters, each type w enters with
probability e,, = %; RPP =2(1 —a+aey) f+ (1 —h—a+ha+ hoey,)’.
(iiic) if hB < ¢+ f < (1 — h)fB, then the unique equilibrium is such that each type s enters, each type w does
not; REP =2 (1 —a) f+ (1 — a)?(1 — h)2.
(iiid) if (1 —h)B < c+ f < 1— h, then the unique equilibrium is such that each type s enters with probability

es = %, each type w does not enter; RPP = 2(1 — a)esf + (1 — a)?e2(1 — h)2.

The comparison between RFP and RVP is straightforward. In particular, RV? > RFP when ND induces
entry of both bidders, an event which occurs more frequently under ND than under F'D (see Proposition
9(ia,iia)) for the same reason which applies when f = 0: see Subsection 3.3 — precisely, both bidders enter under
ND if and only if ¢ + f < h®(1 — h®). When instead h¢(1 — h°) < ¢+ f < h®, a single bidder enters under
ND but still RNP > RFP as under FD entry is not larger, in each state of the world: see Proposition 9(ic-f).
Conversely, when h®¢ < ¢+ f <1 — h no bidder enters under ND but F'D induces entry of one (strong) bidder
in states ws, sw, ss, thus RFP = (1 —a?)f > RNP = 0. As aresult, ND is (at least weakly) superior to F D if
¢+ f < h® but the opposite result holds if h® < ¢+ f.

This is analogous to the principle which applies when f = 0. Under favorable entry conditions, that is when
c+ f is not large, ND is superior as it induces entry of all bidder types on bidders’ expected utility. When
instead c+ f is large, entry is unprofitable in expectation — hence RV? = 0 — but is profitable for a single bidder
in some states of the world and F'D produces a positive revenue in such states because f > 0.

When we consider PD, in order to limit the number of possible cases we suppose a = %, which implies
R(1—=h%) <h®(1-h%) <hB8<(l—h)3<h

Of course, RVP > RPP when ¢+ f < h¢(1 — h¢), since then both bidders enter under ND. But if ¢ + f
is between h¢(1 — h¢) and hB then RFP > RNP = f because under ND a single bidder enters, whereas
under PD on average more than one bidder enters see Proposition 9(iiib).2° In fact, RFP > RNP also if
h < c+ f < (1— h)B because in this case Proposition 9(iiic) applies and only type s of bidder enters, hence
exactly one bidder enters in average, but in state ss the expected sale price in the SPA is positive because both
bidders enter in such state. When (1 — k)3 < ¢+ f, RPP remains higher than R"? and RN? as long as ¢ + f
is not too larger than (1 — )8 and h is small, as then type s enters with probability less than 1, but a small A
implies a high expected sale price in the SPA in the state ss. However, if ¢+ f is large then the entry probability

RPD

of each type s is small and is close to zero, whereas under F'D one bidder enters in states ws, sw, ss and

RFP > .

Proposition 10 (Comparison among F'D, ND, PD for a given f > 0) Suppose that o = % Then

(i) RNP > max{RF'P RFPY} for each c+ f < ca;

(ii) RPP > max{RNP RFDPY for each ¢+ f between ca and (1 — h)B;

(iti) RTP > max{RNP RFP} for each c + f between (1 —h)B and h® if h < %, but if h >+ then RNP > RFP
may hold;

20This conclusion does not necessarily hold if « is greater than %, as then less than one bidder enters in expectation.
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(iv) When he < c+ f < 1— h, the inequality R"P > max{RNP RFP} holds if c+ f is close to h° and h < £,
but RFP > RPP if c + f is close to 1 — h.
RFD RND RPD

Figure 3 below shows the plots of as a function of f for a special case in which h > 2%.

Please insert here Figure 3, with the following caption

RFD (green), RNP (black), RFP (blue) as a function of f, when a = 3,

2 — 15
h=3%,c= 155

Proposition 10 compares F'D, ND, PD for given f, but in fact the seller can choose f, hence it is interesting
to compare the three information structures when the seller selects f to maximize her revenue. We use RN P*
to denote the value of RNVP at the f which is optimal under ND and define RF'P* RFPP* likewise.

Before stating the main result, we introduce on a few simple remarks which reduce the cases to consider to

a small set.
e About RVP*: Proposition 9(ii) shows that if ¢ < h*(1 — h¢), then
flzhe(lfhe)*c, fgzhefc

are both local max points for RNP. But it is readily seen that fi is the global maximum point and
RND* = 9pe — (h¢)? — 2¢; (ii) if h®(1 — h®) < ¢ < h¢, then fy is the global maximum point for RN and
RND* = pe — ¢; (iii) if h® < ¢, then RNP = 0 for each f and RNP* = 0.

e About RPP*: Proposition 9(iii) reveals that if ¢ < h(1 — k), then RFP is increasing for f < h(1—h¢) —c,
is decreasing for f between h(1 — h¢) — ¢ and hf — ¢, is increasing for f between h — c and (1 —h)5 — ¢,
is decreasing for f between (1 — h)3 — c and 1 — h. Hence

fa=h(1—-h%) —c, fa=(1-h)B—-c

are both local max points for RFP. However, since f3 < f; it follows that RPP when f = f3, equal
to 2f3 + (h®)?, is smaller than RVP when f = fi, equal to 2f; + (h)%. Hence PD with f = f3 is
never optimal as ND with f = f; is superior. Therefore f = f, if PD is optimal and then RFP* =
21— a)fs+ (1 —a)* (1 —h)*

e About RYP*: Proposition 9(i) shows that determining RF'P* requires to consider various cases, but it is
useful to notice that if REP* > max{RNP* RFP*} then f =1—h—cand RFP* = (1—-a?)(1 —h—c).
Precisely, Proposition 9(i) shows that (i) R > (1—a?)f requires ¢+ f < h, and then we prove as follows
that FD is suboptimal: (i) in case that h(1 — h) < ¢+ f < h, Proposition 9(ic,e) shows that f = RF'P
but f < RNP* by Proposition 9(iia,b); (ii) in case of ¢+ f < h(1 — h) we have ¢ < h(1 — h) < h¢(1 — h°),
thus RF'P < 2h¢ — (h€)? — 2c = RVDP~,

As a result, in order to determine jointly the optimal information structure among F'D, ND, PD and the
optimal f it suffices to compare the following four alternatives: ND with f;, ND with fo, PD with f4, F'D
with 1 —h —c.

Proposition 11 (Comparison among F'D, ND, PD with optimal f) (i) Suppose that 2+ 3ha > 4h+2a,
that is neither h nor « is large. Then the optimal information structure and f are

ND with f = fi if c < h(h +a — 3ha),

PD with f = fy if c is between h(h + o — $ha) and h(1 — h),

FD with f =1—h—c if ¢ is between h(1 —h) and 1 — h.
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(ii) Suppose that 2+3ha < 4h+2a. Then there exists ¢ € (0, h®) such that the optimal information structure
and f is
ND with f = f1 if c <min{ca,c}, ND with f = fs ifca < c <¢,,
FD with f=1—-h—cifce(¢1—h).

In both cases covered by Proposition 11, N D is optimal for ¢ small and f = f;, F'D is optimal if ¢ is large,
with f =1 — h — ¢. The first result holds because for small ¢, all types have incentive to enter and N D allows
the seller to extract all the bidders surplus based on the expected utility by charging the entry fee f;. This is
not doable if each bidder ¢ knows h;, as then in order to induce full entry f is constrained by the utility of type
w. The second result follows since entry is unlikely when c¢ is large and in particular no bidder enters under N D,
only strong types enter under PD but with probability close to zero; however, under F'D a bidder has incentive
to enter in state ws, sw, ss, thus the revenue coincides with the entry fee paid by the bidder and is higher
than under the alternatives. However, when 2 + 3ha > 4h + 2«, that is when « and/or h is small, are small
and c is intermediate, PD with f = f4 is optimal. This extracts the surplus from each type s (which leaving
out type w). That allows to charge a higher fee than f; under ND, and even though no type w pays the fee,
the probability of type w is close to 0 when « is small. The upper bound h(1 — h) on ¢ about the comparison
between RFP* and RPP* is due to the fact that fy and 1 — h — ¢ both decrease with ¢, but a decrease in f4
reduces the revenue in PD more than a decrease in 1 —h —cin ND. The reason is that under N D, f5 is earned
by the seller in state ws, sw,ss, whereas under PD, f, is earned by the seller in the same states but is earned
twice in in state ss.

One significant difference with respect to the setting with f = 0 is that now F'D is sometimes optimal, in
particular when c is not too small. The reason is that F'D induces the entry of a single bidder, who pays the
entry fee, more often than PD and than N D, that is even for large c¢. This occurs because the information F'D
provides is such that the entering bidder knows he is not facing competition, thus he is willing to enter as long
asc+ f<1l—h.

4.2 Entry fee and unrestricted information structures

Now we suppose the seller can design general information structures, as in Subsections 3.1 and 3.2. The bidders’

incentive constraints are obtained by replacing ¢ with ¢ + f, and for instance 1C; g is u,f p = 0 with

uly = o (@i(h—f—c)+aa(h(l—h)— f—c)+al—a) (y(h— f —c) +ya(h® — f —¢))
ta(l—a) (211 —h—=f—c)+212(1 = h)* = f =) + (1 = a)* (w1 (1 = h— [ = ¢) +wia(h(1 = h) = f —¢))

and the revenue is equal to

RI = o (z12(2f + 1) + a1f + 22f) + a1l — @) (y12(2f + h(1 = B)) + y1.f + v2f)
+(1 — ) (z12(2f + (1 = R)B) + 21.f + 22f) + (1 — @)® (w12(2f + (1 — b)) + w1 f + waf)

In this context we denote information structures using S and it turns out that eleven different information
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structures may be optimal depending on the parameters:

5£5$12:1,y12:17 zi2=1, w2 =1
S]J; T2 =1, Yo = a(l—(x;&i}rh—%%’yu =1—-y2, z1=y2,212=1—21, w2 =1
Skizg=1, y2=%,y12=1—y2, 21=Yo,212=1—21, wiz =1

Shizg=1pp=1 21=1, w; =wy = (1_a)(cff+(_f;%h)(1_h)),w12 =1-2uw
. — f— — _ — — —

St iwg= a?(jif_,iihQ),xlz =1l-2z0, y12=1, z12=1, wip =1
(1—a+a?)(c+f—cn
a?(c+ f+2h2—h)
Sliai=as=1 po=1 21=1, w =w =
(1-a®)(1—h—c—J)
2a2(c+f—h)
SIf cxe=LlLyp=1Lzn=1Lw =w =
(@®+1)(f+c—cr)
2a2(c+f+h(2h—1))

S};:xl=x2=%,x0:1—2x1,y2=1,z1:1,11)12:1

) p1p=1—221, ya=1, 21 =1, wia =1 )
(a2_2(x+2)(c+f_c ) _
2(1_a)2(0+f+(1—2h)(112_h)) ywig = 1 — 2w,
a0 =1-2mpn =L = Luy = bua = }
(1—a+a®)(ct+f—cp) _
(1_0‘)2(C+f+(1—2h)(113_h))7w12 =1-— 2w,
1

12 =1—-2z1,50 =121 =L, w1 = we = 3

S{;vIZL’l:IQ:

S%CIle:CL'Q:

5511'1:1'2:

The information structure Si; is analogous to S4 when f = 0 as it induces entry by both bidders in all states

of the world if and only if ¢ + f < ¢4, and is optimal when such inequality holds. Likewise S};, analogous to

Sp but requires ¢ between c4 — f and c¢p — f rather than between c4 and cp as when f = 0. A similar remark

applies to , , , VN 1s Intuitive tha e condition under which, given x12 < 1, 1t 18 optimal to
lies to SL, 8%, 5%, 51, SL. Tt is intuitive that the conditi der which, gi 1, it is optimal t

set £1 = w2 > 0 is not h > ¢ as when f = 0, but is a weaker condition as an increase x1, s affects not just

IC1E, but also the revenue and in a positive way. Therefore, given z12 < 1, when f > 0 it is more likely that

Tl = To >

0 is optimal rather than when f = 0 (equivalently, information structures with zy > 0 are now less

likely to be optimal).

In addition to cga,cp, cc,cp, cg identified by Subsection 3.2, we need two further bounds on ¢, which we

denote cp, ca:

1—h)(2ha® —a?+1
cF:( ) ( 204 ot ), ca =1+ 2ha? —h—o?
a®+1

and then it is possible to state the optimal information structure as a function of h, o, ¢, f.

Proposition 12 The optimal information structure when the seller uses an entry fee f is determined as follows;

(a) S%
(b) S
(c) S
(d) S,
(e) S
(f) S%
(9) S
(h) St

ifc<ca—f

if ca — f <c<min{cg — f,h+ [}

if max{cc — f,h+ f} <c<ecp—f

ifmax{cp — f,h+ i f} <c<1—h—f.

if max{ca — f,h+ f} <c<cc—f.

if max{h — h% cp — f} < c<min{cg — f,h + f}

if max{h — b, cg — f} < ¢ <min{h+ 552 f, e — f}
ifco—f<e<h+ gt

(i) S}c if cg — f <c<min{h — h? cp — f} when the latter is violated, we to go to Sé,
() Sf; ifcr — f <c<min{h —h% cqg — f}.

. 2 .
(k) Sff( if max{cg — f,h + (llj—h)zf} <c¢<minf{cp — f,h+ f}.

Some argument similar to those for Proposition 1 apply in this case. In particular, if ¢+ f is slightly greater

than c4 then it is optimal to keep the weak bidder from entering in states ws and sw (information structure

S };), but as we mentioned above the upper bound on c is not h but a weaker one to take into account that entry

of a single bidder affects not only ICy g but also increases the revenue (if such a condition is violated, then it is
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best to reduce x12 and increase xg rather than reducing yi2, z12: information structure Sé) A further increase
in ¢ leads to a reduction y12, 212 to 0 (and to set y2 = 21 to 1), and to reduce also 12 or w2 and increase x1, T2
or wi,wy depending on whether c is larger or smaller than h — h?. When f = 0, the condition ¢ > c4 implies
¢ > h—h?, therefore it is more convenient to reduce 12 and increase 1, xo (information structure S }f?) if f=0.
But when f > 0, it is possible that ¢ > c4 and ¢ < h—h?; in such case w5 is optimally set below 1 (information
structure S{ ). As ¢ becomes even greater, the optimal information structure has x5 = 0 especially if & is small,
because then the revenue generated by the entry of both bidders is small. The optimal information structure
ends up with only the strong bidder entering in states sw,ws, and either no bidder entering in state ww but
at least one bidder entering in state ss (if h is small, information structure S};), or just one bidder entering in
state ss and one bidder entering in state ww with positive probability (if A is large, information structure S{I)

The figure below describes the optimal information structure as a function of h and ¢ when o = % and

2
f=0.14

Please insert here Figure 3, with the following caption
The optimal information structure as a function of h,c when a = %, f=0.14

Of course it is interesting to determine the optimal f given h, a, ¢, but as figure 3 suggests, the expression of
the revenue is a quite complicated function of the parameters and of f. Therefore a solution to the maximization
problem is not available, except for the following result which is consistent with Proposition 11 in suggesting

that the optimal information structure allows entry of a single bidder when c is large.

Proposition 13 Suppose that o = % and ¢ > % Then the optimal information information structure is S‘E
with f =1 — h — ¢, which is equivalent to S{I with f =1 — h — c in the sense that in both cases tg =1, ys =1,
1

2’1:1, w1:w2:§.

5 Entry fee and reserve price

Here we suppose that the seller can use an entry fee f and a reserve price r and show that the optimal information
structure and the optimal f,r allow the seller to implement the socially efficient entry while extracting all the
surplus from the bidders. Therefore the seller essentially achieves the same outcome as if he had complete
information. The basic idea behind this result is that by setting r close to 1 and f close to —¢, the seller
subsidizes (about) entirely the bidders’ entry costs and leaves (about) no rent to active bidders with value 1.
This makes the revenue almost coincide with social welfare, hence the seller’s goal in the choosing the information
structure consists in maximizing social welfare.

More in detail, we know from Subsection 3.1 that the optimal entry depends on (h, ¢) as described by Figure
1. Then setting f = —c+¢€y, r =1 —¢,, we can find €y > 0, &, > 0 close to zero such that the incentive
constraints are (strictly) satisfied when the information structure maximizes social welfare. As a result, the
revenue approximately coincides with social welfare as each bidder i’s utility is close to zero: it is —e¢ if he
enters and does not win good 1, or wins the good by paying 1, is €, — ¢ if he enters and wins the good by
paying r. Thus, for each h, a, ¢ it is possible for the seller to earn the full social surplus.

Proposition 14 If the seller can use both an entry fee f and a reserve price r, then she can choose f,r and

the information structure in such a way that the revenue is arbitrarily close to the mazximal social welfare.

The result of Proposition 14 relies on the use of a negative entry fee. This might be in some cases problematic,

hence an interesting question is determining the optimal (f,r) in case f needs to be non negative. Moreover,
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Proposition 14 is a consequence of the particular structure of our setting, such that each bidder’s value is either
0 or 1. If each bidder’s possible values were each number in the interval [0, 1], then it would be necessary to set
r = 0 to achieve social efficiency from the point of view of the allocation of the good, but then it would not be

possible to choose the entry fee to achieve socially efficient entry and full surplus extraction.

6 Conclusions

In this paper we have examined a setting in which the seller affect the bidders’ information before they decide
whether to enter an auction or not. In order to extend our results it would be useful to examine the context
in which the seller can use a reserve price and not an entry fee. It would also be interesting to allow for more
general value distributions than the binary one we have considered, and to allow for more general auctions,
beyond FPA and SPA.
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7 Appendix

7.1 Proof of Proposition 1
In case bidder 1 receives message N E, then his expected utility from entering is uing/p1nE, With
uvg = o (z2(h"(1 = 1") —¢) + 2o (R = ) + a(l — a) (y2(h" (1 = 1) — ¢) +yo(h" — ¢))
+a(l — ) (z2(h*(1 = hY) —¢) + z0(h* — ¢)) + (1 — a)? (wa(R*(1 — h¥) — ¢) + wo(h* — ¢))

and ping = a?(zo + 22) + a(l — a) (yo + y2) + a(l — ) (20 + 22) + (1 — @)? (wo + w2). The constraint IC)y g

requires Z;JJ\VI £ < 0, which is equivalent to u1nyg < 0. Likewise, for bidder 2 we define

Uavp = o (or (R (L= h") — ) + ok &) + all — @) (s (k(1 — h*) — &) + yo(h )
+a(l — ) (21 (R (1 = %) — ¢) + 20(h* —¢)) + (1 — a)* (w1 (R (1 — h¥) — ¢) +wo(h® — ¢))

and IC5 N g reduces to usnyg < 0.
The Lagrangian function is

,C = 052h21'12 + Oé(]. - Oé)h(l — h)y12 + (1 — O[)O[(]. — h)hzlz + (1 — OZ)2(1 — h)2w12 + )\1U1E + )\QUQE

Then we consider A\; = Ay = X and obtain

oL 5,5 oy oL oL 5.,
s o® (B +2X(h(1 — h) —¢)) , praal Aa(h —c¢)
oc oL _ B 9 e
oL oL oL oL
—_— = _— = — — <= — = — — —
max{0, i 9% Aa(l—a)(h—0o)} < 90s O Aa(l—a)(1—h—c)
oL oL oL

=(1-a)?((1=n)?+2Xh1-h)-0), =A1-a)*)(1-h—¢)>0

8’([}12 awl o an

Just before Proposition 1 we have described the relation between ca, cg, cc, ¢p, cg, due to the results below.

Notice that the relation between h and c4, cg, cc, cp, cg is not a constant one.

e ca—h=(a+h—2ah)(1—a—h+2ah)—h=a—4ha —h? — 4h%a? — a® + 4ha? + 4h2« is positive to
the left of the thin curve

e ca—h(1—h)=(a+h—2ah) (1 —a—h+2ah) —h(1—h)=a(l—a)(l-2h)">0.

— (=hba=2hoo®+2he®) (o 4y — 2ah) (1 — o — b+ 2ah) =

0 as (...) is concave, and >0 at a =0, at o = 1.

a(1—a)(=(1-2h)*a’+(1—2h)*a+h(2—3h)) <

® Cp—CaA 1—a+ta?

1— —2ha—a?+2ha? _op2,2_ a2 2 2, p2 L.
o cp—h="_ h)(’l+(f,aiaaza +2ha’) _p = a=2h’a 2hfaiaﬁﬁa +2ha—h” s positive to the left of the dashed

curve. [a —2h2%a? — 2ha — a? + 2ha? + 2h%a — hQ]a_l [a —2ha + h?a — hQ]a_l = %hz —2h + %
-2 -2

o cp—h(1—2h) = (1—h)(h+a—2ha—a’+2ha®) h(1—2h) = h2—(1—2h)a®+(1—2h) o > 0.

- 1—a+a? 1—a+a?

o (1) = Ublbie o o ) g gy oUW

2 2 2 2 L.
e cc—h= h+0‘_3h§if’h azh” _p = 0‘_4h“;f}f a—h” js positive to the left of the red curve
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_ _ hd+a—3ha+3h%a—h? _ o _ a*(1-h)?

e cc—cp= s (a+h—2ah)(1—a—h+2ah)=F"75 >0.
(1=h)(h+a—2ha—a’+2ha?)  hia—3ha+3h’a—h® _  (6h—5h°—2)a’+(4h®—dh+1)at2h—3h°
1—a+a? 14+ = (a+1)(—ata?+1)

if o is small (in particular if o < 1), is negative if v = 1.

e cc—cp = is positive

e cp—h=(1-h)(h+a—ha)—h=a-—2ha+ h?a— h? is positive to the left of the thick curve

(1—h)(h+a—2ha—a?4+2ha®) _ o®(1—h)?

OCD*CB:(lfh)(h+OZ*hOé)* T—ata?

e cp—co= (1 _ h) (h +a— ha) _ h+a73hixj§,h2a7h2 -« a(l— h)aillz(Q 3h) >0

el—h—cp=1—-h—(1—-h)(h+a—ha)=(1—-h)>1-a)>0

_ —2h%a%4+4h%a—2h2+5ha’—6ha+2h—202420  (1—h)(h+a—2ha—a’+2ha®) o a(l—a)(1—2h)+h>
®Cp—CB= 2—2a+a? - T—ata? = & atati@—2ata7) > U
2 2 ay 2
o Crcr — —2h2a244h20—2h%45ha®—6ha+2h—2a2+20  hta—3ha+3h2a—h2 (8h 5h*>—3)a’+(9h>—8h+2)at+4h—6h
E C = 2—2a+a? 1+a - (a+1)(—2a+a2+2)

is positive if « is small (in particular a < %), is negative if « is large and h <1 — 2\/_.

2 2 . . . .
e ¢cp—Cg = 02% is positive to the left of the thick curve.

_ —2h2%a>*+4h?a—2h*+5ha®—6hat+2h—2a°+2a _ a—2ha+h?a—h? . sl
e cp—h= o —h=2(1-a) A=5IGEES" s positive to the left of the
thick curve.
o Ccr — h—|— h2 _ 72h2a2+4h2a72h2+5ha276ha+2h72a2+2a _ h+ h2 4ha 2cc—4h— h2a+2h2+2 > O
E - 2—2a+4a? —2a+a?+2
4 —2K20®44h’a—2h>15ha’—6ha+2h—20>+2a _ (2h7—6ht3)a’—4(1-h)’at2(1-h)®
e l—h—cg=1—-h S oata? = “2ota’t2 > 0.
3 _ (1=R)(2ha®—a®+1) 3 —2h%624+2ha®—2h—0>+1
°cr—h= a?f1 h = a2+l
_ _ (1=h)(2ha?-a?+1)  (1-h)(hta—2ha—a®+2ha®) _  (1-h)*(1-a)?
® CFr—CB= a?+1 1—a+a? T (a?41)(—ata?+1) >0
(1—h)(2ha®—a?41) (1—h)?(1—a)(a+1)
o cr —h(1-h)= Q—Hfh(lfh) oyl
(1—h)(2ha®—a?41) _ (1=h)?4+h%2—a%(1—2h)
° CF—h(l—Qh) — h(1—2h) = T7a2 >0
(1—h)(2ha? —a?+1) o 2 3\ (h—1)2
® Cppr —Cp = Q—H—(l—h)(h—i—oz—ha)—(l—a—a —Q)QQ—H

(1—h)(2ha?—a?41) _ o2 (1—a?)(1—2h)+2h>

a2+1 - a2+1 > 0.

e cc—cpr=142ha?—h—a?—
e cg—h=(142ha’>—h—0a?)—h=(1—a)(a+1)(1-2h) >0
el-—h—cg=1-h—(14+2ha*—h—0a?)=0a*(1—2h)>0

s : aﬁ_az: oL _ IL 9L _ 9L ~ 9L _ : :
It is immediate that v = ba > 0 e = r and Do = Dus = Dwg = 0. Hence in the following, when

considering states ws, sw, we neglect 25, 2£ and oL , 9L In the state ss we neglect ‘%
By ) Dy1 Dzg? Dz
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7.1.1 Proof of Proposition 1(b)

Set A = m (A>0as h < 3) and verify that
i) 2L — p2 4o h h? _ h(2=3h)(h—c) aL 9L aL oL _ aL _ oL _
.(1>3 h 2—|—h 2h2(h(1—h)—6)— cth—2h? >max{8—m,a—m,a—m aSa—xO—O,a—xl—a—m—
(h=h? )(h c) oL 8L _ h(1—2h)(h—c)
crhopz - and ¢ < h, 5o — 5 = = 2 0.
o (ii) g—;; = 8y12 as h(1—h)+ m (h*+ (1 —h)?—2¢c) = H_hh’fh;}ﬂ(l —h—c). In a similar way we prove
oL _ oL
621 - 6212
6£ h—h? oL oL h—h*)(1—h—
* (111) Bwiz > max{ Owi ’ 81112} as 8w12 (1 - h) +2 c+h— 2h2((1 - h)hi C)7 Ow1 = Owa = ( c+l)L( 2h2 - 2 0
and oL _ oL _ c(i-2hj(1-h) > 0.
Owis 6w1 - c+h—2h2

From (i)-(iii) it follows it is optimal to set x12 = 1, and yo = 21 > 0, y12 = 212 = 1 — 21, w12 = 1 such that
u1p = 0, that is such that o? (h(1 — h) — ¢)+a(l—a)(1—z1)(h*—c)+a(l—a) (z1(1 —h —c) + (1 — 21)((1 = h)? — ¢))+
(1 —a)? (h(1 — h) — ¢) = 0, which holds if and only if yo = 2; = ST a)erh—anmy- Since ca < ¢ < cp, it follows
z1 € (0, ].]
(c—ca)(c—h?

Finally7 UINE = O[(]. )m(h — C) W <0
7.1.2 Proof of Proposition 1(c)
Set A = % and verify that

e (i) oL _ h(2=3h)(h—c) <0, 2L — 0L _ (h=h*)(h—c) 0.

Ox12 c+h—2h? » Bz, Oxza c+h—2h2

Ly and DL — DL L _ IL

e (ii) Like in the proof of Proposition 1(b), =2 aw > max {8w1 8y12 S o = B

) 3w2

From (i)-(ii) it follows it is optimal to set £y = 1, w12 = 1 and ya = 21 > 0, y12 = 212 = 1 — 21 such that
urp = 0, that is such that a(1 — @)(1 — 21)(h* =) + (1l =) (z1(1—h —¢c) + (1 = z1)(1 = h)* —¢)) + (1 —
a)? (h(1 — h) — ¢) = 0, which holds if and only if 2; = % Since co < ¢ < ¢p, it follows z; € [0, 1].

Finally, uyng = o?(h — ¢) + a(1 — a)yz(h* —¢) = —a (1 — ) (¢ = h?) yo — a® (¢ — h) < 0.

7.1.3 Proof of Proposition 1(d)

Set A = % Then

o (i) 2£ = 2£ <Osincec > h (=) and 2 = h2 42l (h(1—h) —¢) = L2=3MAZN Gt o
aa—afi)—()smceczh.
N oL oL oL _ (1=h)*(1—h—c) _ (=h)

o (i) 9L > 5 since 2 = GBITE. 2L = h(l — h) + piiy (0 + (1= 1)? —2¢) and
g—y‘; — 6‘2‘:“2 = % > 0. A similar argument establishes ‘95 > B‘ng.
Y VY. VR (1—h)* _ (1—h)?

o (i) g = Fur = gur 2 (1= 1) + 2y (M1 = h) = &) = FFampam (L -7 - ).

From (i)-(iii) it follows it is optimal to set 2o = 1, yo = 1, 21 = 1, and wy; = wg > 0, wi2 = 1 — 2w, such that
urp = 0, that is such that (1 —a)(1 —h —¢) + (1 — @)? (w1 (1 — h —¢) + (1 — 2wy)(h(1 — h) — ¢)) = 0 which
holds if and only if w1 = =TSm0 (=). Since cp < ¢ < 1— h, it follows w; € [0, 1].

Finally, uing = o2(h — ¢) + a(l — a)(h? — ¢) + (1 — a)?wa(h(1 — h) — ¢) = — (1 — a)® (c—h+h*)wy —
a(c—h2—ha+h2a) <0asc>h.
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7.1.4 Proof of Proposition 1(e)

Set A= #ﬁl*h) Then
N 9L _ 9L __ oL _ oL
.<)8m12_8_a:o_028_:v1_3_w2asc2h‘
N 9L~ OL _ 24 _ P20-h—c) 4 0L _ oL _
o (i) Duns = By, Since a =h(1- h)+20 2h(1 R) (h*+ (1= h)?— 20)7 bys = se—aniony d 5 — 50 =
% >0. A mmllar argument applies to prove aazi > g—fl.
oy 0L AL .o 0L _ oL _ oL _ h*(1—h—¢)
o (iii) s = max{awl,a—wz as g = (1—h)?+ QW(O — h)h —¢) and Dwr = Duws = 2=2R(1=R)’
oL aL _ (24h®>—4h)c—h(2—3h)(1=h)
= - AL = =y > 0 since ¢ > h.

From (i)-(iii) it is optimal to set xg > 0, x12 = 1 — g, y12 = 1, 212 = 1, w12 = 1 such that u1p = 0, that is
such that o?(1 — 20)(h(1 — k) — ¢) + a(l — @) (R* + (1 — h)* — 2¢) + (1 — @)? (h(1 — h) — ¢) = 0 which holds if
and only if g = a%ﬁih_ﬂ (=). Since ¢4 < ¢ < ¢¢, it follows 0 < zg < 1.

Finally, uing = a?xo(h — ¢) = —a?zg (c — h) < 0.

7.1.5 Proof of Proposition 1(f)

Set A = w Then
¢ (1) 3(1?2 :g_aﬁ:g_éz Dy —OaShz—&-QW(h(l—h)—c)Z)\(h—c) and ¢ < h.
N L ~ 0L oL _ _h*(A-—h—c oL _ oL oL _
o (i) §£ > 25 since §£ = 5Umnty, H5 = (1 —h) + = (B + (1 - h)? - 2c) and §2 — 22 =

h(1—2h)(h—c) z: oL

>0 as ¢ < h. A similar argument establishes 8

c—h+2h? = 9z12
s\ _OL oL oL _ _ _ aL _ aL _ _h*(1—h—¢)
o (iii) Pus = max{awl, dwsd M Buw, (1—h)*+ 2= h+2h2((1 h)h — ¢) and dwi — Dws . cth—2h(1-h)’
oL oL _ (1=2h)(c=hth®) cpl 12
Doy~ Bw, —hiane > 0as c>cy implies ¢ > h — h~.

From (i)-(iii) it is optimal to set 1 = 23 > 0, 12 = 1 — 221, y2 = 1, 21 = 1, w12 = 1 such that u1g = 0,
that is such that o? (z1(h —¢) + (1 — 2371)(h(1 —h)—c)+all—a)(l—h—c)+(1—a)*(h(l—h)—c) =0
which holds if and only if z; = % Since cp < ¢ < ¢, it follows z1 € [0, 3].

Finally, uyng = a?z2(h(1 —h) —¢) + a(l — a)(h* —¢) = —a? (¢ —h(1 = h))z2 —a (1 — @) (c— h?) <0

7.1.6 Proof of Proposition 1(g)

(1—h)?
Set A = m Then
N AL _ oL _ _(1=h)*(h—c) oL (1-h)? oL oL _
* (1) dx1 — dxz  c+(1—2h)(1—h) > 0 since ¢ < h, Ox1a =h? +2c—‘,—(1 2h)(1— h)(h(1 B h) ) and Oz Omiz
_ c— 2 .
% >0 as ¢ > ¢4 implies ¢ > h(1 — h).
-\ AL oL oL _ (1-h)*(-h—c) _ (1-h)
(] (11) 3_y2 Z dy1s since a_yg = m, 8y12 h(l - h) m (h + (1 — h)2 - 26) and
g—y‘z — 6‘?!?2 = % > 0. A similar argument establishes 6£ > 8851
. AL _ AL __ AL 1—h 1-h
) (lll) dwis  Ow aT as (1 h)2 =+ 2%(}“1 — h) — C) W( h — C).

From (i)-(iii) it is optimal to set 21 = x5 = 1 yy2 = 1,21 = 1, wy = wg > 0, wis = 1—2w; such that u1g = 0,
that is such that a?3(h — c) + a(l - a)(l — h —¢)+ (1 —a)(wi(l—=h—c)+ (1 —2w)(h(1=h)—c)) =0,
which holds if and only if w; = Q(IEO;)Q(%:‘(:(:‘EIQ)*(;};)C(?E}Z)). Since cg < ¢ < h, it follows 0 < wy < 4.

Finally, uing = o? (3(h(1 — h) — ¢))+a(l—a)(h*—c)+(1—a)?wa (h(1—h)—c) = — (1 — )’ (¢ —h(1—h))ws—
a(l—a)(c—h?) —1a?(c—h(1-h)) <0.
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7.2 Proof of Proposition 7

In order to investigate the link between the two sets of information structures, consider an information structure

with public messages such that M = {m', m?,...,m"}, in which n is a arbitrary natural number. Let !, 22, ..., 2"

denote the probability distribution over M the seller chooses in state ww, that is 27 = Pr{m; = mg =
m?|(hy,he) = (h¥,h%)} for j = 1,...,n. Likewise, y*, 2, ...,y™ is the probability distribution over M in state
ws; 2%, 22, ..., 2™ is the probability distribution over M in state sw; w', w?, ..., w™ is the probability distribution

over M in state ss.

Then the probability for either bidder to receive message m/ is
P =ac% +a(l —a)y + ol —a)z + (1 —a)?uw’

and suppose p/ > 0, otherwise m/ is irrelevant and could be deleted from M. Let e{ (eg) denote the probability
that bidder 1 (bidder 2) enters in the equilibrium of the entry game the bidder play after receiving message m/.
Then the expected utility of bidder 1 from entering after receiving message m? is

1 { o [h(1 — h)ej + h(1 - ¢}) — ] + a(l - a)y/ [h%e} + h(1 - &) — ] | } 19)
Pt | 4ol —a)2d[(1 —h)%el + (1 —h)(1 —e}) — ] + (1 — a)?wI[(1 — h)hel + (1 — h)(1 — €b) — (]

This needs to be non-negative if e{ > 0, need to be non-positive if e} < 1, needs to be zero if ¢/ € (0,1). A
similar argument applies to bidder 2, and this characterizes an equilibrium for an information structure with

3 .3

public messages: Such an equilibrium is characterized by the n pairs (e}, ed), (e?,€3), (e3,€3), ..., (e}, e}), each

of whom specifies an equilibrium after the bidders have seen a specific public message.
Notice that in state ww the probability that both bidders enter is

1 2.2 2

Py = xlejes + xleles 4 ... + a"elel
the probability that bidder 1 enters, bidder 2 does not is

Pp = el = eb) + 231 — @)+ + e (1 ef)
the probability that bidder 1 does not enter, bidder 2 does is

pNEE =o' (1 —e)ey +2°(1—ef)es + ... + 2" (1 — ef )e}
the probability that no bidder enters is

pNEne = (1 —el)(1—e3) +2°(1—ef)(1 —€) + ... + 2" (1 —e])(1 — e3)

In a similar manner p}y’s, pi%, pi} are derived for h,k = E, NE.
An equivalent information structure with private messages In order to identify an information struc-

ture with private messages which leads to the same outcome it suffices to set My = {E,NE} = M, and

T, L1, ..., W2, w2 as follows:

To = PNENE:T1=DPENE T2 =DPNEE: T2 =DPEE (20)
Yo = PNENE'YI=PENE Y2 =DPNEE Y12 =PEE (21)
20 = DNENE?1=DPENE %2 =DNEE ?12 = DEE (22)
wo = PNENE> W1 =DPENE:W2 =DPNER W12 = DPEE (23)

This is enough to conclude that obeying the message in the direct information structure is an equilibrium.
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The link between the two sets of information structures We begin with an intermediate lemma

Lemma 2 (Existence of a pure-strategy equilbrium) After each public message m?, there exists a pure-

strategy equilibrium in the entry game.

After bidders have both received a message m?, they play the entry game with the following utilities

1\2 E NE
EFE p—c17—Cc w—c0
NE 0,A—c 0,0

with

p = Eu [hl(l - hZ)] <w = Ep (hl)
= Emj [h2<1 - hl)] <A= Emj (h2)

in which F,,; denotes expectation conditional on observing message m”.

It is immediate that in this game there exists at least a pure-strategy equilibrium.

e (E,E) is an equilibrium if and only if p—c > 0,7 —c > 0. Hence, suppose in the following p—c¢ < 0 and/or
T —¢ <0, so that (E, F) is not an equilibrium — but we prove that some other pure-strategy equilibrium

exists.

e Suppose p—c < 0. Then (NE, E) is an equilibrium if A—¢ > 0. Hence suppose A—c < 0, so that (NE, E)

is not an equilibrium but now we prove that some other pure-strategy equilibrium exists.

e Given p—c < 0, A\ —c < 0, notice that (NE, NE) is an equilibrium if w — ¢ < 0. Hence suppose w — ¢ > 0,
so that (NE, NE) is not an equilibrium, but now we show that (E, NE) is an equilibrium.

e Given p—¢ < 0, A\ —¢ <0, w—c¢ > 0, we have that (E, NE) is an equilibrium if and only if 7 — ¢ < 0.

Since we know that 7 < A from above and we have A — ¢ < 0, it follows that 7 — ¢ < 0.

Therefore either (E, E) is an equilibrium, or if it is not an equilibrium because p — ¢ < 0, then there exists
at least one other pure-strategy equilibrium. In a similar way we can prove that if (F, E) is not an equilibrium
because T — ¢ < 0, then there exists at least one other pure-strategy equilibrium (to this purpose we need to
use the inequality p < w).

2 ...,m"} and gather in Mg g the messages in M after which

In view of Lemma 2, recall that M = {m',m
the bidders play the equilibrium (E, E); gather in My g, g the messages after which the equilibrium (NE, E) is
played; gather in Mg ng the messages after which equilibrium (NE, ) is played, and finally place in Myg nE
the messages after which (NE, NE) is played. Thus Mg g, MNg g, Mg NE, MNE NE IS a partition of M.

In the state ww, let zgr denote the probability the seller’s public message is in Mg g, that is zp g =

Z 29, and notice that this coincides with PN'EnE defined above. Likewise, let g NE, *NE B, TNE NE
jmi€EMp p
be defined with reference to Mg nvg, MyE,E, MNne,NE and let yu i, 2h kK, Wh,i denote the probability that the

seller’s public message is in M}, j, in the state of the world ws, sw, ss, respectively, for h,k = E, NE.
If bidder 1 receives a message in Mg g, then bidder 1 knows that bidder 2 has received the same message

and expects that bidder 2 enters. Thus a minor extension of (19) (we need to allow for all messages in Mg g
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rather than just one message m’) with e/ = 1 allows to conclude that entering is a best reply for bidder 1 if
and only if?!

anEE(h(l —h)—c)+a(l —a)yE7E(h2 —o)+a(l—a)zg p((1— h)? —c)+ (1 —oz)QwE,E(h(l —h)—c) >0 (24)

Likewise, if bidder 1 receives a message in Mg yg then he expects that bidder 2 does not enter (¢/ = 0 in (19)).
Hence entering is best reply for bidder 1 if and only if

a2$E,NE(h —o+a(l-a)ygnve(h—c)+a(l—a)zgnpg(l1—h—c)+ (1 — oz)2wE,NE(1 —h—¢)>0 (25)

The inequalities (24), (25) are the conditions such that bidder 1 wants to enter if the message is in Mg g or
in Mg yg. In order to find an equivalent information structure with private messages, we apply (20)-(23) to
obtain o = TNg,NE,T1 = TE NE, T2 = TNE,E; T12 = TE.E; Y0, Y1, ..., W2, W12 are obtained likewise. Hence (24),

(25) can be written as
x1o(h(1 = h) —¢) + a(l — a)yia(h?* — ¢) + a(l — @)z12((1 — h)? —¢) + (1 — a)?wia(h(1 —h) —c) >0 (26)

and
zi(h—c)+a(l—a)yyi(h—c)+a(l—a)zi(1—h—c)+ (1 —a)*wi (l—h—c)>0 (27)

In order to maximize the revenue, the lagrangian function is £ = a?h?x15 + a(1 — a)h(1 — h)y12 + (1 —
a)a(l — h)hziz + (1 — @)?(1 — h)?wiz + A1(5) + A2(6), and with A; = Ay = A we obtain

9L 50 ) —e OL o2 ((1— 2 ) —e
ey = (R* +2XA(h(1 = ) — ¢)), Tos (1—a)?*((1=h)>+2X(h(1 = h) —¢))
oL oL ) 2o

2

If ¢ is a bit greater than cy4, then solution is such that A = 2c++(h*1) and x12 such that (5), (6) hold with
equality if ¢ < c¢, that is if reducing x12 alone is enough to satisfy (5), (6) as

oc oL h? 9 9 B c—%h

Y azm_h(“h”—zcﬂh(h_l) (h*+(1—h) 720)—h(172h)7c_h(1_h)>0
oL , h?

Ow1o - (1_h> +2m(h(l—h)—c)_l—2h>0

If instead ¢ > c¢, then it is necessary to reduce also y12 = z12 and or wis below 1. Suppose we reduce just w2,

2
then set A = Q(S:hIQhQ) from 25 =0, so that

dwiz
oL _8_£_h( —h)—i—ﬂ(hQ—&-(l—h)Q—Qc) —(1—2h)(1—h)i
Oy1z Oz 2(c— h+ h?) o c—h+h2
and we need ¢ < % — %h, with wis = cfg}gg;ggiﬁgiahz, which is positive if ¢ < % — h + h?, is less than 1 if

¢ > cc. Notice that § —h+h* < § — $h and 25 = h? + 2%092_’3; (h(1 = h) —c)=—3n*+5h— 5 <0.

If ¢ > % — h + h2, then all coefficients are negative and the contraint is not satisfied.

2

21The utility of bidder 1 from entering is given by the left hand side below divided by pg g = a?zp g + a(l — @)yg,g + a(l —

o)z, g+ (1 — a)2wE7E, which is the probability that the message each bidder receives is E, E.
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7.3 Proof of Lemma 1

'r+5
) m+6] hence Go(b) = ﬁ with G2(0) = 0 and G(b) = 1. Likewise, G is

such that type 1 of bidder 1 is indifferent among all bids in [0, Mié} that is === = (1 — b) (9+5 + 9+5G1( ))

Suppose that 7 > 6. Then G3(b) satisfies === = (1 — b) (T+5 + T+5 Ga(b )), which means that type 1 of bidder
1 is indifferent among all bids in [0
T4+ T

hence G (b) = % with G1(0) = 22 > 0 and G (b) = 1. The utility of both type 1 of bidder 1 and

type 1 of bidder 2 is —Z=. The proof for the case of 7 < 6§ is very similar.

7.4 Proof of Proposition 10

The proof of Proposition 10(i-ii) is in the text. In order to prove Proposition 10(iii), consider (1—h)S8 < c+f < h®

and notice that RPP = U=t pND — f The inequality ¢ < he — f implies L=t p >
(1—(%h+%((11—_i;l));f)—h)2—f2 = (1742{;)_2;)42]‘112 (1*2/14)(21:‘2()1;h)h2 = 12(41’1;3};3 (the last inequality follows from
f < 1—h), which is positive if h < {. Now consider h* < ¢+ f <1 — h and notice that RPD = %,
RND = 3 f When c+ f is close to h°, that is close to 3, we find that RP = (17(%(71}?;)};}) == 222§4fh)2h+1)
and 0= 2hz§4fh)§h+1) 3f = (1_2h)21‘1"((1h21))(1_3’l)f, which is positive if & < 3, but for h > 3 we have that
(=204 (h+)(A=8h)f 5, (1=2m)*+(h+D(=8M=h) hich ig positive for each h < 2. As c+ f increases, RFP

4(1—h)2 4(1=h)*
decreases and tends to 0 when ¢ + f is close to 1 — h, whereas RFP = %f > 0.
7.5 Proof of Proposition 11
We first compare RVP* with RFP* = (1 — a2)(1 — h — ¢) and find that
h((l—a)2—|—2a2—h(2a—l)2)—(1+a2)c if ¢ <h®(1—h°)

= 2ha — a+ a? — ha? — a’c if he(1 —h®) <c<he
—(1—=a®)(1—h—c) ifhe<c<1l-—h

RND* o RFD*

This function is continuous (in particular, it is continuous at ¢ = h¢(1 — h®)), and is strictly decreasing in ¢, has
a positive value at ¢ = 0 because (1 —a)? +2a®> —h(2a—1)> > (1—-a)> +2a*> — L (20— 1) = L + a2 >0,
has a negative value at ¢ = h®. Hence there exists a unique ¢ € (0, h®) such that RNP* > RFDP* for ¢ € [0,¢)
and RVNP* < RFP* for ¢ € (¢,h¢]. In particular, h ((1 —a)? +2a® - h(2a — 1)2) - (1+a?) h(1 — h®) =
o2 (20— 1)*h2 + 20 (1 — a) (202 +1) h — (a? + 1) (1 — ); if this is negative (which occurs if if & and/or h
are small), then ¢ < ca; if it is positive (which occurs if & = £ and/or a = 1), then ¢ > ca.

In order to consider PD, suppose that ¢ < (1 —h)j, so that RFP* = (1 — ) ((1 — h) (1 + h + a — ha) — 2¢)
and RPP* — RFD* — (1 — a)? (h (1 — h) — ¢).22 This reveals that for each ¢ > h (1 — h), the optimal structure
is FD or ND as PD is suboptimal. When instead ¢ < h(1 — h), the difference RVNP* — RPP* is equal to
ha (2h + 2o — 3ha) — 2ac and is positive for each ¢ < h(1 — h) if 4h + 2ac — 3ha — 2 > 0. In this case ND or
FD is optimal as described by Proposition 11(ii). If instead 4h + 2a — 3ha — 2 < 0, then RVP* > RFPP* for
each ¢ between 0 and h(h + a — Sha) but RNP* < RPP* for each ¢ between h(h+ o — 3ha) and h(1 — h). For
¢ > h(1 —h), FD is optimal as RVNP* — RFP* < (0 at ¢ = h(1 — h) and is decreasing in c.

22Notice that h (1 — k) — (1 — h)(a + (1 — a)h) = —a (1 — k)% < 0, hence RFP* < RFD for each ¢ > (1 — h)B.
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7.6 Proof of Proposition 12

The utility of 2 from entering after receiving signal F is p%E times

o (z2(ha — f =€) + x12(ha(l = ha) = f =€) + a(l = ) (y2(hp — f — ) + y12(hp(l = ha) — f —¢))
+a(l =) (22(ha = f = ¢) + z12(ha(l = hp) = f = ¢)) + (1 = @)* (wa(hp — f = ¢) + wiz(hp(1 = hp) — [ —¢))

with pop = a(re +212) + (1 — @) (y2 +y12) + (1 — a)a(ze + 212) + (1 — @)? (w2 + w2), and the constraint ICyp

imposes that this expression is non-negative.
1

times
PINE ¢

The utility of bidder 1 from entering after receiving signal NE is

o (za(ha(l—ha) — f =)+ xo(ha — [ —¢)) + (1 — @) (y2(ha(l — hp) — f — ¢) + yo(ha — f — ¢))
+Oé(1 — a) (ZQ(hB(l — hA) — f - C) + Zo(hB — f — C)) + (1 — 04)2 (wg(hB(l — hB) — f - C) +w0<h3 — f — C))

with pive = o?(zg +22) + (1 — @) (yo + y2) + a(l — a) (20 + 22) + (1 — a)? (wo + wa). The constraint IC1 N g

imposes that this expression is non-positive. The utility of bidder 2 from entering after receiving signal N F is

1
P2NE

a2(:E1(hA(l—hA)—f—C)+$0(hA—f—C))+Oé(l—a) (yl(hB(l—hA)—f—c)+y0(h3—f—c))
+a(l —a) (z1(ha(l =hp) = f —¢) + 20(ha — [ —¢)) + (1 = a)* (wi(hp(1 = hp) = f — ¢) + wo(hp — f — ¢))

times

with pong = (2o +21) + a(l —a) (yo + y1) + (1l — a) (20 + 21) + (1 — @)? (wo + w1).
We neglect the incentive constraint related to m; = NE and ms = NFE and find that the derivatives of the

lagrangian function are

oL oL oL

e = o (2f +h* +2)\ (h(1 —h) — f =), 8_m1:8_902:a2(f+)\(h_f_c))
;Z;i = a(l—a)2f+h(1—h)+X(h*+ (1 —h)*>—2f —2¢)),
max{o,g—i = a(l—a)(f—k)\(h—f—C))}Sg—yiza(l—a)(f+)\(1—h—f—c))
aii = o(l—a)2f+h(1=h)+A((1—h)*+h*—2f—2c)),
g_i - a(lfa)(fh\(l—hfffc))Zmax{O,g—Zi:a(lfa)(f+k(h*ffc))}
aii = (-0 f+(—h+2ABA—h) —f—0), aa—lfl=§—£2=(1—a)2(f+A(1—h—f—c))20

7.6.1 Proof of Proposition 12(a)

— oL __ 2 oL __ oL _ oL __ oL _ 9L __ oL __ 2
S;ZA—O. Then o= = 2f+h* > §= = f, 5= = = =2f +h(1—h) > g= = §= = f, gu= = 2f+(1-h)*> >
:f.

Ow1

7.6.2 Proof of Proposition 12(b)

Set A = —LEh=1"_ the denominator is positive as ¢+ f > 0 and h < % The following holds

ct+f+h—2h2>
() 2L — h2=3h)(fith—c) oL oL oL OL _ g 9L _ oL _ fth—h? _
* (i) Dis = orfihoonT = max{axo, TR 812} as 5 =0, 5o = 505 = [+ I 7Yh—2n? (h—=f—c)and
aL 9L _ h(A=2n)(f+h—c)
c<h+f 575 — o = ~Frrhonr - 20
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o (i) 22 = 2& > max{ 2L, 22} as 2f +h(1—h)+=Ete (B2 + (1 - h)2 - 2f — 2¢) = f+ L=t (1-

Oyi2 — 8y2 = c+f+h—2h2 c+f+h—2h2
_ 2 2 _h)2 . . .

h—f—c¢) = (h—h )Ct_(lrlf_lrhh_h%)frh(l 2" and the latter expression is non-negative as % > 0. A similar

argument establishes 88Zf2 = g—fl > max{g—fo, 88_52 .

s QL oL oL . 2 f+h—h? oL _ oL
e (iii) s >max{8wo’8w1’8w2 as Bw =2f+(1-h) +20+f+h 5= (1 —=h)h —c— f), o = e =

f+h—h? AL oL __ (1—2h)(c—ch+fh) M 23
f + c+f+h72h2( —h— f - C) and dwiz  Owi c+f+h—2h2 > 0 with > 0.

From (i)-(iii) it follows it is optimal to set 212 = 1, w1z = 1, and yo = 21 > 0, y12 = 212 = 1 — 27 such that
urp =0, thatis a? (h(1 — k) — ¢ — f)+a(l—a)(1=2z1)(h*—c—f)+a(l—a) (z1(1 —h—c— )+ (L —z1)(1 = h)2 —c— f))+
(1—a)? (h(1 — h) — ¢ — f) = 0. This equality holds if and only if o = 2 is as in S% (=). The condition z, € [0, 1]
is equivalent to ca—f < ¢ < cg—f (=). Finally, uyng = —a (1 — a) y2 (c+ - h2) <0asc+f>ca>h?(=).

7.6.3 Proof of Proposition 12(c)

Set A = %’ the denominator is positive as c+ f > 0 and h < . The following holds

. (i) 2L _ h@=3h)(f+h—c) <0, 2L — 9L _ h(1—h)(f+h—c) <0asc>h+f.

Oxia c+f+h—2h2 > dx1  Oxa cherh72h2
ss . . sys oL oL oL oL
e (ii) Like in the proof of Proposition 1(b), -2 6w12 > max{-2£ S Do Dag ) and 8y12 = 8y2 > max{a—yo, TTeE
oL _ oc oL oL
6z12 - 6z1 Z maX{ aZ[)7 6z2 :

From (i)-(ii) it follows it is optimal to set zo = 1, w12 = 1 and ya = 21 > 0, y12 = 212 = 1 — 21 such that
urp =0, that is o(1 —a)(1—z)(h®* —c— f) +a(l—a) (z1(l—h—c— )+ (1 —z) (1 = h)* —c— f)) + (1 —
a)? (h(1 — h) — c— f) = 0 which holds if and only if 21 is as in S¢ (=). The condition z; € [0,1] is equivalent
to co—f < c < cp—f (=). Finally, uyng = —a (1 —a)yz (c+ f —h?) —a?(c+ f—h) <Oasc>h+ f2

7.6.4 Proof of Proposition 12(d)

Set A\ = %; the denominator is positive as ¢+ f > 0. The following holds.

N oL _ oL _ hf+(1-h)*(h—c) : h? _ oL _ 2
] (1) a—xl = 6_12 = m S 0 since ¢ Z h + W'f (—) MOI‘GOVGI’, 6I—é2 = 2f + h +
g f+(=h) (h(1—h)— f—¢) = == Ah+h®)eth(2—3h)(1=h)+ fh® —(2—4hth?) (ht 55 ) +h(2=3R) (1—h)+£h?
T fH(1—2h)(1—h) ¢ ot f—3h+2h2+1 = o+ f—3h+2RZ+1 =

__hP(=2n)(f+(1-h)?)
(1—h)*(c+f—3h-+2h2+1)

< 0 since ¢ > h+ = h)2f

oL oL L oL _ (1=h)*(4f—h—c) oL _
[ ] (11) B_yz Z max{ 5’1/0’5_’1/1’ (91/12} SIDCG (9_7;2 = m Z 0 MOI‘GOVGI‘, m = 2f =+ h(l — h) +
f+(01=h)? oL _ (1—=2h)(c—ch+fh) ‘s
G T T R (h2 (1 —h)? —2f — 20) and 8_y2 ~ By T orra—am—h) > 0. A similar argument
establishes 8 = > max{2£ B 32527 aazi )
SN AL _ 9L _ f+(1—h)® f+(1=h)?
o (i) 525 = 7y = 75 > sy 25 2fH (IR R, (R - h) = f = o) = f+apirasam (1

oL _ (1=h)?(l—ctf—h)
h— f — C). Moreover, Bwr —  FF—3ht2hZF1 > 0.

From (i)-(iii) it follows it is optimal to set zo = 1, yo = 1, 21 = 1, and wy; = wg > 0, wi2 = 1 — 2w, such that
up =0, thatisa(l—a)(1—h—c—f)+(1—a)? (w1(1—h—c— f)+ (1 —2w;)(h(1 — k) —c— f)) =0, which
holds if and only if wy is as in Sp (=). The condition wy € [0, 3] is equivalent to cp—f <c<1—h—f (=).
Finally, uing = a?(h—c— f) +a(l —a)(h* —c— f) + (1 — a)?wa(h(1 — h) —c— f) < 0 since ¢ > h+ ﬁf

281 f < 0, then c¢(1 — h) + fh > ((@+h—2ah)(l—a—h+2ah)—f)(1 — h) + fh = —(1—-2h)f +
(1-h)(h+a—2ha)(l—h—a+2ha)>0
241f instead f < 0, then this may be positive: case of o = 0.6, h = 0.35, f = —5—10, ¢ = 0.3301, and then in such case

z0 =L wiz =1,y2 = 228 and —(0.6) (1 — 0.6) 2298 (0.3301 — 0.02 — (.35)2) — (0.6)% (0.3301 — 0.02 — 0.35) = 2.3457 x 107,
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7.6.5 Proof of Proposition 12(e)

Set A = %; the denominator is positive as ¢+ f > ¢4 > h(1 — h). Then the following holds
. h2 h— . .
e (i) aii} :%:ozg—izg—é:% as ¢ > h+f. In order for 1 = x5 = 0 to be optimal it

takes ¢ high enough because x; > 0, zo > 0 have an additional benefit, revenue equal to f. In order to
have z1 = x9 > 0 when x15 < 1 it is not necessary that ¢c < hbut c < h+ f or ¢ < h+ %f is enough
because now f is in revenue. f

oL _ (A—2n)(2f(1—h)+2ch—h*) 9r _ (R®—4h+2)f+h*(1—c—h)

9L AL L L
o (i) gy, 2 max{zy, 5, (Byz} Sl)nce dyiz 2(c+f—hth?) C Dys 2(c+f—h+h?) 20
OL _ oL _ h(2=3h)(c—f—h 25 . ; oL
and 8y12 by = St fhThD > 0as c>h+f. A similar argument applies to prove By 2

oL 0L
max{azD 5 6_217 6_22 .

i oL oL ac 9L _ oL _ (hP—4h+2)f+h*—ch®—h®

o (iii) -2 aw > max{awo, S 6w2} as 5,5 =1-2h > =0and 5+ = 5= = St =R >0,
oL oL _ (h’—4h+42)c+5h®—fh>—2h— 3h3
Owia owy 2(C+f h+h2)

From (i)-(iii) it is optimal to set xg > 0, 12 = 1 — 2o, y12 = 1, 212 = 1, w1z = 1 such that uy g = 0, that
is ?(1 —zo)(M(1 —h) —c— f)+a(l —a) (h*+ (1 —h)2=2c—2f) + (1 — a)? (h(1 — h) — c — f) = 0, which
holds if and only if 2 is as in %, (=). The condition zy € [0,1] is equivalent to c4—f < ¢ < co—f (=). Finally,
uiNg = —a?xg (c+ f —h) < 0since ¢ > h+ f.

7.6.6 Proof of Proposition 12(f)

Set A = —L - the denominator is positive as ¢+ f > ¢g > h(1 — 2h). The following holds

c+f—h+2h2
°(i)aif2_gﬁ_§£za =0as 2f + 7%+ 2 (h(1—h) — f — ) = f + = (h—c— f)

oL 2__fth—c
dazl hmZO&SCSh‘Ff

.. h2
o (ii) 88—;2 zmax{gyﬁ7g£,ay12}51nce oL :f—&—m%( —h—f—-¢) >0, ay12 =2f+h(l1—h)+

fth? (h? + ( —h)? = 2f —2¢) and oL _ oL _ h(I=2h(Jth=c) » (450 < h+f. A similar argument

c+f—h+2h? oL oL oc dy2  Oyiz ct+f—h+2h

applies to prove 67 > max{ = 5ot Do Do

ac oL AL +h? oL _
o (ill) 525 > maX{(me7 Su D) 88 aw = 2f + (1 —h)%+ c_ﬂ‘% (Ml —=h)=f—c)and 5= =

aL _ +h? _ _ oL _ (1=2h)(c=h+h?) : K2

Ows f + c+f7h+2h2( —h— f C) 20, 8w12 Owi ~  c+f—h+2h2 > 0since ¢ > h —h*"

From (i)-(iii) it is optimal to set 1 = x2 > 0, x12 = 1—2x1, y2 = 1, 21 = 1, w12 = 1 such that u1 g = 0, that is
[@® (1 (h—c—f)+ (1 =221)(hQ—-h)—c—f))+a(l—a)(l—h—c—f)+(1—a)*(h(1—h)—c— f)] =0,
which holds if and only if z; is as in Sf (=). The condition z; € [0, 3] is equivalent to cg—f < ¢ < cg—f (=).
Finally, uyng = o?zo(h(1 —h) —c— f) + a(l —a)(h* —c— f) <0 as ¢ > h — h%.

7.6.7 Proof of Proposition 12(g)

Set A = %; the denominator is positive as ¢+ f > 0. The following holds
N 9L _ _ f+(A-h)* — h2f+(-h)?(h—c) h? oL _
o (i) = = g = [+ o 2h)(1 mh—f =0 = Fraanam = 0as c<htghpf, 575 =

f+(1—h oL 9L _ (1—2h)(c—h+h 2
2f—|—h2+2m(h(l—h)—f—0)and aml—axm—m>0asc>h h

25If f < O then 2f (1 —h) +2ch — h? > 2f (1 —h) + 2(ca — f)h — h? = 2f (1 —h) + 2((a + h — 2ah) (1 — o — h + 2ah) —
f)h —h? = (2—4h) f + h (1 —2h) (h + 2a — 4ha — 202 + 4ha?) > 0 and the expression is greater than (2 — 4h) (—(1 — h)?) +
h(1—2h) (h+2a — 4ha — 2% + 4ha?) = (1 — 2h) (2h (1 — 2h) o + (4h? — 2h) o+ (k% —4h 4+ 2)) >0
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o (ii) 22 > max{2L, 2L LY gince 2L = WmPebfoh) g DL _gfyp(1—h)4 LU (2

Oyo’ Byl’ 8y12 6 c+f—3h+2h2+1 ’ 6y C+f+(172h)(17h)

and gfz — a‘?/i = %—f;};’f:}f) > 0. A similar argument establishes BE > max{ B gzﬁl , aazi .
N L L f+(1—=h)? f+(1—h)?
o (iil) 325 = 25 = 2L > DL 452 f+(1—h)*+ 27 aam (Ml —h) = f—c) = f+c+f+1—2h)(1h)(1

h—f—c¢)and 8151 > 0.

From (i)-(iii) it is optimal to set x1 = x5 = %, yo=1,21 =1, w; = wy >0, wis = 1—2w; such that u;5 =0,
that is e’ (h—c— f)+a(l—a)(l—h—c—f)+(1—a)? (wi(1—h—c— f)+ (1 = 2wy)(h(1 — k) —c— [)) =0,
which holds if and only if w; is as in S (=). The condition w; € [0, 1] is equivalent to cp—f < ¢ < cg—f (=).
Finally, uing = a(1 — a)(h? — f —¢) + (1 — a)?wa(h — h? — f —¢) < 0 as ¢ > h — h2.

7.6.8 Proof of Proposition 12(h)

Set A = ;ﬁ; the denominator is positive since h — f < ¢g — f < ¢ Then the following holds.

o (i) 2L =08 _g= 0L =2f+h2+ 2 (h(1—h) = f —¢) = —h?LH= <0 as e < htglymf.

Or1 ~ Oxo 61‘07 89:12 c+f—h
o (i) fr-=f+M1-h—f—c)>0, g= =2f +h(1=h) + A (h* + (1 = h)* = 2f — 2¢) and §& — L& =
% > 0. A similar argument establishes g—i > max{g—fo, g—fl, 882?2 .

o (i) 2 = 2f+ (1 —h? 4+ 25 (h(1-h)—f—c), & = f+ FH5(1—h—f—¢) > 0 and

Ow1s C+f h w1
AL L _ h2f+(h=1)%(h—c) h?
dw;, — Duns — s >0asc<h+gef
From (i)-(iii) it is optimal to set 7 = x5 < %,xo =1-2x,yo =1, 21 = 1, wy = ;,wg = % such

that uyp = 0, that is o®z1(h— f—¢)+a(l—a)(1 —h—f—c)+ (1 —a)®?5(1 —h— f —c) = 0, which
holds if and only if z; is as in S}; (=). The condition ; < 3 is equivalent to cg—f < ¢ (=). Finally,
uing = xa(h(1—h)— f—c)+al—a)(h* = f—c)+ (1—a)*’3(h(1—h)— f—c)<Oasc>cec— f > h— f.

7.6.9 Proof of Proposition 12(i)

Set A = %; the denominator is positive as ¢+ f > 0. The following holds

N AL _ 9L _ RAf+(-h)*(h—c) 2 2 f+(0=h)?

o () 52y = am = eHfH(-2R)(1=R) >0asc<h—h% G5 =2f+h +2arramay (ML —h) = f —¢)

9L _ (1=2h)(h— h? —c) 2

and Z7°= 6:51 = r7—shomei = Vasc<h—h"
oL oL oL oL _ (-h)?(4f—h—c)

o (11) Dy Z max{ayo,a—yl, 8y12} since Byz m Z 0. MOI‘GOVGI‘, W = 2f + h(l — h)

fH(1-h)? oL _ (1=2h)(c—ch+fh)

m (h2 (]. - ) - 2f - 2C) and B_yg - dy1s m Z 0. A similar argument
establishes 68 > max{2& B 3527 88;2 )

(1-

sy 0L oL f+(—h)* f+(A-h)®
o (iii) s — Du. 671;2 > W as 2f+(1—h)2+2m (h(1—=h)—f—c¢) = f+m(l—

h— f—c¢)and 8151 > 0.

From (i)-(iii) it is optimal to set x12 = 1, yo = 1, 21 = 1, w1 = wy > 0, w12 = 1 —2w; such that u; g = 0, that
isa?(h(l1—h)—f—c)+a(l—-a)l-h—f—c)+(1—a)? (wi(1—h—f—c)+ (1 =2w)((1 —h)h— f—c)) =0,
which holds if and only if w; is an in S{. The condition 0 < w; < % is equivalent to cg—f <c < cp—f (=).

Finally, uyng = a(1 — a)(h? — f —¢) + (1 — @)?wz(h(1 — h) — f — ¢) because ¢ > cg — f > h(1 —h) — f
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7.6.10 Proof of Proposition 12(j)
Set A\ = ﬁ%v the denominator is positive as ¢+ f > c¢p > h(1 — 2h). The following holds

. 2
'<1)aam—i:gx£1_gfz28__0382f+h2+2c+ffjhh+2h2<h<1_h)_f )= f+c+f h+2h2<h c—f)

oL _ h*(f+h—c) 2
daxl—m>0asc<h h=.

. az: aL oL oL _ (A=h)f+h(l—c=h) o 9L f+h? 2 2
o (i) 5,0 = max{ayo,a—yl, Bos 2}smce Do o 20, 5= =2f+h(1-h)+ "7 (R + (1 —h)? —2f
and 88;2 — aayfz = % > 0asc < h—h% A similar argument applies to prove g—i >
oL 9L oL
maX{ aZo ) 8_22’ 8212 :
N IL _ f+h? ac _ 2
[ ] (111) m 811)2 Z max{ Dwg 8w12} as 811)1 f+ m( h f*C) > 0 and wis 2f+ (1 — h) —+

+h L oL _ (1-2h)(h—h’—c) 2
QW(h(l—h)—f—c), S~ B = —earfhrzie— = 0, since ¢ <h —h”.

From (i)-(iii) it is optimal to set 1 = @2, x12 =1 =221, Y2 =1, 21 = 1, w1 = wa = % such that u1g = 0,
that is o (z1(h — f—¢) + (1 —2z1)(h(1 —h) — f—¢))+a(l—a)(1—h—f—c)+(1—a)?s(1—h—f—c) =0
which holds if and only if 1 is as in S;. The condition 0 < z1 < % is equivalent to cp—f < ¢ < cg—f. Finally,

uing = 2z (h(1—h)— f—c)+a(l—a) (h* — f—c)+(1—a)?’2(h(1—h)— f—c) <Oasc+f > cp > h(1—h).

7.6.11 Proof of Proposition 12(k)

Set A\ = +f 7 ; the denominator is positive as ¢ > h + = h)2f implies ¢ + f — h > 0. The following holds.

N AL _IL _(_ DL oL _ _ RE(f+h—c)

* )5 =95 = 0= 5 3oy = erra SOascshf

o (i) £ = ft+dg(l—h—f—c) >0, 25 =2f + h(1 — h) + L= (h®+ (1~ h)> —2f — 2¢) and
oL oL _ h(A-h)(f+th—c) -
dy2  Oyiz ct+f—h ’

o (i) 325 = 2f + (1 —h)? + 2 (hW(1-h) —f—¢), 25 = f+ 7501 —-h—f—c) > 0 and
oL oL _ (1—h)*(c—h)—h*f . h?
Buz " ow — o eirh = 0asezhighpt

From (i)-(iii) it is optimal to set z1 = z2 < %,xo =1-—2x1,y2 =1, 2 = 1, wy2 = 1 such that u1g = 0,
that is @z (h—f—¢)+a(l —a)(1 —h — f —¢) + (1 — @)*((1 — h)h — f — ¢) = 0, which holds if and
only if x1 is as in S}Q (=). The condition 0 < z7 < % is equivalent to cg—f <c <cp—f (=). Finally,
uing = o (za(h(1—h)— f—c)+ (1 —222)(h— f—¢)) + (1l — a) (B> — f —¢) <0&chh+ﬁf.

7.7 Proof of Proposition 13

When a = % and ¢ > %, from Proposition 12 it follows that the optimal information structure is S{) if
< min{(c—h %,1—]1—0 sincecD—c<0,isSf if (c—h @g < cg —c (since cg — ¢ < 0), is
a-n G h

2
S}; if max{(c—h) (1;? ,cg — ¢} < f <1—h—c. In each of these cases, the revenue is increasing in f, hence
the optimal f is 1 — h — ¢. In particular, the revenue under st D is

20(1 — @) f 4+ (1 = )® (1 — 2w1)(2f + (1 — h)?) + 2w f)

= <1—a>2<1—h>2+2<1—a)f—2<1_a>((1_h)2+f)C+f—<1—h><h+a—ha)

c+f+(1—2n)(1—h)

and has derivative 2 (1 — a) (o + 1) (1 — h)? %, which is positive as ¢ > 3 implies ¢ > h — h?.
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The revenue under SIJ; is

(o oo
202(c+ f—h)

f)+2a(1—a)f+(l—a)2f

with derivative (1 — ) (a4 1) (1 — 2h) ﬁ >0 as ¢ > 1 implies ¢ > h.

The revenue under Sé is

f+al—a)f+ (1 —a)af +(1—a)? ((1-2w)2f + (1 - h)*) +wif + w1 f)

2 2 2 2 rha?_6 52
((X2—2(¥+2)(C+f— 2a—2h“a“4+4h“a—2h“+4+5ha 6ha+2h—2« ) (7714h+8h2>((;7h+h2)

2—2a+a? i ivati
, with derivative Aot f—3ht2n211)?

20 a (et T2 (1) > 0.

given w; =

7.8 Proof of Proposition 14

We first deal with the socially optimal entry. In state ww, social welfare is maximized by (i) 12 = 1 if ¢ < h—h?;
(i) 1 =29 = 3 if h—h? < c < h; (i) 3o = 1if h < c. In state ws (sw) social welfare is maximized by (i)
y12 =1 (z12 = 1) if c < h?; (ii) y2 = 1 (21 = 1) if h? < c. In state ss, social welfare is maximized by (i) w12 = 1
if c < h—h% (i) wy = wy = % if h — h? < c. Figure 4 below summarizes the socially optimal entry in the
different states of the world. Precisely, it partitions the space (h,c), in four regions denoted A, B,C, D, and
for each region 0 indicates that no entry is optimal, 1 indicates that it is optimal that only bidder 1 enters (or
equivalently only bidder 2), s indicates that only the strong bidder enters in the social optimum, 12 indicates
that entry of both bidders maximizes social welfare. For instance, in region B it is optimal that both bidders

enter in state ww, that only the strong bidder enters in states ws, sw, that both bidders enter in state ss:

Figure 4: Socially optimal entry depending on the state of the world

1.0
y
0.8 T
0.6 T
D:0s 1
04T
\e‘\
G.
02T
.\1%'\’L
00 CAnpn
00 02 04
X
ww, ws&sw, ss :
Let r=1—¢, and f = —c+ ey with &,, ey close to 0. Then
up = o (wi(he, —ep) +x12(h(1 — h)e, —g4)) + a(l — a) (yi(he, —ef) + y12(h%e, — er))

+a(l —a) (z1((1 — h)er —e5) 4 212((1 — h)2e, — ef) +(1— @) (wi((1 — h)e, —ef) +wia(h(1 — h)e, —gf))

uing = o (w2(h(1—h)e, — g5 +ao(he, —ep)) + a(l — ) (y2(h’e, —ef) + yo(he, —ef))
Fall = a) ((1 — WPer — )+ 20((1— B)er — ) + (L— )? (walhl(1 - b)ey —p) + wo((1 — B)er — &)
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Revenue when two bidders enter is 1 if both have value 1, 1 —¢,. if only 1 has value 1, 0 if both have value 0,
all minus 2c — 2¢y, that is it is social welfare, Revenue if only one enters is 1 — ¢, if the bidder has value 1, 0 if
the bidder has value 0, minus ¢ — €, just like social welfare. We only need to verify that IC;g and IC; yg hold.

e In region A, the socially optimal information structure is 12 = 1, y12 = 1, 212 = 1, w2 = 1. Then
UIE = CAE, — Ef
and uy v g is undefined as signal N E is never sent. Hence the desired entry is achieved as long as cae, > ;.
e In region B, the socially optimal structure is z12 =1, yo =1, 21 = 1, w12 = 1. Then
wp = (1-h)(h+a(l—a)(1-2h)e —cf (1—a+a?)
ung = a(l—a) (ke —ey)
Hence the desired entry is achieved as long as

(1—h) (h+a(l—a)(l—2h))

Tp— e, >ep > he, (28)
2 2 2 2
There exist &, > 0, &, > 0 which satisfy (28) as (lfh)(hirfs_;;)u*%)) _p2 = —(2=3a+3a )hlfﬁ‘_‘a;%‘“)h*a’a
is positive.
e In region C, the socially optimal structure information structure is z; = x9 = %, yo = 1, 21 = 1,

wp = Wy = % Then

1 9 9 1
wp = 5(1—}1—04 + 2ha )ET_§6f
1 1 1
UINE = (§h —2h%a® + 2h%a — §h2 + ha? — ha)e, — §€f
Hence the desired entry is achieved as long as
(1—h—a®+2ha’) e, >ep > (h—4h*a® + 4h*a — h* + 2ha?® — 2ha)e, (29)

There exist &, > 0, &, > 0 which satisfy (29) as (1 — h — & + 2ha?) —(h—4h*a?+4h*a—h*+2ho?—2ha) =
(200 — 1) B2 + (1 — @) (1 — 2h + ) is positive.

e In region D, the socially optimal information structure is zg =1, yo =1, 21 = 1, w1 = wy = % Then

1
mE = 5 (1-a®) (1—h)e, —ey)
UINE = éh(l_h—2a+4h0[+3042—3h012)<€r—%(a2—|—1)gf

Hence the desired entry is achieved as long as

h(1—h—2a+ 4ha + 302 — 3ha?)

1—h)e, > >
( Jer >eg a?+1

Er (30)

. . . h(1—h—20+4ho+3a”® —3ha? 1-3a)(1—a)h®—(2—2a+40” )h+a’+1
There exist &, > 0, &, > 0 which satisfy (30) as 1—h— ( a+a2if o?~3ha®) _ (1-8a)(1-0) a(2+1 atdo?)htolt

is positive (the numerator is decreasing in h and has value (1 —a?) > 0 at h = 1).
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Figure 2: The Optimal Information structure
as a function of h,c when a=1/2
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